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Expounded in Iwo BOOKS. 


By FOHN KERSEY. 


Nil tam diffcile eſt, quod non ſolertia vincat. 
Dimidium facti, qui bene cœpit, habet. 
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To which is added, 
LECTURES read in the 
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Concerning the Geometrical Conſtruction of Algebraical Equa- 
tions; And the Numerical Reſolution of the ſame by the 
Compendium of Logarithms. 
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CHAP, I. 


Concerning the Nature, Scope, and Kinds of ALGEBRA: 
The Conſtruftion of Coſſic Quantities, or Powers; with the 
manner of expreſſing them by Alphabetical Letters: The fignifica- 
tion of Characters uſed in the Firſt Book. 6 


HE Mathematical Arts or Sciences are exercis'd about Quantity, 
which is compris'd under Numbers, Lines, Superficies, and Solids : 
Theſe if they be conſidered abſtractedly, and ſeparate from all 
kind of Matter, are the proper Objects of Arithmetic and Geome- 
try, which are called Pure Mathematics. | 

II. The Method which Mathematicians are wont to uſe in ſearching out Truth a- 
bout Quantity, is twofold ; wiz. 1. Synthetical, or by way of Compoſition : 2. 
Analytical, or by way of Reſolution. = | | 

III. Mathematical Compoſition, or the Synthetical Method, argues altogether 
with known Quantities to ſearch out unknown ; and then demonſtrates that the 
Quantity found out will ſatisfie the Propoſition. 98 

IV. Mathematical Reſolution, or the Analytical Art, commonly call'd Algebra, 
is that way of Reaſoning which aſſumes or takes the Quantity ſought, as if it were 
known or granttd ; and then with the help of one or more pk given or known, 
proceeds by Conſequences, until at length the Quantity firlt only aſſumed or feign- 
ed to be known, is fouud equal to ſome Quantity or Quantities certainly known, 
and is therefore likewiſe known. | 


V. The Scope, Drift or Office of the Analytic or Algebraic Art, is 'to ſearch 
out three kinds of Truths, viz. g | 
1. Theorems z which are nothing elſe but Declarations, orjAffirmations of certain 
Properties, Proportions, or Equalities, juſtly inferr'd from ſome Suppoſition or 
Conceſſions about Quantity: Which Theorems are to be reſerved in ſtore, as ready 
helps to find out new, and to confirm old Truths. This kind of Re{olution when 
it reſts in a bare Inyention of Truth, is 17 25 Contemplative, or Notional. 


2. Cannons 
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2. Canons, or infallible Rules, to dire& how to ſolve knotty Queſtions, by the help 
of Quantities given or known ; this kind of Reſolution is called Preblematical. 

3- Demonſtrations, or evident and indubitable Proofs, to maniſeſt che Truth of 
ſuch Theorems and Canons as are Analytically found out. 


VI. Algebra is by late Writers divided into two kinds; to wit, Numeral or Literal 


(or Specious). 


VII. Numeral Algebra is io called, becauſe in this Method of reſolving a Queſtion, 
the Quantity ſought or unknown is ſolely deſign'd or repreſented by ſome Alphabetical 
Letter, or other Character taken ar Pleaſure, but all the Quantities given are expreſt 
by Number. 

"VIII Literal, or Specious Algebra is ſo called, becauſe in this Method of reſolving a 
Queſtion, as well the given or known Quantities, as the the unknown are all ſeverally 
expreſſed or repreſented by Alphabetical Letters. Whence it comes to paſs, that at 
the end of the Reſolution of a Queſtion, every Quantity appearing diſtin& under the 
ſame Letter or Form by which it was at firſt expreſſed, a Canon is diſcovered to direct 
how the Queſtioa propoſed may be ſolved, not only by the quantities firſt given, but 
by any other whatſoever that are capable of ſolving the Queſtion. In this Reſpe& 
therefore Literal Algebra far excels the Numeral ; tor this latter ſerves only to ſolve 
Arithmetical Queſtions, and produces not a Caron without much difficulty, in regard 
the Numbers firſt given, by reiterated Multiplications, Diviſions, and other Arith- 
metical Operations, will tor the moſt part be ſo confounded and interwoven, that rheir 
Foot-ſteps can hardly be traced out: But Literal or Specious Algebra is applicable to 
the ſolving of Geometrical Problems, as well as Arithmetical. 

IX. The Doctrine of Algebra is principally grounded upon the Knowledge of cer- 
tain Quantities called by ſome Authors Coſſic Quantities, by others, Powers ; the Con- 
ſtruction whereof is explained in ſix Sections next following. | 

X. Numbers are ſaid to be in Geometrieal Proportion continued, when as the firſt is to 
the ſecond, ſo is the ſecond to the third, and ſo is the third to the fourth, &c. As for 
Example, theſe Numbers 1, 2, 4, 8, 16, 32, Cc. are Gontinual Proportionals ; for, 
as the firſt Term x, is the half of the ſecond Term 2 ; ſo is the ſecond Term 2, the half 
of the third Term 4; and ſo is 4 the half of 8, &c. Likewiſe theſe Numbers, 3, 9, 
27, 81, 243, Cc. are in Geometrical Proportion continued; For as the firſt Term 
is a third part of the ſecond Term 9, fo is the ſecond Term 9 a third part of the third 
Term 27; and ſo is 27 one third of 81, Cc. Alſo, theſe Numbers are continual 
Proportionals, to wit, 1, f, 5, 4, Cc. for as the firſt Term 1, is the double of the ſe 
cond Term 1, io is + the double of à, and 3 the double of ;, Cc. 

XI. In any ſeries or rank of Numbers proceeding from Unity in a continued Geo- 
metrical proportion, whether aſcending or deſcending, all the Numbers or Terms except 
the firſt, which is ſuppoſed to be x, (to wit, Unity,) are called Cofſic Numbers, or 
Powers; viz. the ſecond Term or Proportional is called the Root or firſt Power; the third 
Proportional is called the Square, or ſecond Power, the fourth Proportional is called the 
Cube, or third Power; the fifth Proportional is called the Biquadrate ; or fourth Power, 
the ſixth Proportional, the fifth Power, Cc. As for Example, in this rank of Continual 
Proporttonals, 1, 2, 4, 8, 16, 32, Cc. the ſecond Term 2 is the Root; the third 
Term 4 is the ſecond Power, or the Square of the Root 2; the fourth Term 8 is the 
third Power, or the Cube of the Root 2; the fifth Term 16 is the Biquadrate or 
fourth Power of the ſame Root 2, &c. 

In like manner in this rank of continual Proportionals delcending from x, to wit, 
I, % 5, 8, 14» Cc. the ſecond Term © is the Root; the third Term 5 is the ſecond 
Power; the fourth Term 3 is the third Power, &c. The like is to be underſtood 
ot any other Rank of Numbers in a continued Geometrical Proportion, whoſe firſt 
Term or Proportional is Unity. 

XII From the two laſt preceding Sections, (which are grounded upon 10. Prop. 
8. Elem. Euclid.) it is evident that any Number whatſoever being propoſed for a 
Root, the ſecond Power, or the Square, is produced by the Multiplication of the 


Root by it ſelf; the third Power, or the Cube, is produced by the Multiplication of 


the ſecond Power by the Root ; the fourth Power is produced by the Multiplication 
of the third Power by the Root, Oc. 


As for Example, if 2 be given for the Root, this 2 multiplied by it ſelf, produces 4 
for the ſecond Power, to wit, the Square of the Root 2: Again, 4 the ſecond ooh 
5 ing 
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being multiplied by the Root 2 gives 8 the third Power, or the Cube; which third 
Power multiplied by the Root 2, produces the fourth Power 16, Cc. {1 


In like manner, it this Fraction ; be preſcribed for a Root, by mulciþlying + by it 
ſelf, there comes forth 5 for the ſecond Power, or the Square of the Root , Again, 
the ſecond Power ; multiplied by the Root + produces the third Power , or the 
Cube of the Root +; and the third Power , multiplicd by the Root * gives the 
tourth Power , Cc. | | 

But when the Root is 1, to wit, Unity, every one of i:s Powers will alſo be 1; 
for multiplication by 1 makes no alteration, Ali which will be further illuſtrated 
by the Scales of Coſſic Numbers or Powers in the following Table, which ſhews that 
it the Root be 5, the Square is 25, the Cube 125, the Biquadrate or fourth Power 
625, the fifth Power 3125, Cc. | 


A Table of Powers in Numbers. 


— — — — — — A 


The Root or firſt Power N 3 3 
* a 8 2 
The Square or ſecond Power. | 14 9 16 25 

The Cube or third Power: "$7 8 27 64 125 
The Biquadrate or fourth Power rj eG] 81 | 256 625 | 


The fitch Power. | 32]. 243 | 1024 3125 
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64] 729 | 4096 15625 
| | 
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The ſixth Power: 1 
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The ſeventh Power. 


*» 


| 12882187 | 16384 78125 
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The eighth Power, Cc. 


25686561 165536 390625 


XIII. The Root or firſt Power being given, the third, fifth, eighth, or any otherPower 
may be found out without reſpect to the intermediate Power or Powers, in this manner; 
viz. Suppoſe the Number 3 be pre{cribed for the Root, and that the fifth Power be 
deſired ; firſt write down the Root 3, five times, thus; 3, 3, 3, 3, 3; then multiply 
theſe five equal Numbers one into another according tothe Rule of continual Multipli- 
cation, ſo the laſt Product 243 ſhall be the deſired fifth Power, raiſed from the Root 3. 

In like manner, if the eighth Power of the Root 2 be defired, you may write the 
Root 2 eight times thus, 2, 2, 2, 2, 2, 2, 2, 2, theſe multiplied continually pro- 
duce 256, which is the eighth Power of the Root 2. After the ſame manner you 
may find out any other Power from a Number given for the Root. 

XIV. Ifover or under any Series or Rank of Coſſic Numbers or Algebraic Powers, 

_ conſtituted according to the three laſt foregoing Sections, there be placed a rank of 
Numbers beginning with Unicy, and proceeding according ty rhe natural Order of 
Numbers, as 1, 2, 3, 4, 5, 6, 7, 8, 9, Oc. theſe Numbers fo placed are uſually called 
the Indices, or Exponents of thoſe Powers, as well becauſe they ſhew the Order, Seat, or 
Place of each Power, as alſo its Number of Degrces or Dimenſions; that is, how ma- 
ny times the Root is involved or multiplied in producing each Power reſpectively ; 
As for Example, let there be a Rank or Scale of Algebraic Powers raiſed from the 
Root 3, as 3, 9, 27, 81, 243, 729, 2187, Ce. and over them let there be ſo many Num- 
bers placed in an Arithmerical Progreſſion, beginning with 2, and;proceeding according 
to the natural Order of Numbers as here you ice : 
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I ay the Index 4 in the Arichmetical progreqion, ſhews that the fourth Power 81, 
which ſtands under 4, is produced by the multiplication of the Root 3 tour times into 
it ſelf, viz. rheſe four Numbers 3, 3, 3, 3, multiplied continually will produce 81; 
likewiſe the Index 7 in the Arithmetical progreflion ſhews, that the ſeventh Power 
2187, which ſtands under 7, is produced by the multiplication of the Root 3 ſeven 
times into it ſelf ; viz. theſe ſeven equal Numbers 3, 3, 3, 3, 3, 3, 3, multiplied 
continually produce 2187. And ſo of others. 

To that ule of Indices, this may be added; viz. It any two or more Indices be ad- 
. ded together, the Sum will be an Index ſhewing what power wil! be produced by 

the Multiplication of thoſe Powers one into another which anſwer to the Indices that 
were added together: As for Example, if the Indices 3 and 5 be added together, the 
Sum is the Index 8; which ſhews, that if the third and fifth Powers be multiplied 
one by the other, the eighrh Power will be produced : As in the rank of Powers in the 
preceding Tabuler, if the third Power 27 be multiplied by the fifth Power 243, the Pro- 
duct will give the eighth Power 6561. In like mannner, for as much as the Indices 2 
and 6 added together make the Index 8; therefore the ſecond Power 9 multiplied by 
the ſixth Power 729 will alſo produce the eighth Power 6561: Again, becauſe the 
Indices 1, 2, and 5 added together make the Index 8 ; therefore the firſt, ſecond and 
fifch Powers, to wit, 3, 9, and 243 multiplied continually will likewiſe produce the 
eighth Power 6561. And as the Index 3 added to it {elf makes the Index 6, ſo the 
third Power 27 mulciplyed by it ſelf, or ſquared, will produce the fixth Power 729. 

And as the Addition of Indices anſwers to the Multiplication of their correſpondent 
Powers, ſo the SubtraRtion of Indices anſwers to the Diviſion ot their correſpondent _ 
Powers: As for Example, becauſe the Index 8 leſſened by the Index 5, leaves for 
a Remainder the Index 3 ; therefore the eighth Power 6561 divided by the fifth Pow» 
er 243 gives in the Quotient the third Power 27. Likewile, as the Index 7 leſſened 
by the Index 3 leaves the Index 4; ſo the ſeventh Power 2187 divided by the third 
Power 27, gives the fourth Power 81. 

XV. From the premiſſes it is evident, that upon an Arithmetical Foundation, a 
Scale or Rank of Algebraic Powers may be raiſed and continued as far as you pleaſe ; 
the three firſt of which have an affinity with, and may be expounded by Geome- 
trical Dimenſions ; For firſt, we may conceive any terminated Right- line, to be di- 
vided into a Number of Equal Parts art Pleaſure, ſuppoſe 12 ; then this Number 12, or 
that Right-line, may be eſteemed as a Root: Secondly, the ſaid 12 multiplicd by it 
ſelf produces 144 the ſecond Power, which is equal to the Arca of a Square Superficies 
whoſe ſide is 12: Thirdly, the ſaid ſecond Power 144 multiplied by the Root 12 
produces the third Power 1728, which is equal to the Solid Content of a Cube, 
(to wit, a Solid in the Form ot a Dye) whoſe fide is 12. | 
But none of the reſt of the Algebraic Powers can properly be explained by any 
Geometrical Quantity, in regard there are but three Dimenſions in Geometry, to wit, 
Length, Breadth, and Depth (or Thickneſs.) | 

X VI. In ſearching out the Solution of a Queſtion by the AlgebraicArt, the Number 
or Line {ought is uſually called a Root, which fo long as it remains unknown.cannot be 
really expreſt, and therefore it muſt be deſigned or repreſented by ſome Symbol or Cha- 
racter, at the Will of the Artiſt ; alſo the Powers which may be imagined to proceed 
from the ſaid Root inlſuch manner as has before been declared are likewiſe to be repre- 
fented by Symbols or Characters; concerning which there is much diverlity among 
Algebraical Writers, every one pleaſing his Fancy in the choice of Characters: But in 
this Matter I ſhall imitate Mr, Thomas Harriot in his Ars Analytica, and Renates des Car- 
tes in his Geometry, but chiefly the former; whoſe Method of expreſſing Quantitics 
by Alphabetical Letters, I conceive to be the plaineſt for Learners, viz 5 
T0 hen or repreſentthe Root ſought, whether it be a number or a Line in a Queſtion: 
propoſed, we may aſſume any Letter of the Alphabet, as a, &, or c, &c but for the better 
diſtinguiſhing of known Quantities from unknown, ſome Analyſts are wont to aſſume 
one of the five Vowels, as a, or e, &c. to repreſent the Quantity ſought ; and Conſo- 
nants, as b, c, d, &c. to repreſent Qnantities known or given: Now if the Letter a 
be aſſumed to repreſent the Root ſought, then (according to Mr. Harriot) the ſecond 
Power, or the Square raiſed from that Root, may be repreſented by aa; the third Power, 
or the Cube, by aaa; the fourth Power by. aaaa ; the fifth Power by aaaaa; and ther 
| the þ | | dne 
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the ſame manner any higher Power of the Root or Number a may be repreſented : 
For ſo many Dimenſions or Degrees as are in the Power, ſo many times the Letter 
which at firſt was aſfumed tor the Root is to be repeated 

Or after the manner of Renates des Cartes, if the Letter a be aſſumed to repreſent 
the Root, the Square may be deſigned thus, a. the Cube thus, a. the fourth Power 
thus, a.. the fifth Power thus, 2. And ſo avy other Power may be expreſt by wri- 


ting the Index or Exponent of the Power in a (mall Figure next after, and near the 
head of the Letter aſſumed to repreſent the Root. Both which ways will be further 
illuſtraced by the following Table, | | | 


A Table ſhewing two ways (now moſt in Uſe ) to expreſs 
ſimpie Powers by Alphabetical Letters. 


The Rot or fitle Power, ; a. | 44 7 
The Square or ſecond Power, | aa a* 
The Cube or third wr, [as io. 
The fourth Power, aa88 ' It 
The fifth Power, aaaaa. * > 2M 
The ſixth Power, _ oy aaaaa as 
The ſeventh Power, PCaa aa aaa. | 
The eighth Power, Jaa aa 4444 at 


After the ſame manner, known Quantities and their Powers may be repreſented by 
| Conſonants; as, b may be put for any known number in a Queſtion, and then its Square 

may be ſignified by 46, the Cube by 4b, the fourth Power by 4446, the fifth Power by 
bbbbb, the ſixth by 654465, and ſo forwards: Or the Square of the Root b may be ex- 
preſt thus, Y. the Cube thus, 55. the fourth Power thus, 4“. the fifth Power thus, 5. 
the ſixth Power thus 55. and fo forward. . 


XVII. Numbers ſer before, that is, on the left hand of quantities expreſt by Letters 


b f 
are called Numbers prefixt; but if no Number be prefixt to the Letter, then 1 or unity 


muſt be imagined to be prefixt: As in theſe quantities a, (or 1a,) za, ga, #a, za, 
5bbb (or 5þ*) the Numbers prefixt are (as you ſee) 1, 2, 3, +, 3, and 5, eyery one of 
which Numbers (and the like ſo prefixt) ſhews how often the Quantity repreſented by 
the Letter or Letters immediately following the Number is taken; ſo a or ta ſignifies 
fome Number or Line once taken, alſo 2a repreſents the double, ia the half, and 3 
two third parts of the Number or Line repreſented by a. In like manner 5446, or 55, 
ſignifies that the Cube of the Number or Line repreſented by 4 is taken five times, 

XVIII. All Numbers expreſt by Figures and Cyphers (as ia vulgar Arirhmeric) not 
having any Letter or Letters annexed to them, are for diſtinction ſake called Abſolute 
numbers; as theſe numbers, 5, 20, 105, f 3, and all others when they be not pre- 
fixt or annext to any Letter or Letters are called abſolute Numbers. 

XIX. All Algebraical Operations are perform'd in an Arithmetical manner, partly in 
che vulgar way by Numbers, and partly by Alphabetical Letters in all the parts of A- 
rithmetic, to wit, Addition, Subtraction, Multiplication, Diviſion, and the Extraction 
of Roots: But ſinoe Letters cannot be diſpoled like Numbets to perform thoſe Opera- 
tions, ſome Characters muſt of neceſſity be uſed to ſigniſie ſuch Operations 


E-ReA t 5 The Cha- 
racters uſed in this firſt Book are explained in the following Sections 


XX. This Chacacter -is a Sign of Air mation, as allo of Audition, and always be 
longs to the quantity that follows the Sign; as, + a affirms the quantity denoted by a 
to be real, or greater than. nothing; the like may be ſaid;of +6, and +25; &c- / 

* 0 Sign is prefixt before a Quantity, the Siga - is always to be underſtood, 

mut pe 


ang, muſt pe ĩmagined to, be prefixt ; Jo a implies a, like wiſe 20 ſigniſſes the ſame 
thing with +36 ; the like of. others. LE nd Pa 5, 9 
But when the Sign - is ꝓlaced between two, Qpantities, it imports as much as the 
Word plus, or more, and fignifies that thoſe Quantities are added r, to ge added ta- 


gether 


„ 
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gether: As 374 (or ; mote 4) ſignifies the Sum of 3 and 45, or jt hines that 4s 
to be added to 3. In like manner a ſignifies the Sam of Nambets gr Ent 
e. 


repreſented by. a and b; and 4 Ae ſignifies the Sum of Quanrities gener by a, , 
and et! 

XXI. This Character — is à Sign of Negation, as alſo of SulttaBinh, and always 
belongs to the following Quantity; as for Example, — $5 is a fictitious Number leis 
than Nothing by 5 ; viz. as + 5 7. may repreſent five Poumds in Money, or the Elcate' 
of-ſome Perſon who is clearly worth five Pounds ; ſo —51, may repreſent a Debt of 
five Pounds owing by ſome Perſon who is worſe than Noting by five Pounds, 


But when the Sign — is placed between two Quantities, it imports as much as the 


word minus or leſs; and intimates that the Number or Quantity follow ing that Sign is 


ſubtracted or to be ſubtracted from the Number or Quantity that ſtands next before 
the ſame Sign: As 8—3 (or 8 leſs 3) ſignifies that 3 is ſubtracted or to be ſubtract- 
ed from 8; or 8—z denotes the Exceſs of 8 above 3, to wit, 5. 

In like manner a—6 (or a leſs 3) ſignifies that the Quantity denoted by b is ſub- 
tracted or to be ſubtracted from the Quantity a; or a—b may ſignifie the . of 
the Quantity a above the Quantity 6. 

XXII. This Character © ſignifies the Difference of two Quantities, to wit, the Ex- 
ceſs of the greater above the leſs, when tis nor determined or known in which of thoſe”; 

uantities the Exceſs lyes ; ſo a  b ſignifies the Difference of two Quantities repre- 
ſented by a and i when tis not known whether a be greater or leſs than 5. ©. 

XXIII. This Character x is a Sign of Multiplication, and is put for the Word inte, 
or by; viz, when tis ſet between two Quantities it ſignifies that they are multiplied, 
or to be multiplied mutually one by the other: As, 6x3 (or 6 into or by 3) im- 
ports the Product ot the Multiplication ot 6 by 3, to wit, 18. 

In like manner ax ſignifies, that the Quantity repreſented by a is multiplied or to 
be multiplied by the Quantity 6b: alſo axbxc ſignifies the Product made by the con- 
tinual Myltiplication of the Quantities a, b, and c, one into another, 

But for the moſt part the Multiplication of Quantities denoted by letters! is ſigni- 
fied by the joyning of Letters together, like Letters in a Word; as ab ſignifies the Pro- 
duct of the Multiplication of the Quantity a by the Quantity 5. Alſo abc ſignifies the 
Product of the continual Multiplication of the Quantities as. 6 and c one into another : 


All which will be further illuſtrated in Chap. 4. 


- XXIV. Quantities deſigned or repreſented by lettersare che Simple or t Compound; 

XXV. A Simple quantity is deſigned or expreſled either by a ſingle Letter or by 
two ot more Letters joyned together like Letters in a word: As a(or+a) is a ſimple 
quantity: likewiſe 24a, 3abc, and dddd are ſimple quantities. 

XXVI. A Compound quantity conſiſts of two or mote ſimple quantities connected 


| or joyned one to another by + or — ; ſo a+b is a compound quantity, likewiſe 


Ac, alſo age, and a Tc are compound quantities. 

XXVII. Every one of theſe four Characters, to wit, , —, , and x, before defined 
in Sect. 20, 21, 22, and 23.) may ſometimes have reference to ſach a Compound quan- 
tity as follows the e Sign, and has a Line drawn over every Member of it. As, for 


Example, by ac, you are to underſtand that the Diflererice of the quantities [ 
and c whether the Exceſs be in h ot in c) is added or to be added to the quantity a. 
In like manner, a—6+c ſuews that the Compound quantity hc js ſubtracted or to 
be e ſubtracted from the quantity a: where in regard of the Line drawn over he, the 
ign — hath reference to the Subtraction of c as well as i from the quantity a But if 
that Line were omitted, then the Sign — would only refer to the next following imple 
quanti tity: As, a—b-|-c, (or a+ - ſignifies the ſubtraction of 5 only from af. 


Moreover, a 2 Ae lignifies the Difference between the . ray 4, and the 


Compound qu antity o. x Lan 
And c ſignifies that the deaticy* a is multiplied or to be welle by the 


Exceſs of the quantity & above the quantity c. 

I XXVIII. This Character is called a radical Sign, and fi ignifies) that the Square 
Root of the Number or quantity that ſtands next after the ſaid Sign V, is extracted, ot 
ro be extracted; as V25 ſignifies the Square 1.4 of 2 Fo to r, 57 and V; 36 bgnifies 
the Square Root: of 36, to wit, 6. 
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Likewiſe /a ſignifies the Squate Root of the quantity ab. So that when a num- 
ber or quantity immediately follows the ſaid radical ſign V, the Square Root of that 
number or quantity 18 thereby denoted, 21S 237 TRUE, een 
But to deſign vx repreſent theRoot ofa Power higher than a Square, ſome Algebraical 
Writers (whont in this matter I ſhall follow) are wont to write the Index ot the Pow- 
et within a Circle next afteg the ſign /; as for-Example, (3) 27 ſignifies the Cubic root. 
of 27, to wit, 3. Likewiſe#/(4) 16 denotes the Biquadrare root of 16, to wit, 23 that 
is, the root from whence 16 conſidered as the 4th Power is produce d. Again, V(5) 243 
ſigniies the root ftom whence 243 conſider d as the 5th Power is raiſed, which Root is 
3. And if you pleaſe you may write /(2)8 1 to denote the Square Root of 81, to wit, 9. 

Likewiſe (30a ſignifies the Cubic Root of ſome number or quantity cepreſented by 
a. Alſe (t) 5c lignifies the Biquadrate Roor of the Quantity bc. 

Sometimes the Radical Sign belongs to as many of the tollowing{Quantities as have a 
Line drawn over them; as :b+c: or, WI): Ae: ſignifies the Square Root ot the 
Sum of the Quantities and c. Likewiſe . bb— : imports the Square Root of the 
Remainder when the quantity c is ſubitrated from the Square of the quantity fy 
Which Roots, and ſuch like, are called Univerſe! Roar. 


- 


Again, dr :-: ſignifies that the Quantity c is firſt to be ſubſtracted from the 

Square 6b, and then the Square Root of the Remainder is to be added to the quantity d. 

But that the Leatner may the bettet perceive m meaning in the three laſt Examples con- 

cerning Univerſal Roots, let b fignific 4, 6 16:3, c 125 and d, a3. Then Vic: 

ſignifies Y 4-12: that is, /16, to wit, 4. Alſo /: Ae: ſignifies 2 16— 12 

chat is, 4, to wit, 2. And d+V : bb—c: ſignifies 23 ＋ 2, that is, 25: After the 
ſame manner the Univerſal Square Root of 4+: 4þ—c : may be expreſt thus; 


"oP, * * 224 V. ü G EVI: that is, 5. mend C27 | 
XXIX. Four points ſet in this form : : are always in the middle of four Geome- 
trical Proportionals, as for Example, theſe four Numbers 2. 4: : 6. 12 are Geome- 
trical Proportionals, and to be read thus; As 2 is to 4, ſo is 6 to 12; or, (in the 
Phraſe of The Rule of Three) If 2 give 4, then 6 will give 2 

In like manner theſe four Quantities, 0. d: : c. a are to be read thus; As & is to d, 
ſo is e to a, that is, look what proportion & has to d, the ſame proportion has to a. 
Alſo theſe four Quantities; He. A4: f. g do intimate that the Sum of þ and e 
has ſuch proportion to the Exceſs of d above a, as F has to g. The like is to be un- 
derſtood of others. | * AE | 


XXX. This Character ſet at the end of three or more Quantities, imports that 
they are Continual Proportionals, Geometrical ; ſo by 2. 4. 8. 16. 32 — it is ſignified 
* yeh r as 2 has to 4, the ſame has 4 to 8, 8 to 16, and 16 to 32. 
ixewiſe 


vile by theſe a. f. c. you are to underſtand that the quantity a has the ſame 
proportion to the quantity b; as 6 to c. 


LXXI. This Character = is the ſign ot an Equation or Equality, and imports as 
much as the Word Equal; as 84-4=7+5 ſignifies that the Sum of 8 and 4 is equal 


to the Sum of 7 and 5. Likewiſe 8=12—4 that 8 is equal to 12 leſs 4, to wit, the 
exceſs of 12 above 4. N RR. . 


Again, 8x 3 3.4x6 denotes the Product of 8 multiplied by 3 to be equal to the 
Product ot 4 into 6. 


So alſo a Ab d ſignſies that the Sum of the quantities a and b is equal to the 
Sum ol the Nie cand d. This will be farther explained in the XI. Chapter. 
This Character & ſtands for the Word Greater, vix it ſignifies that the 
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j 
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XXXII. 


Quantity which ſtands before, that is, on the lett hand of the ſaid Character is greater 
| thanthe quantity following the ſame ; ſo 5 24 muſt be read thus, 5 is greater than 4. 
Like wiſe a Cc ſignifies that the Compound quantity a-t U is greater than the Sim- 
ple quantity c. And d ca- c ſignifies that the quantity d is greater than a+c. 
XXXIII. This Character n ſignifies that the quantity ſtanding before the Charac- 
ter is leſs than the quantity following the ſame ; as 4-2 5 mult be read thus, 4 is leſs 


than 5. Likewiſe, a+ A ſigniſies that the compound quantity 4 Th is leſs 
than the compound quantity c +. | 


XXXIV. Quan- 


BOOK 


2 Definitions. 


. Quantities, whether they be Simple or Compound, which = 
. tities, whether they be Si or „Which are expreſt 
_ Line, are called Algebraical Integers, or whole Quantities ; as theſe, a, ab, cd ff, 


b aakbb a+ 8 

a+3; Cc. But theſe quantities, P e, =, and others fo written, are 

called Algebraical Fractions, becauſe each of them like a Fraction in vulgar Arithme- 
tic conſiſis of a Numerator placed above a Line, and a Denominator underneath. 


— 
— r; — —— 


uh 
Addition of Algebraical Integers: 


c 


1. A Lgebraical Addition finds out the Sum or Aggregate of two or more Quan- 
EP. ities expreſt either wholly by Letters, or partly by Letters and partly by 
umbers. x 7 

II. The Operations in Algebraic Addition depend principally upon a diligent ob- 
ſervation of three things, vix. | We 

Firft, you muſt obſerve wherher the Quantities to be added be Like or Unlike, 

Like Quantities are thoſe which are expreſt by the ſame Letters equally repeatechin 
every one of the Qunantities ; ſuch are theſe, a, 34, aa, each of which is expreſt by 
the. ſingle Letter a. Alſo theſe are like quantities, 344, aa, — aaa, each of which 1F 
expreſt by a double a, to wit, aa. Likewiſe theſe, 226, 3ab,—ab ate called Like 
Quantities becauſe every one of them is expreſt by the ſame Letters, to wit, ab.. 

Unlike quantities are thoſe which are expreſt by different Letters or elſe by the ſame 
letters unequally repeated; as for Example, band c are unlike quantities, becauſe they 
a are expreſt by different letters ; alſo 2abc and 2abare unlike quantities, becauſe the let- 
| ter c is in the one, but not in che other. Again, a and as are unlike quantities, in regard 
the letter a is not equally repeated in both. The like is to be underſtood of others. 
Secondly, You muſt obſerve whether the Signs (to wit, + and—) belonging to like 
quantities given to be added be like or unlike : As, for Example, theſe quantities 34 
and -+3a have like figns, the ſame ſign + being prefixt before each quantity. Alſo 
| | theſe quantities, — 2a and —38@ have like ſigns, the ſame ſign — being ptefixt to each 
: quantity; but theſe quantities +24 and —3a have unlike or different ſigns prefixt. 
| Thirdly, The Numbers prefixed before the Letters muſt be diligently obierved, for 
their ſum ordifference will be concern'd in Algebraical Addition, as will be wanifeſt 
by the following Rules. ; FAR 
III. When two or more fimple Algebraical Integers (or whole quantities) propos d 
to be added or collected into one Sum are like, and have like figns; Firſt, collect the 
numbers pre fixt into one Som; then to that Sum annex the letter or letters by which 
any one ot the quantities propos d is expreſt; laſtly, prefix the given ſign whether it 
| be or —, ſo ſhall this new quantity be the Sum defired. As, 
T 1 4 for Example, if it be defired to add a tb 4, or T 14 to 
- 14 + 14, the Sum will be 24 or Ta; for (according to the 
+ 2 a Rule) the Sum of the prefixed Numbers 1 and 1 is 2, to 
which I annex à and prefix + (or imagine it to be prefixed,) 
| ſo 22 or +24 is the Sum defired. _ | — | 
\ In like manner, if to —2b you would add —+, the Sum will be 3b. For the 
NY . ny prefixt 1 2 In * which added 2 _—_ 7. 
Po to which'annexing 6, and prefixingithe given fign —, there a- 
* L 2 riſes —36, the Sum deſired. 4 a 


Addy 


Sum 2a 


Sum — 36 
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Addition in Algebraic Integers, 


More Examples of the Rule of Alaition in eh foregoing Sect. I x. 


Y S 4 

re be add 5a —5a | + 7ab 

To be added, 7 ee 
The Sum, 8a —7aa | 4Þ2 ba 
2 g ? PF ac 7 LOAEE 3bcd | — 34 { 

To be added, 5 24c — bid ＋ 247 

| Zac — s | + 748 

The Sum, | Gac | —1obcd | = 1 ak 


IV. When two ſimple quantities propos'd to be added together be like, and have 
"equal Numbers pre fix d, but unlike or contrary Signs, the Sum will be o, or nothing; 
for the affirmarive Quantity will deſtroy or extinguiſh the 


Negative: As for Example, if it be required to add c, or + c, —F 
to —c, the Sam will be o, to wit, nothing. For ſuppoſing Kad Te 
— c, of te to be a Debt of one Crown that I owe; and >: ial 
Tc, or + 1c to be one Crown in my Purſe, it is evident thix Sum, 0 


one Crown in ready Money will diſcharge or ſtrike off a Debt of 
one Crown ; and fo that Debt and Credit being added or com 
Sum amounts to o. 
In like manner. 


pared together, the 


if my whole Eſtate be worth but 6 Pounds, and I owe a Debt +61, 
of 6 Pounds, it is manifeſt that my clear Eſtate is worth or a= Add, J —6L. 
mounts to juſt nothing. | | 1.— 
| Sum, 0 
More Examples of the Rule of Addition in the preceding Sect. IV. 
e added +3 = foc.1 +308 
1 , 2 3 | gabe —744d 
mm —_— 7: 


* — 8 _ _— — _ "FO 1 — — 


or Letters by which either of the ittes propofed is expreſt; laſtly, before the 
ſaid Remainder ſer the Sign which ſtands before the 


| greater Number prefixt, fo ſhall 
this new Quantity be the Sam deſired. | 
+ za, the Sum will be 3. For firſt ſubtracting 2 db 


from 3 the Remainder is x, to which annexing a and 

prefixing + (becauſe belongs to that Quantity 

which has the 

ſought. 12 

Again, to add 4b to —3b, I ſubtract t the leſſer 

Number prefix d, from 3 the greater, and to the Ag 3 
1 


— 


__—_— 


clongs to that Sum, +16, or, +4 
greater N umber prefix d) there ariſes + ra, ot —+& for the Sum 


_— — 


—3b : 1 
3 


Sum, — 


Remainder 2 annexing & and prefixing , (becauſe 
belongs to 36 whoſe prefix'd Number; is greater 


than that of +bþ or +16) I find —26 for the 
Sum deſired. | 


Thus you ſee that th 


. 


_— 


be underſtood under the Notion of diſcharging or paying off a Debr, or at leaſt part of a 
Debt by ſo much ready Money or 9 then obſerving what Debt remains unpaid, 


or 


if it be deſired to add 6, 10 +61 the Sum wil be e; fot 


V. When two ſimpte quantities ptopos'd to be added together be like, but their 
Signs unlike, and che prefixed Numbers unequal between themſelves ; firſt ſubtract 
the leſſer Number prefixed from the greater, then to the Remainder annex the Letter 


is laſt Rule of Additionis performed by Subtraction, and may eaſil y. | 


5 1 - 
l 6% K bo . | 
ee als —— ——⏑ꝑ-ä wðG. 3 n . 
# 4 - 
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or what Money or Credit remains as an overplus: So in the firſt of the two laſt Ex- 
amples, you may conceive 3a to be three Pounds in ready Caſh, and —24 to be 
a Debt of two Pounds ; then comparing the ſaid ready Money and Debt together, 
you will find by Subtraction that theclear Money remaining after the Debt is pay'd, 
will be one Pound, to wit, ＋ 1a, or à which 1s the Sum of the Quantities —þ+ 32 
and —2a, Likewiſe in the latter Example, if -—36 be conceived to repreſent a Debt 
of three Pounds, and +4 or +16 one Pound in ready Money; tis evident that this 
will ſtrike off one Pound of that Debt, and ſo the Debt remaining will be two 
Pounds, to wit, — 26, which is the Sum of —36 and +6. 


More Examples of the Rule of Addition in the preceding Sect. V. 


| T 54a | + Gabed — 
To be added, 4 —7aa =. qgabcd I-47". 
The Sum, W + 2abcd | — Sf* 22 0 


— — — r 1 
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VI. When three or more ſimple quantities propoſed to be added be like, but have 
unlike Signs; Firſt, (by the Rule in Sect. III. of this Chap.) collect the affirmative 
quantities into one Sum, and the negative Quantities into another; then (by Sect. IV. 
or V.) add thoſe two Sums into one, ſo this laſt Sum ſhall be that which is ſought. 

As, for Example, If the Sum of theſe four Quantities, 7a, 2a, — 3a, —54, be de- 
fired; Firſt, (by Sect. III.) the Sum of 7a and 24 is Sa; allo the Sum of —3a 
and —5a is —8a ; laſtly (by Sect. V.) + ga added to —8a makes a, that is, a, 
which is the Sum deſired · 


More Examples of the Rule of Addition in Sect. VIi | 


3 ＋5a — 26 | + 44“ 
To be added, 5 +3a + 3bc + 345 


—8a — 40e w_ 


hd » 
— 1. 4 


The Sum; 0 — 1 +34 
Tee 4 | + As 
Tee —3#} — 38866 
To be added, 84 — 7 
—gee ＋ ji} — ggbb 
The Sum, Tce | fl, © 220bb 


—_— 


VII. When two or more Simple quantities given to be added be unlike, write them 
down one after another without altering their Signs; as, if the Number (or Line) a be 
t5 be added to the Number (or Line) ; I write a+6, or, þ+a for the Sum. 

In like manner the Sum of theſe Quantities, a, 5, c, may be written thus, a + 


e; or thus, a+c+b ; or thus, bac. 


More Examples of the Rule of Addition in Sect. VII. 


To be added, J T 35 | T.& 


The Sum, 3a T2 + aa—-b_ 


— 
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Again, 
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CHAP: 2. Algebraic Integers« 
25 i Again, | | ; 
s 1410 
To be added, —4e%h% © 1 34d V5 
Tas, | — 44 605 
The =, 2 4 .. — "i 4 5ddd—3dd—4d 8 


Addition f C ompound Algebraital Integers. 


vin. The Addition of Compound whole Quantities may eaſily de dilpatched by ; 
the help of the Rules in the preceding "_—_— ot this Chapter, as will appear by the 
, following Examples. | 
"Fick if then, If this Compound quantity a + b be to be added to hind; their Sum 
is a+b+a+ 2b, that is:2a-36 ; for a a makes 24; and +6436 makes ＋ 36. 
Again, The Sum of theſe two NN quantities 26 +54 and 2b — 22 is 


3b+ $a42b—24, that is, 5 ＋T 3a; for 36 16 makes 56; and (by Sect. V.) +58 


— 2a makes + 3a. 
© Likewiſe; The Sum of theſe two Compound Quantities ce ＋ 3f —8 and 3ee — 
| 2146 will be found 8er + j—2 : For zee added to zee makes Bee ; alſo + 3Ff 
added to - af gives + f, and —8 added to f: makes —2, 
After the fame mannet-3a+—8 added to 10-4 makes 2a +23( for za added 
N to —a makes F 20, and 8 added to -H 10 gives ＋ 2. 
in, The Sum of theſe two Compound Quantities a+ and c—d is a+b+c=-q, 
* m admits of no Contraction, 1 in tegard all the Simple nn are unlike. 


? "vgs the Addition of rg whole Namn | 
; | 24 232 
Aer 210 25 — n Cee — — 3 
21 ae | = 9013 3s rie Sum, « 231 be 24a LE 7 N 
: Hot: b. En i VE 2 be A (HH . — — 
Moine 46 — 4 3 : 
a | To brad 4 | ge # 2d 3 
vt Ae bn ot Ay bei TEE WT IE) | 
| | The Sum, - al 3 
18 „ O95 RS. — —— — — 
e 20 . ge- | a? abe +6 
n * 165 To be gage. 1 — ze 5e ＋ zar 6 5 
The Sum, ers- | a + 2abc 
: On — ——T— —g4 — . | aw 
2189 50) mg or eib "FEI : ETA. 
d ddal-thbe | "aajatng* 
IT To beadded, „ SUL s a- 1 


6aaa—6bba * —— os” 


. — 9 . 1 al e eee 
— — 5 eee. 
The Sum, 1 4 ap 55, ofz bb 
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Subtraftion in Algebraic Integers. 

2 A Igebraical Subtraction takes one Quantity, whether it be expreſs'd by a Letter 
| or Letters, or partly by Letters and partly by Numbers, out of, or from ano- 
ther, in ſuch Manner, that if the Remainder be added (according to the Rules of 
Algebraic Addition.) to the Quantity ſubtracted; the Sum will be always equal to 
the ſaid other Quantity. | | | nA SAT 11 

II. A General Rule to find out the Remainder in all Caſes of Algebraical Subtracti- 
on is this: Firſt, joyn both the given Quantities together, by writing one after the 
other; but with this Caution, that every Sign of the quantity given to be ſubtracted, 
be ever changed into the contrary Sign, viz. + into — and — into -; then ſhall 
the Sum of both quantities fo connected be the Remainder. fought, which is to be 
contracted (when it may be done) into the feweſt and ſmalleſt Terms, by the Rules 
of Algebraical Addition. Rt 
As for Example, If from 5 it be defired to ſubtract 3a, firſt; I write down 54, 
then next after the ſame I write ga; (where 


. 


— * * 7 We” * 8 0 * 2 ＋ wh 


Out of 53a obſerve, that according to the Rule above given, 
| | Subtract 32 1 change +, the Sign belonging to 3a the quan- 
1 — tity given to be ſubtradted, into ) ſo: there a- 
34 Remainder, 5$a—za riſes 54 — 3a, which being eontracted (by the 
1 Remainder 3 Rule of Addition in Se&. V. Chap. II) makes 
1 contracted, z⁊a the Remainder ſought. 
N Likewiſe, it from 36 it be de to ſubtract —26, I firſt wtite down 30, and next 
It Get +88 after the ſame I write +26 ; ſo 36 +26, that is, 
| F Subrrak 2 NN 5b is the Remainder ſought : where obſerve (as 
if | 2 13 gry a I change . e n _— 
F | : to quantity propos d, ro out of 36, 
. | Remainder, | 36T-2þ into the contrary Sign+. But that the ſaid 56 is 
ib comritied . 56 true Remainder, we may prove by Addition; 
, | p for + 56 added to — 2b the quantity ſubtracted, 
makes +36, which is the quantity out of which the.ſaid —26 was ſubtracted. 


Moreover, if a be to be ſubtracted from a, the Remainder will be a—e, that is, 

I % or Nog And if from 2b there be ſubtracted —4b, the Remainder will be 26+ 
1 46, that is, 66, N oa 

| Likewiſe, if from —2m it be required to ſubtract —m, the Remainder will be 

found zm m, that is —m. In every one of which Examples you may obſerve 

that the Sign of the quantity propos d to be ſubtracted is changed into the contrary Sign. 

Again, If from 25e, it be defired to ſubtract 24b, the Remainder will be 2bc—24b, 


. Gir 2. which, becauſe ir conſiſts of unlike Quantities, 
3 Subiras 2 cannot be contracted into fewer or lefler Terms, 
* | 5 E by any of the Rules of Algebraical Addition, 
Remainder, . Ray, But according to the Definition of Subtraction, 


2 the ſaid 2bc—2a6, is a true Remainder, for if it 
be added to 24b the Quantity ſubtra&ed, the Sum is zbe, which is the Quantity out 
of which the ſaid 2ab was ſubtracted. 


: More Exa 
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mples | of Sabtraftion in Simpl e Algebraic Integers. 


. 
Subtra& 3 — LOWS FE 


4 k . 5 4 — 
a—_— i. „0 ©, - 


— 
— —— — _ 


Remainder, 26—3 br 
Remainder , 3 As N OY . | * 
contracted | | 1 ＋ 4c 1 | rie 22 


— I oo. — 


— a — ons li Mi. A — 
a = 
* , 1 „ 
. 


J 1 


— 


r = — 4 - 
* 
” 2 . 


awd 4 


 Algebrait Integers., _ 


Remainder, . 34—54 | 

Remainder 3 42 

contracted, he” 1 8 5 wa r 
a —bed 1 —arr Ie — 
Subtrat — C | +ors — oc | 


Remainder, bed L“ 


Remainder 4 | 
conttacted, ) ö 
From 'd 


Subtra& + | 


Remainder, d—e | 


From: 86bd + | 
Subtract 7008  \,._ | Jag: — 
— — — —dſ — — — 
Remainder 83d — 7 | T 3abcd + 7a 
2 — — 1 — 0 — — — \ 


Nor will the Operation be othetwiſe in the Subtraction of Compound Algebraic In- 
regers ; as for Example, if from this Compound quantity 34 + 36, it be defired 
to ſubtract a+ 36- . Firſt I write down | 2h 153 | 


From 33725 
34 2b, then next after the ſame I write | ws 2 
—8—36b, where obſerve, that the Sign - 18 23 2135 Ka 
which belongs to a, and alſo to zl, in the 28 


Quantity propos d to be ſubtracted, is 23 zaÞ2b—a—zb. 
changed into the contrary Sign — ( ac- emander 2 35 af? 
cording ro the Rule of Subtraction before contracted, #75 99h: 7 3 
given 9s the Remainder ſought is 30+26—9——36, that is, -i, (by $4. v. 


Again, If from 24 4 l, it be deſired to lubtract 5a — 66, the Remainder will be 
 2a+b—5a ＋ 66, that is, 7b—3a for © Out or 2 "7" 1 
according to the Rule of Algebraical. | Subtract 2 
8 traction) I joyn together the two gi- Su tract 3a. 2 
ven quantities, changing only the Signs of h: l.. r 
+54—6b. (the quantity to be ſubrrac- 1 2 -a 
ted) into the contrary Signs, ſo chere inder 


1 'FÞT 1.2 +4 b—2a be tbe > * 
ariſes 24: b 54 + 6b, which con- contracted, 3. _. 7 1 2 
tracted ( 


Qed (by the Rales of Addition in Sec. III. and V. of Chap. 11) make 1-4 
which is the Remainder ſought, as will eaſily appear by the — * 10 
. Likewile,.to ſubtract c d from a + U, I change the Signs of e—& into the cons 
trary Signs; vix, inſtead of d, I take F N 1330 11% St 7 Pp 
ed, which added to a-4-'4 makes” TR dew a | einen 
Dr becauſe it conſiſts ubtract 64 by 
altogether of unlike quantitigs, cannot be „ 
— Ingo va Þ era 2 there- - Remainder, 4 Yona ET 
ge : 5 is the Remainder ſoughr, to wit, that which atiſes by ſub- 

ing C— Jrom a 5 18 n! | nn I dT MY. RT TEOITET TED 25 
After the ſame manner, cd-{-36 ſubtracted from 343 LK 24 leaves 140 Lie- 
24 4—36, that is, 3aa +be—cd—1 3. . aha 1 3 N 
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More Examples of Subrrattion in C ompound Algebraic Intrgers. 


— „. 
Subtract A er 5 
˖ 9 — I — 
2 a + . : {nm $—c—5 
Remainder rr 
1 20—13 i 
contracted i 8 2 6 
r —M... 
Subtract 34-33 ern — 3e ＋ 7 
ee ee , A OE 0G BURG Ta, 4 37 
Remainder, 54432735 209 ＋ 36 — 7 
Rem $6 - 5" Wl — Son 
24— 28 — 
contracted, . 3 | 7 ie. 


Remainder, aa + ba + bb —4ba 


Remainder 
aa — 204 ＋ bb 
. 


* 


13 


% ” — 


I +2404 +3 
0 f 5 35 Ss. choc 
- . Subtrat —8 Hae” .- -.. | | 
St og . * — — | — — - | 
+ Reminder,” Ja +27 8 —za] lſ aa he +30. - 
Remainder BS ©) arr Teas n n 
contracted, EN 


— — — 
o % * 
x 4 : 4 s - F 
* * * \ a” " "S | : F ; 12 292 1 # #2 1 ; 
4% — * * 0 . 3 lf *%s # & 1 * ” . * _ 
rom | ES +" = 20 F 
4 4 * $ * N d P | aa . * 2 
Sub ct \ of ' of * , * * . s * 
tra 5 Cc 4 . Fi Los + 
SP ws 4s 4 * 4 * „ 3 
% * — w = 
— —-— — — — 1 : 
* — — ——c l P : © 
* . . * þ4 % 1 „* . 26 © 4 71 $i — Isen 
JF - N 84 + 6. Ad * 0 "44 ICS F 35 64 4 4 | 
x . ; | " * 1 48 
1 4 . 2 83 
— N a — — 


K . 
% ; . 4 . 


« 


„ _ 


- SiS &@ 0 * * * l ' 
— — — * = 
r C l * * "= 77 '* G g 1 * 7 
F P . 1 9 . F) % ”Y - br ; s * 4 * . 
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Wis "The Reaſon of changing the Signs of the quantity to be ſubtracted into th 
contcaries, to wit -| into'—, and — into + (according to the Rule before given) 
will be manifeſt from 2. — dus — of _ _ —_— of por here woe ho 
requires 1 The quantity ſubtraed and the Remainder be equal ro 
ee from which the Sabtusction is made: for firſt, (according to the ſaid Rule) 
the Remainder is always compos d of both the quantities propos d for Subtraction, 
with this Caution, that the Signs ＋ and — in the quantity to be Subtracted be changs 
ed into. the. be, Signs; Secondly, (according to Algebraical Addition) the 
antity to be ſubtracted wich its own Signs being added to it. ſelf with contrary Signs, 
cextinquiſh it ſell; therefore the Sum of the Remaindet and the quan- 
abrraRted will, neceſſarily be equal to the. Quantity from which the Sub- 
traction was made: d*therefbre the certainty: of- the faid Rule of Algedraical 
Subtraction, and the Reafon of changing the: Signs: of rhe Quantity to be lubtracted 
into therr-comraries, To tft. into —, and into , is manifeſt: ' So if from 
a = there be * A Irre to 1 1 
raic tign. before, given Y will bel a La 1b, to which'if"a=- (the 
25 Ty Neg) be added, ve evident that a—b will delitoy2la>tS, and fo 
he Sura vil be h 5, to wit, the quantity from which"a—-b was Tabttafied. 
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Multiplication in Algebraic Integers,” 


1 A Lygebraital Multiplication does by two Quantities, whether they be expreſſed by | 
| Letters wholly, or partly by Letters and partly by Numbers, find qut a | 
third Quantity, which is called the Product, the Fact, or the Rectangle. 

The Quantities given to be multiplied one by the other are called Factors; or (as 
in vulgar Arithmetic) either of them may be called the Multiplicand, and the other 
the Multiplicator or Multiplier. eee Go 
II. When two Simple (or Single) Quantities expreſſed by Letters, whether like 
or unlike, be to be multipl:ed by one another, and have no Numbers prefix d to them, 
join the Letters of both Quantities together, like Letters in a Word, it matters not 
in what Order they be written; then the new Quantity repreſented by the Letters 
ſo ſer together is the Product fought. _ 

As for Example, If the Number or Line a be to be multiplied by it ſelf, to wits 
by a, I yrite aa for the Product: So alſo to multiply a by b, I write ab or ba fot 
the Product; in like manner if I would multiply abc by bc, J write abcbc, or abbec, or 
acchb, &c. for the Product. 5 | 

And if a, b, and c, be to be multiplied one into another; firſt 2 multiplied by 5 
produces ab, then ab multiplied by c produces abc, or bac, or bca, to wit, the Product 
made by the continual Multiplication of the three Quaatities a, b, and c. 

Again, it aa be to be multiplied by 4a, the Product will be aaab; which may 
alſo be written thus, a U; where the Learner muſt diligently note that the Figure 3 
which ſtands next after but a little higher than a, muſt not be taken as a Number 
prefix d to b, but as an Index ro ſhew the Number of Dimenſions in à or aaa, (as 
before has been ſaid in Sect. XVI. and XVII. Chap. I.) | 

Likewiſe, if aaa be to be multiplied by aaa, or a by a*, the Product will be 
aaaaad or a*, in which latter way of expreſſing the Product. the Index 6 ſtanding at 
the Head of à is the Sum of 3 and 3 the Indices of the Quantities a* and a? propos d 
to be multiplied.  - Oo; reed N 

So the Product made by the Multiplication of 4446 by bb or b+ by 4* will be 
bbbbbbb, or b” (7 being the Sum of the Indices-4 and 3.) 

Likewiſe if theſe three Quantities be to be multiplied continually, to wit, aaaza, 
bbbb, and ccc, the Product may be expreſs d thus, aaaaabbbicic, or compendiouſly 
thus, a l and fo of others | | 


More Examples of Multiplication in ſimple Algebraic Integers, according 
EE to the preceding Set. II. Ol 


* 


Multiplicand, b d - ac ecc 
Multiplicator, e 4 d. ; 0. 
2 ———— 
Product, bc dd acd | cecce 
Multiplicand, aabc def aabbec 
Multiplicator, bca abc aabbce 
Product, 5 aaabbec ' abedef a'h? 0 Fo 


III. Iftwo ſimple Quantities, whether like or unlike, having Numbers prefix'd before 
hem; be to be multiplied one by the other; firſt multiply the Numbers prefix d, one 
into the other, then to this Product annex the Letters of both Quantities, by ſetting them 
imme 


A 


BOOK 1. 


- . Nu 


16 Multiplication in 


—— — 
— — 


immediately one after another, (as before in Se. II.) ſo this new Quantity ſhall be 
the Product ſought. | | 
As, for Example, if it be deſired to multiply 2@ by 36; firſt I multiply 2 by 3, 
Moteiol and the Product is 6; to which annexing ab, (to wit, 
ultipiy ” the Letters found in both Quantities given to be multi- 
by r plyed ) there ariſes 6ab the Product ſought z which 
produd 2 ſhews that ſix times the Product of the Multiplication 
roduct, os of any two Numbers, or Right-lines, a and 4, is equal 
to the Product made by the Multiplication of the Double of a by the Triple of 5 , 
In like manner, if 26 be multiplyed by e the Product will be 26c, or 2cb ; for 2 
Multi 2b | which is prefixed to b in the Multiplicand, being mul - 
4 ultipiy „ tiplied by 1, which is ſuppoſed to be prefix'd to the 
by c Multiplier c, makes 2, to which annexing bc, there is. 


Prot.” 2 KW found abc tor the Product ſought. 


More Examples of Multiplication in Simple | Algebraic Integers, 
according to Sect. III. 


| Multiply 124c 5ddfg 
by | 3d 4 F 
Produ, sah! 34 | $d'fih e 
Multiply [4M 343 16aab 
by * 3833 1 b3 CY © 
Product, 3aaabbb | 3 b * 64a ; = 


IV. The Multiplication of Compound quantities depends upon the precedent Rules 
of multiplying fimple quantities; for when a Compound quantity is to be. multiplied 
by a ſimple (or ſingle quantity, every Member of that muſt be multiplied by this; 
alſo, when two compound quantities are to be mutually multiplied, -every Member 
of the one muſt be multiplied into every Member of the other. It matters not whe- 
ther you begin to multiply at the right Hand or the left, nor in what order the parti- 
cular Products be ſet ; (tor quantities expreſs'd by Letters retain their peculiar and 
unaltereJ values whereloever they ſtand ; (but due regard muſt be had to the Signs - 
and —, one of which always belongs to every particular Product, and may be diſco- 
vered by this Rule, viz + multiplied by +, or — by —, makes -+ in the Product, 
tut + multiplied by —, or — by T, makes — in the Product; laſtly, all the particu- 
lar Products added together (according to the Rules in the preceding Chap. 2.) make 
the total Product ſought : All which will be made manifeſt by the following Examples. 

Firſt, if a Compound quantity, as at, be to be multiplied by a ſimple quantity, 

as c, I begin at the left Hand, and multiplying +; 


Multiply a by Te the Product is + ac, (for + multiplicd 
1 | by + gives + ;) lkewiſe +b multiplied by + c 
Titty — produces +bc; which two Products added together 
Product, ac-Fbc make ac-+bc, which 1s the Product of the Multiply- 


cation of a-+b by c. a 
So if a—6 be to be multiplied by 4 * N will be ac — 5 or +a 
: multiplied by te produces - ac; and — þ mul- 
Mukiply a—b tiplied by -Fc produces —bc ; (for according to the 
! , Rule, — multiplied by + gives —): Therefore 


— 


Produ&. ac—bc be or ac>bc is the Product ſought. 
þ . 3 


Aſter 


' 4 < . 1 3 9 — a. . ” \” - * 1 £ was 5h < 2 © - 
— re . e — — err renee eee ren ere 
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After the ſame manner, if it be deſired to Multiplxßx 24 

multiply a+ +, by c +4, the Product wil! by c 

be found arc IC Cad E. For, firſt a+ — L 

being multiplied by c, (as in the firit Example} tacÞbc 

produces -+ ac + bc; likewiſe a EL again | +ad+6d 
multiplied by d, produces A; then — — . 


adding thoſe Products together, e the Sum is product; Ic lc Tad LC 
ac le ad bd, which is the required Product of ab multiplied by Hd. 5 
* If a 5 b 1 by c- d the Product will be ac — bc— ad + bd; 
For Firſt, a — 6 multiplie c produces 
ac — bc, (as in the laſt * but one 3 an a : 
then a — 4 —_— by = pro- | Wo 9 
duces —ad (tor according to the Rule, ö 
, pe e rede, eee 
and —b by —& produces bd.) Laſtly, thoſe particular Products added togetlier 
make ac—bc—ad+bd, which is the Product of a—b multiplied by b—c. 
Likewiſe, if a+6 be multiplied by a- , _ 
the Product will be aa CU: For firſt, 7 Multiply. ab 


—— mg 


multiplied by a produces aa Cha; then a+b by a—b 
multiplied by —b produces --=; laſt- . 
ly, the ſaid Products aa C and — ba — bb aa -b 

added together make aa --; (for -a and ">; ES” 


—ba, by Addition do quite vaniſh ;) There- — * 
fore aa—bb is the Product of a multi- Product, a —535 
plied by a- b. OO 1 
Moreover, if aa ab- -I be multiplied by 4 L, the Product will be only 44 
—bb ; and for the reſt of the particular Products will vaniſh by Addition. 
And if a -+ 6b be multiplied by it ſelf, to wit, by a+ b, the Product will be 2a + 
2ab+-bb, which is the Square of a4. | h Ys . 
Likewiſe, the Square of a—b will be found aa 24 LG. 
Nor will the Operation be otherwiſe when Numbers are prefixed to compound 
Quantities propoſed to be multiplied, reſpe © —_ 
being had. to the Third Se, of this Chap. Multiply” 34—20- 


as, for Example, to multiply 34 — 2e by _ 34—2e 
by 3a—2e; Firſt, 3a— 2e multiplied — —ê 
by za produces 3 and za ze + gaa—G6ae 
in multiplied by — 2e produces — Gae | —G6ge + gee 
gee , which particular Products added | — — 


together make gaa — 1 ze ＋ 4ee which is Product, gaa—1z4e T 4e 

the Square of 3a — zc. a 8 
When abſolute Numbers are Members of Quantities to be multipſied, the Rules of 

Multiplication in vulgar. Arithmetic and thoſe before given muſt be mixtly abſerved ; as; 


If ie be deſire to multiply ————=——————<=3aL &_ 
By the abfolute Number 7 


For five times 3a makes 15, and five 6 makes 30. | 
— Likewiſe, If 2aa—z' be multiplied by a—6, the Product will be 2444—i 24a— 
2 E18, and the Wotk will ſtand as here you ſee ; 3 as 


— 


Multiplicand, 20462 
Multiplicator "786 
73 
. : $2 EF: Gy —12a6]-18 
Product,  2a98—12aa—za+18 


For further Maſtration of rhe Maulkiplicatit of Algebraic Infepete,” the Leatnet 
may pefuſe the following Examples; in evefy one whith, as alſo in thoſe afore-goings 
"Tbegin to multiply at the lett Hand, beciuſe 8 Algebraical Multiplication it win a 
different 


« : 4 * W 
* * 1 . . _- . . \ Je . 
Ld niet i> * Py 8 13 a. PS. 2 — 1 * _— _— & * __—— r 


* 


A. 


Multiplication | " "_ ; _ BOOK. | 1 | 


— — — —ð—u— — 


4 


indifferent to begin theWork either at the right Hand or the left, i it will be eaſier towrite 


forward than backward : 


And as to the placing of the particular Products, there is 


ho nèceſſity of obſerving any Order therein; for whether they be ruten upon one, 
two, or more Lines, they retain the ſame Values, and muſt by Algebraical Addition 
be collected into one Sum; co make the total Product :' And therefore you may ei- 
ther write the particular Products all upon one Line when there is room, or elſe up- 
on ſo many ſeveral Lines as there be particular Multipliets, ſetting like Produas 


(when they happen) under one another ro IO their wr, or orherwils, as 
Fou ſhalt find it moſt convenient. 175 


+4 


ern 10 'Sett. IV. 


fultiplicand, ate 34 $$ 
ultiplicatot, . 1 g 8 
| EE ETSY — 
product, . da de | ' 4bj—3ft 20g—48 
; A — — — — 
Multiplicand,., 3a ze 3 
* 3 * 8 
1 72900 © de * 
—roca—St J =anb—rs NPE 
1 | — — — — — — — 5 
5 _ | 1564 +yea—rota=ber 886+ 12b—126—18 
$5: d T5arn— ca Gee Se | _ $6b—18 
Multiplicand, 34d-|-4deÞee 
Multjplicator, adde | | 
— — —— — — 


+ gdddd-}- Eta” 
— — 3ddee— 4 deee—ecce 


— 


» 
t Sm —_— — — ik. * 


_— Examples of Multiplication in C pee A gebrait ine, | 


©. 


Product, YT 1 2ddde+ — oy 
Product Ann : 
— Ys 9d4-Frnde—4de'—e "IP 

* 358 — —— — ——— —— — — 
Multiplicand, 245 1 ae 
Multiplicaror, age . 
aa Tae | aa 1 
aeTee '= — de — ee n 
Product, Fit 44 K ae Pee en 8 2 
Multiplicand, 4aaa+-3aa—2a-þx 
Multiplicator, | 418 6 8 N 
— 34442 r 1 
| _ —204aaa—15 1042a—5a 
9 35 963 SOT” 184 —124 C6 5 
Product, Sig —— 7aanÞ2g09—178+6 
ale. . „ f — "ES — — 
f | Ja aw — - 33 — rn 


: — | . — I” 
$4... — ——ö — gd — 
Dr - 


20: 209999003 7 SL GH NG Again, e 

Maulciplicand maa+zba—be ,, , 

eee, 344 —2ba ct * 2791 
n n oC Did e cada TESA 3a 

£ —qhaas—SbheaÞhcs | 
— nr r bib e: Gn: n — A pati 20 02 d 
2) Af 4» * * * eee ee pom g 12", E 5 4 5 bl : 
| — 55 fe: ; | ry , 
, bY R a , * 9 0 , " Latin 4. * 4 ; . 
— >. 9 * —2CC %.. I's 7 * 194 . ; 
" C + "PTY 5 # f: & wtf — 


V. Sometimes when Compound q quantities be to o be 5 one by, the aber, 
it will be very commodious to omit the Operation, and to ſet only the Word into, or 
x (the Sign of Multiplication) between the quantities to be multiplied, to ſignifie the 
Product of their Multiplication: But in ſuch Caſe to avoid Miſtake, it will be con- 
venient to draw a Line over each Comphund quantity, to ſhew that eyery Member 
of the one ls ro be multiplied by every Member of the other. 


# ++ — „0 


As to multiply 440 — by aa—5aÞ6, I write 
| aaa Jaa — 22 L into -8a—5aF6_ . * 
Or, e fr — IK: * aw iii 


But that multiplied by 1 or Iz + makes. == alſo, FS ihe multiplied 


by — makes in the Multiplication of Wrounft Quantities, I _ hereafter make 
— in the laſt Set. of Bag XI. W309) 


. 
1. 


2 * Divi oem in etbraic = ry 4 Do 


. A IRON Divifie does by to Qsantities, ( Whether they be expreſſed * 
wholly by Letters, or * by Letters and partly Numbers, where- 1 
of,0ns i e the 1 no . 1 9 Da e baer called the 
uotient; tit, ſuch a ze: that if ic he wultipfioch the lor the P 
uct will 3 the Dividend . on, Ge Tn wet af 
II. the Narhre of Diyidowis to reſolve ur whdo' this arc oh 15 compoſe! or es 
Mulkiplication ; for the Dividend always repreſents the Fact or Product in Multi- | 
plication,- che tenen eee $6 Mutipſiers, atid che Quotient the 
other, As, if 12 be to be diided by 95 the Dividend: #> repreſents the-Fa& or Pro- 


du& made by the Multiplication of tw bers | 
3 notſent e to wit Nyhbe 7%, ggf which js the pier 2, and 


f Y 
; 
| 
VB 
, 
. 


Il; ;Eyery Fan pe bio the Quorichr of the Numexator divided by the De- 
ot SR : is the Quotient of 3 divided by 4 ; for according to the Progf of | 
Dixiſion, if. the Quotient d. de multiplied bythe Divifor'4, the Product will be equal | 


to the Dividend 3. Upon this ground, Diviſi 


10N in whether Sim; 
Ty or wana is moſt OT wind oe 572. 5 en etting _ Pain as the 


4 bf r. fa. F rad e Di 
qual be the uoticnt: 00 100 FR dog a Dedomijator; for this Fraktion is e- 
wh ; 


hinib 29 o: d an hk 10 n bar totiomybl 5 O 356 bi N 


As for Exam ample, t to divide the Sag by b, I L writs += 42 - Which 1 1 


0 33 TI 4» 2! 237418 28 * 124 
Aut a 18 divided by b; or- is equal «# ha note of 'the I» ntity dyyided by 
1. 7e 25 e 9 9 1 * / * f El ON] THE. 
a sI > 2% G20 x Sign 10. 1d an 0 av * 28. 1200 21 
248 101 t 4 PALE 


20 


* 1 8 
a : 
* 


— ———<_ e 


a " Mor e Examples of Divicon i in Algebraic detegers, — to 


In like manner, if 6 be prope be ily L write . to — the 


Quotient ; alſo, if ac be to be divided by J, [ write; to Genie the Quotient. © 
Again, If 241 ee. and if a 
be to be divided by 5, I write for the Quoticot, ; alſo to divide 1 by a, I write —— 
to ſigniſie the Quotient. 
3 if a+6 be given to be divided by c, the Quotient may be repreſented by 
le th AG 65 Lac — 


2— 


the foregoing Sect. III 


Dividend, 


* 2 * — 
— 


W. When che Dividend 6 aa ochre, me Quoticht iy x 3\for'\ 
ents fled ee being divided by it ſelf gives-2 in the 
: Ay 4 11K. 24 . 
15 * 
. The like b. be — often. 
S e 


ug- 
the 
be 


be © ; te raf er anon higEy: 
caſt ae. ont of both, ſo f oa left, winch is the Q zent of u divided by a. 


| Likewiſe, If as be divided by - the quotient is > = 5, thr 0; (by Atti away 
#'out of the Numeratorand Denominator tor.) : ahem er 2 iq 

Again, If aua be to be dirided by aa, e 
ng ary as Our of the Nymeraor and Denominator. Aid Efie! be to be divided by 


a E11 10 2. 


0 de Quoicat expreſt Pen vit al be chat is, ES] is caſt out 7 


on 22 03 1 5 1 20 1 v6 bbivib ei » 2 


divided by a, (that 
Epanging « id by See 


er r COL aS/ Ot, if a® be 
the Quotient will be a', or aa, 
Diviſor. 
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"This Conta Non of Diviſion is like to the reducing of a Fraction expreſt by large 
Numbers to more {imple Terms, by dividing the Numeraor and alſo 'the Dennis 
_— If ab+ ＋ be divided by 4 the expreſi Frafion-wiſ 

Again, ac be to votient- 
according to the preceding Se. lit will and ths U | a 

- Dividend, 41 * 


. af where. becauſe the Letter a is found in © Dbior, 3 
every Member of the Numerator andDenominator, Quotient, qabFac 
Wi Wks <a then the new Quo- ( 7 


e Quotient 414 7 
2 be 2 which FraRion is equal to che Södtradked, wa > 


reſt. by more ſimple Terms. 
ef Rene ae Ia a be divided by a, the Quotient (according to 5 III) will be 
"has b+1; for by lng wn bo there will remain ==, thik is, 


br; (for — is but b; and+ is 1 5) bur that 3 the true Quotient it will 


appear by the Proof of Diviſion, for b+x e by the Diviſor a will produce 
the Dividend a Ca. 


So alſo to divide 3 —4 by 236+, I write ied for the Quotiene ; wh 


obſerve, that altho* the Letter b be caſt out of every Member of the given Dividend 
and Diviſor, yet the Number prefixt to the Letter caſt out muſt ſtand ſtill in the new 
otient. . 

But note diligently, That i in this kind of Divigon 7 Compound 1. late ah 
2 Letter cannot be cancell'd or caſt away, unleſs it be found in every Member 


> - 
Dividend and Diviſor; and therefore = — 85 e be cohtracted by 


caſting away any Letter. ' + ITT | 
* of the cri * Al erat beo, e 
to * preceding Seck. V. v 3 N 
TJ a1 IT 
a 3 | F 52 4 * 
tht 7 1d 


no 


P ee ee er... 7 


Dividend, ab ac—a a 
Diviſor, > 


£ D 79.31 u 


2 + ca8— 308 | 
W e bd 4M 5 BIG der. i. 
is 770 " if) PD 9741 7. } 
— BY — ba 255.09 Sd 4:54: - abivilka VL nil $1 16 Bubort 2407 45 
_ slm wk 21 lim 309i:0: 
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— TIOROY 
I gebreie Ion; whether Simple or Compoind, te to bedivided” by 
WEE, N and there ſuch Numbers prefix d to the Letters in the Dividend 
and Diviſor as may all be ſeverally divided by ſome Number as a common Diviſor with« 
out leaving a Re mainder, ſet the Quotients ariſing dy the Diviſion of thoſe Numbers 
by their common Diviſor, betore the 17 etters reſpectively, inſtead of the Numbers that 
were firſtpretix'd : As, tor Example, 8a be to be divided by 6b ; Firſt the Quotient 


expreſt Fra iti · wiſe (according to Seftion III of this Chap )u will he — , then dividing 
the prefixed Numbers 8 and 6 by their common Diviſor 2, 1 2 the + e and 3 


inſtead of B.and 6 before 4 ahd þ ; fo the Quotient ſought is 7 Th „ Me root 
ud | 


bn like. dre abe —zabe Divided by Me gives the Quotita nn 2 75 b 
+4 63357 79 

ividend, x - —zdb |. | For firſt, the Dividend and Diviſor being ſer mal 
By Fil By 2 "3 „ Gabt—3dbe,* Er 


74 Vibe vil hand thus, 72 ; then, ( according to 


. F.. V.) 4+ dene emed and De- 

este N. 25 ...: , | nominatgr;, laſtly, the prefixed Numbers 6, 35 and 9 

2 4 * being divided by their common Diviſor 3, give 2, r, 

contracte and 3, which being ſet 4 the remaining Letters 
8 ; 

a, 4 and 7 ebenen. ge" he comraged Koreas, _ 575 0 „ 


44. EY 
0 vi. M08 bots 4- 4 


Move Exanpl r 10 Cora in e, Gon, 4 10 Set Vi and vl. 


2 © | > 33 20 2 
Die idend; { . 0 4. 
A Divilor, - n , 1 gb | wy 2 BS 22 OT U * E. - 
— — — hor * | 
regh > OST yon e 
otiemt, a 
r 2. 19 ROY 
Quotient 2 | - 
contraced, hr: 
7 Gul ebaotreiCt 
1.9 107i 
Dividend, eee 
Diifor. | 2 
1 I . 
= — 5 EIS; 
2 3 $1304: 
— — N 1 TEE" 211003 
contract 9 e, 19 OO IN 
8 N- La bogb]id 
Dividend. 28566 16 . doe 


— — - 471517 1 
a. — B 25 ˙ 
0h 5 FT 2000 
, : 6 1 t 22813003 


Tun I bns * 
vn. 1 every Member of 4qmpound JARED; Aab uel by e the ſame 
ſimple quantity, it is evident ivifion, * 
if the Product of that Multiglicatjon he divide 2 2 Compound Quantity, the 
Nr will be the ſimple it Aale | G ⁰⁰jꝭỗο 
| tiplie 


ted Example If 6 dib ia Product will be ba + ca, 
e Fa F OF EIT if ze te other Factor a. and; 


* 


* 


1 A 4 PR 5 TIA 9 2 . . n | FECT 71," ES | 
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a * 9 | *$ 7 - = > 
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tor the ſane Reaſon, 2bca + 4, that is 30% 4 14, divided by 24e 7, will give che 
Quotient a. 1910) / Ti ER 8 „ 
Likewiſe, If 6a{-5a—8 (that is 109 be divided by 6 5 -i (chat is, 10, the 


noticnt will be a. 


Dividend, 2da-+3a_ | 236-183 +16 
„ Dwiſor, 24 r f 23 18 ＋1 e 97/2025 T1 
4 1 G60 42 Wh. 2—ů —— — Moe ab — alas mw 13! DIE 
2/17 yd eee & eee ee np is 30 510007) ae ot 
. 017 by? of d*I.4 T5 _— Ae eter renee ; — 2. . 
| | OC 0 n $731 [ERI3Y . 


© Dividend, '* 20a genes | 24 
- Diviſor,. 26 —3zCr .- 


181 


42 — 6 R 
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I fy 28 II77 WS; TT. Se ; T3 
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VIII. Wnen the Dividend and Divifor are Compound whole Quanticies, the prece- 
dent Rules of Algebraical Diviſion will not always give the quotient in the leaſt Terms; 
but the ſimpleſt quotient may be found out by ane of theſe two ways, viz. 

1. When the Dividend and Diviſor are” Altebraic Ttcegers, and. there.is a poſſibility 
of expreſſing the quotient by an Aenne t may be found out by the ge- 
neral Method of Diviſion handled id the next following Section, which way is like that 
of dividing whole Numbers in vulgar Atichmętic; Put if the Learner find it difficult, 


. 4 


he may wave ic until he Has proceeded! ag far as the 8 Chapter gf the 2 Book. | | 
2. The quotient, whether it happen to be an Algebraic Integer, or à Fraction, 
may be found out in its leaſt Terms by the Method hereafter gclivered in Set. 7. 
Chap. 8. of the Second Book ; where” the manger of fading gut all the {liquor Parts 
or juſt Diviſors, every 'of which will divide the Dividend and Divilar propoſed 
withoat any Remaindeg's e kk ee 
IX. In this Seftion a general Method of Diviſion in Algebraical Integers is hand- 
led, As to the Order of the Work, it agrers with that Form of Diviſion in whole 
Numbers which I have explained in Mr. Wingate s Arithmetic, but the Work it felf 
depends upon the preceding Rules of Algebraical Diviſon, Multiplication and Sub- 
traction, as alſo upon this Rule for difcoyering the due Sign belonging to every par- 6 
ticular quòtient, viz. + divided by I, or — by —, gives + 1n the quotient ; but | 
＋ divided by —, or — by +, ges — in the quotient. Whether the Operation 
be begun at the Right Hand or the Left, it matters not; but becauſe *ris eaſier to 
Write forwards than backwards, I ſhall (as in vulgar Arithmetic) begin to divide at 
the Left Hand, and proceed towards the Right, 
Example 1. Let it be required to divide ac ad cd by +4. 
Having placed the Dividend and Piviſor in ſuch Order as you ſee in the next Page, 
fiſt I dwide . ac by ce, (according to Sn 5. of this Chap.) and there ariſes E a, 
(Ta, becawle + divided by + gives +,) therefore I write Ta or à in the quotient ; 
then multiplying the whole Diwſor c +d by the ſaid quotient 4, 1 write the Product I 
a ad under the two firſt, Members of the Dividend towards. the Left Hand, to wit, | 
under ac Tad; that done, drawing a Line under the Taig Product ac C ad, L lubtragt | 
che ſame from .ac-+ ad, (the pwo firſt Members ot the Divides) and chere remains ©. 
which Lec under che Line, as you may Jos ig dhe Page following. * 
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: x = 3 — a — 1 — — — : | | 
24 | Dwiſion in v 
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Then there remains to be divided be Cůd which I bring down to the Remainder o; 
and renew the Work, viz. I divide {bc by Tce, and there ariſes + , which I write 
in the Quotient next after @3 then multiplying the whole Diviſor - d by the ſaid 
Quotient i, the Product is he d, which- being ſubſcribed, and ſubtracted from that 
which remained to be divided, there remains o. So the Diviſion is finiſhed, and the Quo- 
tient is tound a + & ; but that ir is a true Quotient the Proof will make manifeſt, fo# 
ab multiplied by the Diviſor c H produces the Dividend ac Cad be IId. 


Example 2. In like manner, if aa _ bb be to be divided by a - the Quotient 
will be tound a—b ; For firſt, aa divided by.a gives à in the Quotient, by which 
| multiplying the whole Diviſor a E the Product is 


a-+b) aa—bb (a 253 0 + ab, which ſubtracted from the Dividend aa — lb 
"x AO there remains to be divided — 55 — 46. Now I 
W renew the Work, and divide — 55 by its corte ſpon- 
ba dent Diviſor +5, (not by a, becauſe the Quo- 
bal“ tient will be a Fraction, which is to be avoided when 
— — deere is a poſſibility ) and there ariſes —b to be 


„% | - - written next aſter a in the Quotient, I ſay —b, not 
ee ee I; tor according to the Rule before given, — divi- 
ded by + gves — in the quotient ; then multi lying the whole Diviſor ab by —b 
(laſt ſet in the quotient ) the Product is — ab , or —bb—ab, which ſubtract- 
ed from — bb — ab that remained to be divided, there remains o; ſo the Diviſion is 
finiſhed and the quotient is found a—b, to wit, Tuch a * that if ĩt be multipli- 
ed by the Dꝛvilor aÞ#, it will produce the Dividend aa—b $624 age pig tay 
Example 3. Again, If it be deſired to divide age-}-bbb by 414. LER the quo- 
tient will be found 4 Lb, and the Work will ſtand thus. = oth # 
| aa LL) aca|-bbb , e 
44 —14a C64 "+ 2 +x_ 
_bBb bea—bba «7 | 
bbb1-baa—bba | 
0 


* 
* 0 


$ 
: 
= 


* 
- 


* 


3 
* 
3 
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O (a) 


In which. Example, firſt (as before) I begin at the fitſt Term of the Dividend to- 
wards the Left Hand, and dividing ada by (aa, not by —ba nor by + bb, becauſe 
cach of theſe will give a Fraction in the quotient) there ariſes a, which I ſet in the 
"quotient ; then multiplying the whole Diviſor aa—bz + b by the ſaid Quotient a, 
the Product is aaa— Jaa + la; which I ſubtra& from the Dividend aaa, + Nb, fo 
there remains to be yet divided ＋ Db La I. 
No I tenew the Work, and divide +#bb by its correſpondent Diriſot +65, (not 
by as, nor by —bz, becauſe each of theſe gives a Fraction) and there arifes- +5, 
which I write next after a in the quotient; then multiplying the whole Diviſor aa ba 
+ bb by the ſaid quotient / b, the Product is 5˙ , daa ba, which I ſet under, 
and ſubtract from the quantity that remained to be divided, ſo there remains o, and 
the quotient ſought is aH: But that it is a true quotient the Proof will diſcover ; for 
if the Diviſor aa —ba+bb be multiplied by the quotient a+ I, it will produce the 
Dividend aaaÞ+ Bub. 


—ů—— Eꝗ1——— 
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Example 4. In like manner, if aaa—6bb be divided by aa Ce bb, the Quotient 
will be a4, and the Work will ſtand thus; | 


Diviſor. , Dividend.! 4. Quotient. 
aa Ca TEU) aag—bbb———————(a—þ 
aaa Claa Ea 
WI 
-a ba 


. PC CC 
kd 


n 


O 0 O 


Example 5. Again, It '9d#dd{-12ddde—4deee—ecee be to be divided by 3dd—ee, 
the Quotient will be found 3 dd 4de Cee as will be manifcſt by the ſubſequent O- 
pe ration. — | We 

3dd—ee) gddda EI 2ddde—4deee—cere (3dd ade Pee 
gdddd— 3 ddee | 


4 0 F . = ö 2 + 4 . 


=nt 79 07 ; {= +54 Tl 2ddde+3ddee—4deee 


1 +:3dded— ecee 
%% — »—ů— —— 
} [12445 Of 3. 831 
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In which Example, firſt I divide gadad by zud, and it gives 3dd, which I write in 
the Quotient; then multiplying the whole Diviſor 3dd—ee by the ſaid Quotient 342, 
the Product is pdddd—3 ddee, which I write under the two firſt Members of the Divi- 
dend, and ſubtract the ſame from the ſaid two: Members, ſo there remains + 1 2ddde 
＋Tzadee; to which I bring down —4qdeee (the next Member of the Dividend) and it 
makes +1 2ddde-!- 3ddee — 4deee which comes now to be divided; therefore I renew 
the Work, and dividing +z2ddde by z dad, it gives +-4de, which I ſet in the Quo- 
tient next after 3d, then multiplying the whole Diviſor, -3dd—ee by the ſaid Quoti- 
ent + 4de, the Product is + 124dde — ꝗdece, which I write under + t zdade {3 ddee 
—gdeee (the Quantity laſt ſer) apart to be divided ;) and having dra un a Line under 
the ſaid Product I ſubtract jt from the ſaid particular Dividend, ſo there remains 
— 3ddee which I write underneath the Line; that done, to the ſaid Remainder + zddee 
I bring down —eeee, (the laſt Member of the total Dividend and it makes -+ 3ddee 
—eeee which is yet to be divided: Therefore I renew the Work, and dividing -+ 3ddee 
by +344, it gives Cee which I ſet in the Quotient next after Ade; (or I might here 
divide +3d&dee by —ee in regard it will-give an Algebraical Integer in the Quotient, 
as I ſhall ſhew in the next Example:) then multiplying the Diviſor 3dd—ee by + ee, 

(laſt ſet in the Quotient,) and ſubtracting the Product , 3ddee—ecee trom the Quanti- 

ty that remained to be divided, there now remains o. So the Diviſion is finiſhed with- 

out any Quantity remaining, and the entire Quotient is 3dd , Ade Pee. 

Note. By this general Method of Diviſion the Quotient may oftentimes be found 
out and expreſs d various Ways, both as to the Order and Multitude of Members in 
the Quotient, but yet the entire Quotient in each Form, will have one and the fame 
Value, as will appear by the following manner of diyid ing the two Quantities pro- 
poſed in the laſt Example. . MAC. 

Let it therefore be again propoſed to divide 9dddd-}- 1 „ eee by 3dd—ee- 

Firſt, I work as betore in the laſt Example to find out the two firit Members in the 
Quotient, to wit, 3d4d+4de, and then thereremains to be divided +3ddee—eece which 
you ſee ſtands at this Mark * in the following Qperation : Now becauſe -|3dgee 
divided by —ee gives an Algebraic Integer for the Quotient, to wit, —3dd, therefore 
I write —3dd in the Quotient; then multiplying the whole Diviſor 34d—ez by 
—34dq (laſt ſet in the Quotient) I ſubtract the Product -|3dd:e—gdddd from | 3dd:e 
—eeee Which remained to be divided ; ſo there Pain to be yet divided —eeee + gd4dd, 
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Then I divide —eeee (which Rands Weed ade the third black Line) by 
its correſpondent Diviſor —ee, (for it cannot be divided by 3dd ſo as to give an In- 
teger in the Quotient,) and there ariſes ee, which I ſet in the quotient ; ; then mul- 
plying the whole Diviſor 3 da ee by th ſaid quotient ee the Product is — eece - 
3ddee, which ſubtracted from —eeee Edddd (to wit, the quantity that remained to 
be divided ) there remains to be yet divided |94d4ddd—3ddee, (which ſtands imme- 
diately under the laſt black Line but one;) therefore I divide dada by |3dd and 
it gives 34d to be ſet in the quotient; then — the whole Diviſor 3dd—ee 
by the ſaid 34d, it makes + gdddd—3ddee, which ſubtracted from + 9dddd— 
zadee (the quantity that remained to be divided) leaves o; ſo the Diviſion is finiſh- 
ed without any quantity remaining, and the quotient is found 3dd-+ 4de—3 dat ee 
＋zad, that is, 3dd-j-4de+ee: So that the Quotient found out by the latter Ope- 
ration, after it is contracted by Algebraical Addition, is the ſame found out 7 the 
former way of dividing the quantities siven in the fifth Example. * 


Example 6. Again, If „ 2464 be divided by „is, the quo- 
tient will be found 11 +819F4s and the Work will ſtand thus: 


; 7) Diviſor. „Witten Quotient. 
N16) yyyy— M- ο -e (yy +8 T4 
Dee I” 


+ 899—1249 
* r. 12 . 


es al tt 


It the Powers of the * y in the laſt Wie be eie ee to cane 
his Way, the Work will ſtand thus: ' A 
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But Cartefius in dividing the quantities propoled in the laſt Example works back- 
wards, viz., from the Right Hand of the Dividend towards the left, as "op hete ſce 
in the following Operation. Wu EET A 12 J 
9516) FI —w1a4h=64 (4489495 2 
4))—64 4 Fx 
ie | 
 TSyf—12b)y _ 
y* — 16 yo > 
21 
© O 


More Examples are here added for the fuller Exerciſe and Illuſtration of Diviſion 
ound Algebraic Integers, according to the 


in comp 


of this Chapter. 
Di 
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viſor. LS Dividend. 251 Quotient. * 
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general Method in Sect. IX. 


Diviſor. Dividend. * Quotient. 
a—b) aa. za +3abb—bbb (aa 2 4b ＋ 65 
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Diviſor. Dividend, - Quotient. 
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Diviſion in Algebraic Integers, B oO K. 1 


ter you have t 


Diviſor, Dividend, Quotient. 
ab—ag) aal, +a*b—24* (abb Fa Ta 
aab —4 bh e 


5 La —245 


ah — af 


Diviſor. Dividend. Quotient. 
Jab —zaa) 5aab*J-1ta*b—a'; (GabbJ-*4a*{taab 4a? 
gaab'—7a*6h ( viz. jabb4taabbia? 
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II Algebraical Diviſion according to this general Method will not work off juſt 
without a Remainder, then you may write the Dividend and Diviſor Fraction-wiſe, 


according to Sec. III. of this Chap. Or ſometimes the Quotient may be expreſs d partly 


by Integers, and partly by a Fraction; as if Þb+b4+cc be to be divided by d, 


| BA | 
the Quotient may be expreſs'd cither thus e or elſe thus, 5 f 5 ＋ 7 


which latter * lis found out by the Help of the ſaid general Method; for al- 

ereby diſcovered as many Integers as can ariſe in the Quotient, you 
may ſet the Remainder of the Dividend as a Numerator over the Diviſor as a Deno- 
minator, ſo this Fraction together with the {aid Integer or Integers ſhall be equal to 
the Quotient ſought ; as in this following Example. 


Diviſor. Dividend. Quotient. 
a—b) 2aacÞ3aaa—2abc—3aab2cc (ꝛcc Za _ 
2aac nabe | 
5 + 3aza —» aab 
3aaa - 3aab 
— — — —ʒ 
© die 


| CHAP. 
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CHAP: 6. F. Arithmetic of Algebraic Fractions. 


CHAP. VL 
Containing the Arithmetic of Algebraical Fraftions. © 


— 


— 


of the riſe of Algebraic Fractions, and the manner of expreſſing Integers aud. 
mixed Quanties Fradi ion- wiſe. | 


I. H E Operations about Algebraic Fractions are wrought like thoſe of Vulgar 
Fractions, by the help of the Rules of Algebraic Integers before delivered, as 
will appear by the following Rules of this Chapter. 
II. From the manner of dividing quantities according to Sed. 3. of the preceding 
Chap. 5. Algebraic Fractions ariſe ; as, if a * be divided by b, the quotient is 
dn 9 ® | 8 | 
repreſented by the Fraction 3 Likewiſe ——>,, which imports as much as the 


. 2a EAC ö 
quotient of a+b divided by c—d; alſo 5 = and ſuch like are called Alge- 
briacal Fractions. | 
III. If the Numerator be equal to the Denominator, that Fraction (or quotient 
expels d Fra&ion-wiſc) is equal to 1, (to wit, Unity ,) as before hath been ſaid in 
Seft. 4+ Chap- 5. . ; +44 | 
aa | abc 
So e 8 i And abcÞda => X 
IV. When an Algebraic Integer is to be exprefsd Fraction- wiſe, make it a Nume- 
rater, and ſet down 1 for the Denominator ; as if theſe quantities ab and aa b be to 
be ſet in the Form of Fractions they will ſtand thus; | 
AAa— 


2 And ; 
1 


1 | I 
V. If an Algebraic Integer, as a, be to be ſet in the Form of a Fraction that ſhall 
have for its Denominator ſome Algebraical Integer preſcribed, as 4, multiply a by 


the Denominator d, and write the Product ad as a Numerator over the Denomina- 


| ad 3 
tor d, thus, 25 which Fraction is equal to the Integer à firſt propoſed, and hath 


for its Denominator the preſcribed quantity d. | 


| Likewiſe the quantity a reduced to the Form of a Fraction whoſe Denominator is 
$5 | 


— } 
preſcribed l: Ce will and thus, Te- 


„ 5 | 
Moreover, if a+ + be to be reduced to the Form of a Fraction that ſhall have 
d for a Denominator ; let a be multiplied by the Denominator d, and to the Product 


ad add the Numerator aa; then {ct that Sum, to wit, ad Taa over the Denominato, - 


ad Faa 


d, fo there will be —4 for the Fraction deſired. More Examples of this Rule 
are theſe following. 


* aa Cab dda 

b. F e 0 

ex. ab—aT-dd _ r# I 
- 3 c bg * b—c 


How 


The Arithmetic of 4 BOOK, 1 
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* How to reduce Algebraic Fractions to others of the ſame V alue 
In more ſimple Terms. | 


VI. When the ſame Letter or Letters be found in the Numerator and Denominator, 
let them be caſt out of both; and it the Numbers prefix d can be abbreviated by ſome 
common Piviſor ſer the Quotients in the places of thoſe Numbers prefix d, ſo ſhall 
the new, Fraction be ot the ſame Value with that firſt propoſed : So this Fraction 


b 2ab 1-8 N 
= will be reduced 0 % and this = 2515 — All be nm 


Rule hath already been explained in Se, 5. and 6. of Chap. 5. and may be further 
illuſtrated Dy theſe following Examples. 9s 5 FG 


ad 4 h I 24dd 2dd 
1 „ —_ 
bed _ | ; 3608; 
4 cd D b. | 4ba | 16da b + 4d * 


VII. The ſearching out of the greateſt common Diviſor for reducing an Algebraic 
Fraction to the ſmalieſt Terms, after the Manner uſed in vulgar Arithmeric, is for the 
moſt part a tedious and intricate Work, eſpecially when the Numerator and Denomi- 
nator are compound quantities conſiſting of many Members; and therefore inſtead of 
that Way of finding out a common Meaſure (or Diviſor, I ſhall by a clear Method 
in Chap. 8. of the Second Book, fhew how to find out all ſuch Diviſors as will divide 
the Numerator and Denominator preciſely withont leaving a Remainder. But in the 
mean time I ſhall recommend to the Learner's Exerciſe the following Examples of 
Fractions abbreviated by Diviſion according to the general Method in Sec. g. Chap. 5. 
of this Book; which Examples, together with the Rule above - delivered in the 6. Sect᷑. 


will be great Helps to reduce Algebraical Fractions to lower Terms, when there is a 
poſſibility. 0 


Examples of Fractions reduted to their ſmalleſt Terms. 


aa Ca A | aa—ab 3 
. TY a—b S: 
aac— 7 PN bet bb. 
C— 4 * 
2 =aa+bb | aa—2ba\bb — : 
aa -U 4 a—b p 
at —2b' a* +6 3 1 Pe © 3 5 N , ; 
+ a 
| aaa a—bbbb —aa—bb aa—bb_ 
aa -U a—b 
N r 
—c = Lb — — + . 
aa—bb 4 aa ba bb 2 
— W— — —ů— —H—ũ—ää — 3 — 8 


—— — 


”- 
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” me. 
= 


CG 


—— — 


A ... agar} =aa—ba-+bb 1 N.. aaa—bbb, a, unten 1 
nk. arg E 4 * > 183+ aa ECA U 
— — — — — — — ——— "08 4 - — 5 — 
, 44—5 bb 44 ty 55 F * aaa —- abb Sa 150 * 
— - af * 0 
g aaa -, 35 aaaa—bbbh Fa 
eee and ab Fa | 
4 5 f C . Dk * "A 32 . | 4 of 45G 
CITES ET r 
hong“ m513 | 
More Examples af Fractions abbreviated, \. © 
| D 20 ; IABID ,, \E SAI Z& \, WE 
T.. An et LS 
e (Oy he common brief. 
HITTER SO Bhail7 13} * VT 9 7 er ri 4 
aa—ab a | By 5 ; . 4 * 
n (By the common Dir or a—b,) 
20 Feen | ili. 462 2 3 TELE TED 
* ne ED 3 
Fl — 4 \ ' f iid AID 8 8 8 11 
. (By the common Diviſor cd? 
Da 0... 1 en Is 
E ** We, . ; * OT 2 IP 7 NN — 
z IESSEE.:: -.. 
1 Rab”  g+b * (By 77 9 | ö 
hn SURE TR — 
aa-j-ab © 6 Ges 8 WY (By ab.) 


How to find out the ſmalleſt Quantity that can be divided: by two or moje 
W given Quantities ſeverally without 4 Remainder. Fa 
VIII. Two or more Algebraic quantities whether Simple Fa 28 14-0 Bier PN 
21 9 > | pound bein 0 

poſed, the ſmalleſt quantity that can be divided by every one of thoſe given, * 
a Remainder, may be found out by the following Operation, (which is grounded up- 
on 36 Prop. 7. Elem. Euclid.) and the Uſe thereof will hereafter appear. 6 


As for Example, if it be deſired to find the ſmalleſt Quantity that can be divided 
by aac and cd, ſet them in the Form of a FraQtion _ _ 


aac 
thus, %- and reduce the Fraction to its primi- 


| | aac aa 
= k & yy a 8 — —. 
tive or equivalent Fraction in che ſmalleſt Terms wy” d 
7. which being ſet near the former, multiply © NO 2 : 


1 | aacd 
croſs-wiſe, viz. aac by d, or 4a by cd, and” 8 So 
there will ariſe one and the ſame Product, to wir, aac the quantity ſought ; which 


is the ſmalleſt quantity that can be divided ſevetally by aac and ed without leaving 
any Remainder, 716 Cans. In 


— : . «« * 1 1 ” \ 0 
192 — 9 9 * Aby - a» — $$ #4 - — ww . fy 4s wh 
\ = — 1 % C db p 
* Y = 7 N \. ö 
0 1 * 1 0 y - 
= * - - 
4 b * = bs — — 23 —— Og * — 21 ˙ r— 8 p 


In like manner to find the ſmalleſt Quantity that can be divided'By ab- Tac 
; 4-4-4 e an 2 ſeverally, I ſer chem Fraction- 
Fog: ar — — — 

| 1 IT = . this reduced to its lows 

. e 1A | 
eſt Terms gives g; then I multiply croſs- 


r. wife (as before) viz. ab + ac by d=F or ad 

—af by b+e, and there atiſes akd-acd—fab—fac, which is the {ſmalleſt Quantity 
that can be divided by ab + ac and ad af, ſo as to leave no Remainder. 

IX. But if the given Quantities cannot be reduced to lower Terms, then multiply 

them one into another, and their Produ& is 


bb cc bbc. tdtzhße quantity defired-4So to find the ſmalleſt 

dF XA quantity that can be divided by b gcc and 

| . —— ad- F INE leaving a Remain. 
bh a nne LAPSE; | 

4 Need NN e der; becauſe pn cannot be reduced to 


more ſimple Terms, 1 multiply 55 Cec by 4d E and there is produced b4dd-l-ccdd 

Ia e F the Quantity - aug y 4a, I 5 ; T 
X. When three or more Quantinies are given, the ſmalleſt Quantity that can be 
divided by them ſeverally without leaving a Remainder may be found out in this manner; 
| Fr, vix: To find out the leaſt Quantity that can 


aaa——abb aa —4 be divided by aag—abb, aa C24 b CUC and 
aa E zb EU a2 4 aa—bb , I firſt ſeek (after the Manner of 
. — the {ccond Example in Sec. 8.) the ſmalleſt 


aaaa—aabbÞaaab—abbb © Quantity that can be divided by aaa abb, 
and aaj2ab+bb, ſo I find aaaa—aabb, 
+ aaab—abbb ; and becauſe this Quantity, may be alſo divided by-aa— bb (the third 
2 propoſed) it is manifeſt, that aaaa—aabb{-ahab—abbb is the Quantity 
ought. 7 5 ee eee ee e 8 
In like manner, if there be given theſe four Quantities, - aaaa—b5bb ; aa Trab; 
aaaa-+-aabb ; and a+b ; Firſt, I find out (as before) the ſmalleſt Quantity aaaaa 
—abbb that can be divided by the firſt and ſecond Quantities anaa—b3bb and aa Cab; 


+ aaaa--bbbb W aaa—aab\-abb blk 
4a F ab "i S 
PPP veto awnremm_r IM 


aaa ab Lö 
Then becauſe the ſaid azaaa—abbbb cannot be divided by the third Quantity aaaa 


aal, I ſeek the ſmalleſt Quantity that can be divided by aaaaa— abbbb and aaa 
n. ＋ aabb, ſo J find (in like manner as be- 


3 aa—bb fore ) n which becauſe - is 
adaa Ca X a diviſible by the fourth Quantity propoſed, 

_——_ — — to wit, by a-+b ſhall be the Quantity ſought ; 

aaaana—aabbbb ix. as —aab' is the ſmalleſt Quantity that 


| "FR can be divided by every one of theſe tour 
Quantities, a*—b* ; a Tab; a*aabb; and a+b. And ſo of others. 


* . 
. * 


— iD. — 4 
= 


kc. th a ik Hh 44 11 |S F Va © 


ay_—— 2 


How to reduce Algebraical Fractions which have different Denominators, into other 
Fractions of the ſame value that may have a common Denominator = 


XI. When two Fractions having diſſerent Denominators are to be reduced into two 
other Fractions of the ſame Value thatſhall have a common Denominator; multiply, 
the Numerator of the firſt Fraction by the Denominator of the ſecond, and the Product 


ſhall be a new Numerator correſpondent to the Numerator of that firſt Fraction; allo, 
I multiply 


* 0 0 ” , = 2 89 4 * 6 
A ——_—. F 8 = Ea. 1 
Pre mw a 


CHAP.6 Algebraical Fractions. 


multiply the Numerator of the ſecond Fraction by the Denominatot of the firſt, and 
the Product is a new Numerator correſpondent to the Numerator of the ſecond 
Fraction ; laſtly, multiply the Denowinators one by the other, and the Product ſhall 
be a common Denominator to both the new Numerators. | 
. ab 152 Toes | 
As, for Example, to reduce — and 55 (whoſe Denominators c and a are unlike) 
into two other Fractions that may be of the ſame value with thoſe given, and have a 
| | common Denominator ; Firſt, I multiply croſs-wiſe,vi2. the 
Numerater ab by the Denominator a, and the Product is 
a aab lor a new Numerator inſtead of ab ; likewiſe 1 multi- 
— | ply the Numerator id by the Deuominator c, and the 
rodu& is Ide, for a new Numerator inſtead of 5d; 
laſtly, the Denominarors and à multiplied one by the 
other produce ac tor a Denominator to each of thoſe new 


| 8 b 
Numerators aab and de: So the Fractions —_ and 


= 
o . 
— 


bd 1 4 | 
2 found out which have a common Denominator ac, and are equal in value to 
aa ab bd 43 960 | 
the Fractions firſt given, vi. equal to and 2 is equal to— » as wa, 
a 6 00/5; 2,12: a „ 
required. 
3 aa 2bb | f 5 | 

In like n and 5d. ( which have unlike Denominators ) will be redu- 


daa 14bbbe _ 8 | 
ced into N bed and - Fd which have a common Denominator. 


A 6 : ' 6 b 
Alſo, = and — will be reduced into theſe FT and = 
aa -A , 3cc—dd. » TW is ba 
Again, to. reduce . and - F to a common Denominator, I multiply 
crals-wiſe ( as before,) wiz aa + 24b by ff, and zer dd by c +4; ſo the 
Products are asff-}-2bbj#, and z cec - cdd + 3icd—ddd for New Numerators; then 
multiplying the Denominators +4 and HF one into the other, the Product is Hanf 


| des? | 
for a common Denominator, and the Fractions ſought 6 and - 


zeee—edd +3ccd— add 
T 1 Tow: 

XII. When, three or mote ! Fractions havitig untike Denominators are to be redu- 
ced into as many other Fractions that may be of the ſame Value, and have a common 
Denominator; multiply the Numerator of each Fraction into all the Denominators 
except its own, ſo the Products made by that continual Multiplication ſhall be new _ 
Numerators ; multiply alſo all the Denominators one into another, and the Product 
ſhall be a Denominator to every one of the new Numerators. 5 | 1 
As, for Example, To reduce theſe three Fractions ©. 7 and 2f into three .4 

| v 2 by 5 5 
others that may be of the ſame value and have a common Pcnominator + F mul- | 
tiply the Numetator a into the Denomi- 


1 4 4 nators d and g, fo the Product adg is a 2 

F»«˙—d 8 new Numerator inſtead of 4: again, 1 mul- | 
RE tiply the Numerator c into the Denomina- 

* F tors 5 and g, and the Product cg is a . 

"4g * 2b _ . .-. Numerater inſtead of c; likewiſe, multi- 

bag* baz dg pPlying the Numerator 2ef into the Deno- 


1 8 minators & and d, the Product 2bdef is 2 
\umetator inſtead of 20; laſtly, the Denominators , d and g, multiplicd one into 
another produce bdz for a common Denominator to thoſe three new Numierators, and 


- o 


the three Fracti eee | 
e tl ractions ſought are 3%. þ jg Ad bag: E tn 


14 


theſe three, to wit, agen  Jaakb—$60 d 5 56 Which 
have a common Denominator 7aabb—5 6bb. | | 
XIII. But if the Denominators of the given Fractions can be reduced to lower 
Terms, then thoſe Fractions may oftentimes be reduced more compendiouſly than by 
the Rules in the two lait preceding Sections, into others in the ſmalleſt Terms that 
have a common Denominator, in this manner ; viz. Seek (by the Rules in Sd 8. and 


nominators without a Remainder, which Quantity reſerve for a common Denominator; 
then for the Numerators divide the common Denominator by the Denominator of 

the firſt Fraction, and multiply the Quotient by the Numerator of the firſt Fraction, 
ſo ſhall the Product be a new Numerator inſtead of that firſt Numerator; Work in 


like manner to find out the ether Numerators, and ſet every one of them over the 
common Denominator before found. | 


bbbd 
As, for Example, to reduce theſe Fractions | nv] and f to a common Deno- 


minator ; [I ſeek firſt of all the ſmalleſt Quantity that can be divided by the Denomina- 
tors aac and rd, and I find that Quantity to be aacd, which ſhall be the common 
Dcnominator ; then I divide the ſaid aacd by each ot the given Denominators aac and 
cd, and multiply the Quorients and aa by the given Numerators bd and aaa. fo 
the Products hdd and aaaaa ſhall be the new Numerarors, which being ſeverally ſet over 
| ; „ „ bbbdd _ aaaaa | 
the common Denominator aacd, there will ariſe WF and 
* bbbb 5 Lb | 
Likewiſe, to reduce —— and ITO a common Denominator, having 
firſt found the common Denominator aacd—aadd, to wit, the leaſt Quantity that can 
be divided by the given Denominators aac—aad and cd dd, I divide the ſaid com- 
mon Denominator by the ſaid given Denominators ſeverally, and the Quotients d and aa 
I multiply by the Numerators 39 and aaa Cl, and then ſetting: che Products 


for the Fractions 


aacd 


and 33 to a common Denominator ; firſt (as in the firſt Example in Seft.. 10. 


a4-b, aa — ab and aa ＋ ab, that done, I multiply the firſt of tho Quotients by 
the Numerator of the firſt Fraction ;alfo the ſecond Quotient by the ſecond Numerator, 


and the third Quotient by the third Numerator; ſo the Products aa bb, aabb—atbbb 
and aaaa—aabb ſhall be new Numerators, which being ſeverally ſet. over the common 
Denominator firſt found, will give the Fractions ſought, to wit, theſe : 


. | 
aaaa-j-aaab—aabb—abbh * 
_—__ aabb—abbh 
aaaa{Þ-aaab—aabb—abbb + ? 

_ , aaag-—aabb ' i 
aaaaaaab—aabb—abbb ” 


* 3 3 
* The Arithmetic of BOOK I. 
| JJ ap - Fe Re? Ty 
In like manner theſe three Fractions 55 = and will be reduced to 
7a — 448, 63¹ | aaddbhb — gude 


Nor 


10 of this Chap.) the ſmalleſt Quantity that can be divided by every one of the De- 


ſeverally over the common Denominator, the Fraction ſought will be — | 
% EE 2 ac ths 
m aacd—aadd * It: 
: . ; a—b A bb 
Again, to reduce theſe three Fra&ions, - to wit, i' 43 Nr 
aa -ab "0 , 


of this Chap.) I ſeek the ſmalleſt Quantity that can be juſt divided by every one of the 

three given Denominators, and I find aaaa+aaab—aabb—abbb, for 'a common 

Denominator ; then dividing this Quantity found by every one of the three given Deno- _ 

minators (according to the general Method in Se&. 9. Chap. 47 * 2 will be 
e 


— 


Agebraical;FraGions. 
v5.0 
_ wa 22 theſe 4 'Ptagio ions, tb = 4: 
. tf —b* Lab I 


2 eee e WM - HT ſollo hing FraRious, having a 
eenwen Denonſm mor 8 100875 EN amal 2c: 20 abo 1 0 2g 90! 15211 


22761 942.10 m 22 9015121 ne! ( B, ad: 27 1629979 571216 v10 ers L ae ede 1 
311 azvig 2112 10 * e 93 bai! — J rommod 50 194 2 2101812 ⁰⁰⁰⁰ 9 
| Wan es +; nin 

1. a*—a'b* Do — . 


od — win noun " 
| a eee | : 
on 206:D81T Id o 19 1s! 0) Labeagfht 0! 215 2901107 3.) 2: im cod. 1 


«4 Y * 


SM5=713 121019997 B. 1 2 2 ow? 9 12. ot 25. 14,” 1003 ON 6 P20 21 bag ae 300 
a” —a? Pogo: 2 10128 ; L. 118 
/ 3 i DAY 92 ; 

ah a wat SE. 1 | 

bin | 2121242153) beim: f bbs o. 

ER 1 5˙ 185 r 

4- er 77.— 2 — — — 2414 * © MING 3 [ 

| — __ n 8 03 banbe ie wad 


3 120 
For firſt by the help of PE given 8 e og ce n Denomi- 


nator a®*—aab* is found out by the proc in Me 9 the preceding 
Sef. 10. (of this Chap. )ahen the 2 85 common D. gc 0 Hot 128 d ſeverally 


* 
by the given Denominators a*—b?, aa Cab, abb, SONIA Er: Quhorients are 
aa, 4 *—a'bÞaabb—ab?,, aa—bb, and 4 — 254 0 — aab ; hi multiplied 
re ſpective hy by The given Nümetators 42 a Luck” 4 =, and ad Laß Ebb, will 
produce chole new Numetators which ate before fet oer ine common Penominator 


'f n (11 .33390 
4 4. | | 45 | n e eee 
7 ; a DD 3 117 N & 4 1 $35 & # 9 a 5 4 , 352 5 1 
N X a F y #4 — " ; 222 ” TY = 
; n — ce eee —— 
ny (en 521 Les | 
: Al ition of Aigebraicat Frier. 978 
1 P . 
5 a ka dB TOI 87 ub 1 12114 


XIV. If two of = Ftactions to be added have one common Denomĩnator, add 
the Numerators together, and Jet their dum as a ew Numerator over the common De- 
hominator, ſo ſhall is new Feeaion ts the Sum of the F AG, OT be added. 


bb 
As, for * to add © "> to ph; —, the Sum will be — 


; 4 . . 2ab | 3b 3bb | — 1 f PE: BY . 
; So alſo, IT aw Fs, . s 
| Likewiſe the Sum * I . 24-5 


>+d 1 Non 9 vill be found | 4 for the given 


' 21 V 
1 2857 24224 
r puts; 
b del 3 wh f. Fe, oper yoo Fi, 


ab K 125 34d 


the Sum will de 4 + e i, 14 (For by — 
65 ab + 40 aa | ad 21 ö id — 22 14 
Te A 4. 


XV. But if the Fractions propos d to be added 4 e haye uvlike EY 
np firſt redpce them to A common I e and then add them as before; 3 4s 


al ts = ln do 1 0 
to add —to => firſt 1 retluce them to + Nag 5 which 1 have the ſame Denomi- 


nator ac; m ſetting the Sum of the Numeraots aa ad; Ide over the common 
— , 00 5 will be — = A. * 7105 the Sam rethuired, 


E « 


* 
* 
> « 
N So 


Ta 


Ne — 
* 


8 


— 


= * * = —- * - A 4 
' "2a. : „ — 2 * — T a 12 — wt A1 — — * 
4 = >» - = — — 
w o * . 
23 ent —-— . — 2 * - — — — —_ — 


hd - 2 — 

* rev, — — — = — % a v3 
-— —— — — cw — — 
* 5 * 
7 — . SEE x * 
Pay a _ 2 ; ct — 
% 
* 


1 ———_— 


; l adg Lech 
Age d-, Baal C, their zorvin be n- Ty Wt, 107 
ew iſepcle sd ibi ede Deion Garnet 1 6 


a- nee 4a -U 

I reduce them to three others of the ſame Value under a common Denommator; 65 
in the third Example of the preceding 13th ect.) and then ſetting the Sum of the three 
new Numerators over the common Denominator, I find the Sum of the given Fract- 


aa Y- aa— abbb—bb )! 1 


D . ' 
ions to be aaa aa. aabh a | 


9 e. 6A 8 de D 


XVI. When mixed Quaitities are to baadded | together, „ Tolles the Fractions into 
one Sum, and the Integers into another; Cee choſe two Sums added together give the 


E 1 


Sum deſired; as for Example: 1 l 
E u 8 dd * 
To add theſe mixed Quamires 4 4 and ans +4. | 
+ e ö x 1 
they are reduced to a common d 22 — | 
Denominator, is—- | c 
* 9 no 1 12 17 10 { 17 vo 3. 1} 4 
"oo 91 "Which sam adding the Int 9 3 
ers in the mix d quantities.pro- een ich Wo) 0 Ki 
= os the Sum deſit“ 'd will. be * 1 be 3 770; . 


Wo -— It 9 ? N N 


505 vs 1 8 are to be added thgethet, you may 3 them to 
Improper rations, (by Seti, 3. of this Chap.) and then ad theſe * in She 
_ preceding Examples ; as, 

To add thoſe mixed quantities in 
— tte laſt Example, to wit, —— a and . Sha, 2—— 


I Firſt reduce them to theſe Fra } aa—ba 4 Led 
C tions N 8 and * 4 
Which reduced to a common caa—cba bad * bed 
bs | .Denominator produce theſe, - 7 7, and enn 
- Which two laſt Fractions added) „2 171 22 un 
->- - -- dgther give the Sum requi- ee ele e 505; mon 


red, to Wit, — 


Which is equal to the Sum 2 27 Ky 


found, to wit. I U 


* L TG J 4 " 1 „ # 0 : * 
* % » a 
„ & \ p ; 


F 


* * — ——.. —_— 


— © m_ x S * MI «3 4 — 


” Subertr atten of. 4 77 Fc ; 


XVII. ik the two Factions given have the ſame Denominator, ſubtra8 the Nume- 
rator of the Fraction preſcribed to be ſubtracted, from the other Numerator, and ſer 
the Remainder as a Ngw Numerator over the common Denominator, fo ſhall this new 
Fraction be the Remainder ge 9 45-1 


bb 
As, for Example, If from 2 you deſire to ſabtract —, take bb from aa, and 
6. 25 Remainder aa — 5b as i Numerator over the common Denominator c; ſo 


n be the Remainder ſought. 3 


e n * ; 1 


"in like manner It from Eros would fubraa Fr e: , the Remainder will be 


LOSERS g Fc 
e une (by DiviGon) 18. 92 1% io nE 2 4. ; 
Sa —7b+6, _ * 
Again, if from 4 = - — RE it be delired to ſubttac 4. + þ py — 15, the 


Remainder 


* — F 5 : 


T N T hs e Eder e 37 7 7. 
Serge ul be bend 22, (For See- 18 gaze ben 
e eee 8 T2rmaM : 211th. M1 1019: it 


80 allo; ſtem 7457; +q lubreaQing 45 that deals "Ha "For: (by Sf 
1 — 2 3119! x 35-4 5110 bets S103 1. 2 101 van. 1. * 
5 of ell fie. et w will be reduced 10 5 7 eff ſub- 


G15 1#&5 54 A 1 97, U 18 I bo vg 8 15 * | ; 844 
— © + emal nne ie > ( i 20 
XVII! * the wo, F raftions given have different, Denominatory, firſt fee 
wem to a common Denominator, and then 2 as before ; ; ſo as from — i» 
244 © o nglqt3! (1: 151 573 WS- bv n N. . A 67 971 

7 V2 
| be dclirgd feſabrraf, = Lreduce chem to 4 75 d g, Mich. have! ho ſame De- 
1 :207601moarkl : - dab. a PT 2 9113 <Ad us tink.  232&19mu rl 


nominator <' 9 then from —— 


oF: ſubrradting = hers demains "which i is the 
Remainder ſought. 


7 


264d 40 thab 

Aſter the ime manner, It from pon would take away -; 1 By dee will re- 

0 9 e 204 203 n 2413. 10 10 2 ny „ 

main ii 3G $14) 934 46,02 | ITO Run 550, | ol 

2 gli: T0166 Oils 10/2 22gp pf 1 3 to hu ni gl 
| | TTY ""BBb 


Likewiſe from = to take a a] e I fte reduce de give Frath- 
ions to a common Denominator, (as in the ſecond: Eximple of Sec. 13. of this 


+ aabbb 555 
hep ) d 65 1 find", n e which latter Fradtion lobrradted 
xd „ | | 


* from the — thete remains © mp 
an—ab 


Again If from a it be deſired to ſubtract "ab 1 5 1 reduce a into the Form of 
E 2 Fradion! whoſe Denominator ſhall be a 1 b, and fo inflad of a, 1 find aaa 


55 b ? 
3 aa a6 1 Jab : It 
ks which fubtraQing © =: þ > there remains 3 K | = 

. = 2 * 93 2 


N ; Miltplication of Algebraic ; 1; 

| XIx When two Algebraic Fractions are given \to be e one by the other, 
multiply the Numerators one into the other, and take the Product for a new Nume- 
rator ; likewiſe multiplying the Denominators one into the other, this Product ſhall 
be a new Denominator, and the 12 Fraction i is the Product (ought. | 5 ve 


7 


| 4 
As, for Example, to multiply 75 67 — 345 I multiply (as in vulgar Fractions he 


Numerator 24 by the Numerator 6, Sh the Product aab is a new Numerator ; like- 
wiſe I multiply the Denominators „ 3dand c one into the other, and che Product 34 


J ' * 


2a g 
' thall be a new Denininator'; - ſo 4400 is the Produc fought. . EM, 


| kw . RC 0 n 1 
11 like manner, . multiplied by e _gives the Product 2 {= 7 


.- == When either 55 both the given Terms are mixed "Quantities, reduce the 
mixt Quantity to the Form of a Fraczion (by the, Rule in Sect. 5. of this Chap.) and 


bb- ad ; 
then multiply as before: S0 to multiply «+ 2 ws by «+ 204 4 firſt Reduce 
' thoſe 


* 7 
tant is 


. 


The eee | Doo: 22 


—ͤ———— — — ——üA' OO CERA 
„ — — 


choſs mixe-Quantiries ro-theſe' Fractibus, 2 q ad Sa hoes Kiki wg b 


Numerator cd E- by the Numerator ac, the 8 r for A he Nu 
metator; ade wur the 11 cdl oſſe r Pro- 


duct is de ud for a new Nengminator, and the ee 2 


Nur Wuen an Integer dis to be mittiplict by 4 Fragion,” e Er Integel 


Fraction- wiſe by giving it Unity, (to wit, 19 or a Denominator, wa to Sec. 
4. ot this Cb ) and then 1 * the preceding Ramples 


As, to hut ph a by = 4 that i is, — . by * 45 the ProduR will be © — ie 


33 c > QUAIL 102 03 5 OT Matlz 
to multiply 9 by any; 11 I ork 7 3 „then multiplying the 
Numetator ua Lb by be Wmer 8 4. the Product 42536 all Be a he 
Numerator: Likewiſe the Denominator dN multiplied by the Denominator 1 


gives cd + ſot a new Denominator, and the new Fraction 2 F e Pro- 


c 4 s alt. 27 
duct ſought. 
XXII. But oſtentimes there may be his. uletn Contraction in the Multiptication 
of Fractions, Viz. When the Numerater of the one and the Denomirator the o- 
ther may be ſeverally divided by ſome common Diviſor without a Remai $97” 


the Quorients inſtead of the ſaid Numerator and Denominatot, and then m tiply as 
in the preceding Examples. 


| 2 4% e eee 
As, for Example, to multiply 4 en N92 & C1 21:0! 
Foraſmuch as the Numerator of pn Fraction af ce * or af tho 
Tatter may be Aide ſeverally by 1 2 Remainder, I ſe ing oh 


ab and 1 in the Places of aa + 2 ＋ b and a +5, and by that Exchange theſe 


Fractions will ariſe, to wit; N21 3 89 
a+ a | 
| 5 Q ＋ | | Xe 41 | \ 52 1 . 0 
7 A 5 


Io like manner, becauſe cd—dd the 1 of FA firſt of the two FraQions 
laſt above-wricten, and du the Numerator ot the latter Fraction, may be ſeverally 
divided by d without a Remainder, I ſer the Quotients c and d in the Places of 
cd dd, and dd, and ſo my new + ariſe, to wit 3 $ gat 1% 8011 
41 — 
1 e = = 5 | * 
Then I multiply (a as betore) the 8 Py" and d. one by the other, as 
the Product da+db is a new Numerator: - Alſo multiplying the Denominator c—d 
by the Denominator 1, the Product c d is a new Denominator, and the new 


da+db 
Fraction 1 4 is the Product ſought; being 2 to that which would be. mac 


40. C245. Tb 55 
by the mutual Multiplication on of —T ” and 74S the Fractions fielt-- propoke 


to be multiplied: N 


bb © 
So as, ao, Vibe ded to mutipy a+ 77g by 2b + 7 Feen ta us, 
1 LY 
ae e — ID T9 ; Foraſmuch as the Numerator FEE x of the 


latter Fraction, and the Denominator a— b of the former, being ſeverally divided 
by their common Divifor a — & will give the Quotients a'— 1 and-1; therefore 
I ſer cheſe in the Places of aa—2ab + bb and a—b, whence theſe Fractions will 
ariſe, 10 wit, 
— AJ .: - aa—b 1 a—b 


and 8 
. * 8 5 
3 - I Aa 
e 8 8 — 4 

* = 


* 


CH AP. 6 5 Algebraical Factions. 
I — + 2446 — bbs 
Which being multiplied one by the other will give — — 1 : „or 
| bbb A | 
a4—2ab--2bb— the Product ſought. 
0 bbd 2 5 n 
Again, this Fraction e * of TREE.» ns 
produce a 2 For the Numerator of the firſt Fraction and 


the Denominator ot the latter being ſeverally divided by their common Diviſor cu 
the Quotients will be aa—bband d; Alſo, the Denominator of the firſt Fraction and 
the Numerator of the ſecond being ſeverally divided by their common Diviſor à C, 
the Quotients will be «+b and a«—ab ; then ſetting the two former Quotients in 
the places of the two firſt Dividends, and the two latter Quotients in the Places of 
the two latter Dividends, theſe two Fractions will ariſe, to wit; 


EY aa—bb 4 an—ab 


- 


Laſtly, multiplying the Numerators aa - and az — ab one into the other; as al'o 

the Denominators a . and d, as in the fo:mer Examples,) you will find the Product 

ſought, ro wit; | 
aaaa—aaab—aabb E- abbb 

5 TT" | 5 

XXIII. When a Fraction is to be multiplied by ſome Integer that happens to 

be the ſame with the Denominator of the Fraction, take the Nume ator for the Pro- 


. bjbb 
duct required. As, for Example, to multiply =D, a+d ; 1 write 4a Cab 
-+bb for the Product of the Multiplicarion- 


Likewiſe, If - be to be multiplied by the Denominator c; 1 write the Numera- 


tor 6 for the Product. The Reaſon of this Contraction is evident; for if 7 be mul- 


bc 


tiplied by c, or 1 in the ordinary Way, the product will ſtand thus, 7. which, by 
caſting away the common Factor c out of the Numerator and Denominator, gives 6 


for the Product to wit, the Numerator of the given Fraction » 
C . 


ky — by zaa, 1 cancel 3aa in the Denominator, and write 9 for the 
Product required. | TY | 
Note. The taking of 3 Parts of the Quantity a, imports the ſame Thing with the 
multiplying of a by 3, and the Product may be expreſt either thus, “, or thus, 2, 
Likewiſe + of b Pe, or the Product of e multiplied by 2, may be expreſt either 
thus 2 =, or thus, 3 f vc. And ſo of others. 


ö — "405 Di viſſon 
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Diviſ.on in Algabraical Fradtions.. 


XXIV. When the two given Fractions, to wit, the Dividend and Ditiſor, have 
a common Denominator, caſt away the Denominator, and divide the Numerator of 
the Dividend by the Numerator of the Diviſor ; ſo that which ariſes ſhall be the 
Quotient ſought. As, to divide by = I caſt away the common Denominator 
A . , aa" | 
abb. ab aabi NY | 
In like manner, _ divided by 7 gives that is, ab for the quotient. 


 "aaa—abh . aaþ+2ab+bb © 26ſt : 
Again, If > Ge divided by 132 Te there will ariſe 2 2 538 
which abbreviated ( by dividing the Numerator and Denominator ſeverally by their 
T 1 on AO ER. 
common Diviſor a6 ) gives T6 the quotient ſought. 
XXV. If the given Fractions have not a common Denominator, then (as in Di- 
viſion. of vulgar Fra&ions) multiply the Numerator of the Dividend by the Deno- 
minator of the Diviſor, and the Product ſhall be a new Numerator ; alſo, multiply 
the Denominator of the Dividend by the * of the Diviſor, and the Product 
ſhall be a new Denominator; ſo the new 7 ion is the quotient ſaught. 
wy As, for Example, to divide Ar by = I multiply ab by a, and the P roduct 


c | 
8 is aab for a new Numerator; alſo, multiplying c 
ab aal by dd, the Product is dde for a new Denominator; 


ad 
2 © \ ade | . aab 
ſo the quotient ſought is 7 . | 


Likewiſe, If . Ta be divided by 2 TIB - the Quotieye will bg ggg 

| N. | Ex 
For aa—bb the Numerator of the Dividend being multiplied by aa Cb the De- 
nominator of the Diviſer, the Product aaaz—tbbbb is the new Numerator: and cd 


the Denominator of the Dividend being multiplied by cd ths Numerator of che 


- Diviſor 8 cc—dd for a new Denomunator ; whence the quotient ſought is 


adaaa—5 


— ——— — 


ph . 


„% EE A 


c and d, (by dividing the ſaid cc and cd by their common Diviſor c,) therefore in che 


Places of the two given Numerators aa—ah and a-] ſet the two former Quazients 
aand 1, and in the Places of the two given Denominators cc and cd I ſet the two 


2 7 | "7 © Pp IND q f | 1 

g ) £ ( „ „en will be 9 
1 ö 7 5 2 9 * q hy 24 3 

and 4 for a new Dividend and Diviſor , then (as : 

before) I multiply a by d, and the Product is ad or da for a new Numerator ; 


a 
Alſo, c multiplied by 1 gives c for a new Denominator, and the new Fraction — is 
ö | ”-- * 


—— 1 


* — — — — 


C H A 9 6. ee . Fraftions 


. 
1 


—_ 


„ % ' S.. 1 


bs aa—ab 
the Quotient KY which is 605 to chat which would ariſc by dividing _ 


by —2, to wit, the F rations firſt propoſed. .- 


355 , 
Again, If it be deſired to divide . UT: by = ; Pct as the 


Numerators aaaa—bbbb and aa+ab may be reduced to n abhb—hbb fed a 
by their common Diviſor a + 6; and the Denominators aa—2ab and a- b may 
be reduced to a—b and 1, by the common Diviſor a- . inſtead of mul- 
tiplying aaaa—bbbb by a-, 1 muhiply the ſaid a4 40 abb-—bbb by i; and the 
Produ is 2 — aab + abb Bl for a bew Numerator ; and inſtead of multiplying 
an—2ab-bb by aa bal, I multiply ab by 4; ſo the Product aa—ab!' . be a 


— abb—bbb 
new Denominator, whence 1 Quotient ſought is aab j-abb L 


aaa err 101 
92 


ET T3 be divided by =, the Quotier will be 


In like manner, If 


aag—5aaÞ25a—1 25 
. aa—5a 5 For aaa. 25 and 44 La may be reduced to a4. Jas 


54—125, and a by the common Diviſor a E; Alſo, 44— 104 C25 and a—5 may 


5 reduced to a—5 and 1 by the common Diviſor — 400 1 I; ; Whence inſtead of the 
Fractions given we may divide . : 


aaa—5aaÞ-25a— = ah 


a HPO. =, 
aaa hs 
and the Quotient ſought will be— e | i 


Again, to divide e TW by =; , 1 ſer 1 5 2 Denominator under 


5 5 8 
the Dividend aaa — aabb-Labb, and it ſtands — 4 ; then foraf much 


as the Numerators aaa—24ah +-abb and "Gab may be Ree to on. and 1, ( by 
the common Diviſor ee therefore inſtead of the given Dividend and Ber 


we may take aud 7 * whence the Quotient ſought will be found aa * . 
5 2abb b 

So alſo, If DG. be to be divided by a Lb, that is, 2 + 30 by 
| — ab 25 


1 
. N will be found And 


divided by is $f gives 
the Quotient — . Laſtly, 1155 — =; divided by " 5 gives the Quotient — 


23 
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The Rule of Three in Quantities repreſented by Letters. 


I. A in Vulgar Arithmetic ſo here in Algebraical, if three Quantities be given to 
II find out a fourth in a direct Proportion, that is, when the Nature of the 
Queſtion is ſuch; that as the firſt Term is in Proportion to the ſecond, ſo is the 
third to the fourth ſought ; then (reſpe& being had to the preceding Rules of Alge- 
braical Multiplication and Diviſion ) multiply the ſecond and third Terms one into 
nother, and divide the Product by the firſt Term; ſo the Quotient ſhall be the fourth 
Proportional ſought. | 6 
As for Example, If the Quantity a give b, what ſhall c give, in a direct Propor- 
tion? Or, to the ſame Effect, find out a Quantity which ſhall have 
the ſame Proportion to. c, as & has to a; here I multiply 3 


07% "0 "et! 
a.b 2 © Y 


by c, and then dividing the Product bc by a, the Quotient, 


The Proof, is the fourth Proportional ſought; as will appear by tlie 
abe ; | Proof of the Rule of Three direct: For if the fourth Term 
— — c ; | . 
* © be multiplied by the firſt Term a, the Produ& will be 
abc | 


, which (by Sec. 5. Chap. 5.) is equal to bc, to wit, the Product of the ſecond 


Term multiplied by the third. 9 5 
In like 2 If a+6 give d, what ſhall c + d give, in a Direct Proportion ? 

| 1 | GOIN & 

Anſwer, 1 


—M | 2444 
Again, If 4 gives 3, what ſhall 8aa give? Anſwer 2 that is, 6aa. 


Moreover, If aaa — aab + abb — bbb give aa + I, what ſhall aa — bb give? 
Anſwer, a LY. For the ſecond and third Term being multiplied one by the other will 
produce aaaa—bbbb, which divided by the firſt Term aaa—aab+abb—bbb (accord- 
ing to the general Method of Diviſion in Sect. 9. Chap. 5.) gives a the fourth Pro- 


portional ſought, | 3 f : 
II. When any one of the three given Quantities is an Algebraic Fraction, ſet the o- 


ther two if they be Integers, in the Form of Fractions, by placing 1 as a Denominator 
under each Integer. | | 2 : 

Alſo, when any one of the three given Quantities is compos d of an Integer and a 
Fraction, let it be reduced into the Form of a Fraction, (by Sect. 5. Chap. 6.) then 
if the Proportion be Dire&, multiply and divide as before. 


bb ab © * * : 
As for Example, If a+ 1 give cd, what ſhall F give in a direct Proportion? 


, bb | 
Anſw. 2212 For firſt, a+ 2 being reduced to the Form of a Fraction 
cd 
will ſtand thus as ; alſo cd ſer Fraction-wiſe is — ; then multiplying the 


| d , abcd : FI 
third Term 7 by the ſecond Term 7 the Product is * which divided by 


4.00 becd 
the firſt Term — gy 1 bf for the fourth Proportional ſought. 


ab 3 Dr I cdbb 

In like manner, If — give d, then 4 will give % that is, ©, ( for — 454 
< 
being abbreviated according to Set. 5. Chap. 5.) gives — 
| | | Alſo, 


2 - 


Jn * „* — 


. 
8 _— 1 8 >. EY _— — 
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C HAP. 8. Concerning the Extraction of Roots. 4 


” 
—_ 


| e, aaa bh: les d 

Ale, If 4 Bine . then — vil ee p 
III. If after the three giren Quantities are ordered or ſet in the Rule according to 
the uſual manner in Vulgar Arithmetic ; the Proportion flows backwards, viz. if the 
Nature of the Queſtion be ſuch, that as the third Term is in Proportion to the ſe- 
cond, ſo is the firſt to the fourth Term ſought; then (as in the Inverſe or backward” 
Rule of Three in Vulgar Arithmetic) multiply the firſt and ſecond Terms one by the 
other, and divide the Product by the third, fo the Quotient ſhall be the fourth Pro- 
portional ſought. But I ſha!) not need to give Examples of this Rule, nor to make 
application of Algebraical - Arithmetic to the double Rule of Three; Rules of Fellow- 
ſhip and /Alligation ; ſince be that underſtands the manner of working thoſe Rules in 
Vulgar Arichmetic, as alſo the Rules of Algebraical Arithmetic before delivered, can- 


* . - 


not miſs of performing the like Work Algebraically her there is Occaſion. 


— 
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An Introduction to the Extraftion of R C- OTS out of + 
BoA or" © Algebraical Quantities. . 95 
I. II is not my Deſign in this Chapter to treat of the Extraction of Roots in gene- 
I ral, (chat Doctrine being hereafter handled in the third and fourth Chapter of the 
ſecond Book) but chiefly to ſhew how to extract the Roots or Sides of Simple Powers 
expreſs'd by Letters, as alſo of Squares formed from Rational Binomial Roots, in or- 
der to the Explication of divers Equations in the following Chapters: For I would 
not willingly affright the Learner with tediqus and intricate Operations until he has 
had - conſiderable Taſte of the Practice of Algebra in the ſolving of Arithmetical 
II. As in vuſ-zar Arithmetic, the Extraction of the Square Root of a give Num- 
ber imports nothing elſe but the finding out ſuch a Number that being multiplied by - 
ir ſelf will produce the given Number; ſo the Extracting of the Square Root of the 
Quantity aa implies only the finding out ſuch a Quantity, which if it be multiplied by 
it ſelt will produce aa; and fince 4 multiplied by a produces aa, therefore a is the 
Root or Side of the Square aa. SN . 
Likewiſe the Square Root of 400 is 2b; for 26 multiplied by 26. produces. 466 
And for the ſame Reaſon, the Square Root of aaa (or 5 is Z a3; (or 2 ) Alſo, 


the Square Root of bbag is la; and the Square Root ot aaaa is 4. | 
Moreover, Foraſmuch as aa, or the Square of the Root a, being multiplied by the 
Root à produces aaa, or the Cube of a, therefore the Cubic Root of. aaa being ex- 
tracted there will come forth again the Root a. In like manner, the Cubic Root of 
aaa is 24 ; for 2a multiplied cubically, (that is, firſt by it ſelf and then again by the 
Product produces 8aa 4. 8 3 | | | uw 
III. The like is to be underſtood in the Extraction of the Root of a compound 
Power; For, as the Binomial Root a , which may repreſent the Sum of the d] “ 
parts into which ſome Number or Right- line is, N N 
divided, being ſquared or multiplied by it ſelf aB. The Root? 
produces the Square aa + 2ab -+ bb; So the a I _— 
ſquare Root of aa{-2ab+bb being extracted. . 
there will ariſe the Root a . Here the | 
Learner may obſerve, That if a Number or 0K Þ 
Right-line be divided into any two Parts, (a — — — 1 * 
and 4) the Square (ada CZE which is aa+2ab+bb. The Square. 
made of a 4 the Sum of the Parts, is com- 1 
poſed of (aa and bb) the Squares of the Parts, and of (2ab) the double Product made 
by the Multiplication of the Parts (a and b) one into the other. | * 


2 | 80 


1 9 
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So the Squate of 8, or of 5 T3, is equal to 25 9 +30; that is, 64. 


Again, As the Binomial, or (as ſome call it) the Reſidual Root a — b, or 1 — a 
being multiplied by it ſelf produces the Square aa—-2ab+65 ;' So the Square Root ot 
aaa Ei being extracted, there ' will 
a—b. The Root. 
a—b Sine 


come forth the Root a—b, or Aa; ( tor 

\ 20h eeither of theſe Roots will produce the ſame 

2 o Square.) Here alſo the Learner. may obſerve, 

aaa—ab , . - That if a Number or Right-line be divided 

—ab+bb)'. into any two Parts, (a and 4) the Square (aa 

— — —2ab -+ bb ) which is made by the Multipli- 
 a—2ab+bb, The Square: 


cation of (a -, or b—a ) the Difference of 
the Parts into it (elf; is equal to (aa C) the 
. Sum of the Squares of the Parts, leſs by (2ab) 
the double Product of the Multiplication of the Parts one into the other: So the 
Square of 5—3, that is, of 2, is equal to 25+9—30, that is, 4. 


IV. From what has been ſaid in the laſt Section, this Theorem may be inferr'd, 
viz,, If a compound Quantity conſiſts of three ſvch Members or ſimple Quantities, 
that two of them are Squares, each of them having the Sign + prefix'd to it, and the 
third is the double Product made by the mutual Multiplication of the Roots of thoſe 
ſimple Squares, the ſaid double Product alſo having the 8ign , prefix d to it; that 
compound Quantity ſhall be a Square whoſe Root is the Sum of the two Roots of the 
ſaid two ſimple Squares: But if the ſaid double Product has the Sign prefix d to it, 
then the Difference of the ſaid Roots ſhall be the Root of the compound Square, - | 

Hence aa -G /g will be found a Square, whoſe Root is a+3 ; for it is evident 
that aa and 9 are Squares, whoſe Roots are a and 3 ; and 64 is the double Produ& 
ot the Multiplication of thoſe Roots a and 3 one by the other. 9-20 

Likewiſe, 965 + 6bc + cc is a Square, whoſe Root is 35 + c; for 9b and ce are 
Squares whole Roots are 36 and c, and 6bc is the double Product of the Multiplicati- 
on of the Roots 30 and c one into the other. Alſo, aaaa Ela A will be found a 
Square, whoſe Root is aa+16. e N e 2 vals 

Moreover, (agreeable to the latter Caſe in the Theorem) This compound Quan- 
tity azx—10a+25 will be diſcovered to be a Square whoſe Root is a — 5, or 5 — 4. 
And bbaa—2bcaþ+ce is 2 Square whoſe Root is ba—c, or c—ba; For from either of 
theſe Roots the ſame Square be- bea Cc will be produced by Algebraical Multi- 

Z 
. It che Learner be well vers d in this Theorem, he may oftentimes diſcern at firſt 
ſight whether a compound Quantity that conſiſts of three Members or ſingle Quanti- 
ties be a Square or not; and if a Square, what its Root is. | 


V. If a Quantity out of which a Root is to be extracted be ſuch, that the Root can- 
not any manner of way be exactly extracted; that Root is uſually defign'd or repreſented 
by prefixing the radical Sign before the tity propoſed. So to extract the Square 
Root of the Quantity a, (whether it repreſents a plain Number or a Superficies) I wtite 
a, or V/(3)a, which ſignifies that the Square Root of a is extracted or to be extracted. 


So alſo, /: : or, „ (2) : aa45: denotes the Square Root of the Sum of | 


the Squares aa and 6b. 


Likewiſe, to extract the Cubic Root of b, I write / ( 3)6b; as alſo / (3) aa, to 
ſignifte the Cubic Root of ab ; which kind of Roots are called Surd or Irrational 
Quantitics, (As hereafter in Chap. 9. of the II. Book will be more fully declared.) 


VI. When it is required to extract the Root of a Fraction, the Root of the Nume- 
rator and the Rodt of the Denominator ſhall give a new Fraction, which is the Root 


ſought. As for Example, If the Square Root of 77 be defired ; foraſmuch as the 


| 3 . * | 
Square Root of aa is a, and the Square Root of 55 is 5; I write 55 for the Root 
ſought. | 1 ak 
in 


” 
PER 
s 8 89 * 9 .. ” 
* 
E 


CHAP. 5. The complrating of Squares formed, &c. 
eee 4. = 9 WT, © bf a boi e 5 

In like manner, tlie Square Root of 9 is 7 
al, and the Root of dd is d.) {i 2 200 js 91002 eee 
Again, the Square Root of 21e => ; For (by the foregoing $82. 4) 
the Square Root of the Numerator aa-|-ba4-9 is 4 ＋3; and the Square Root of the 


G LAS $1044 7 hci 251 5 JI  o& ©» + 3 6b x b 5 | 
Denomunator 15 is b, Alſo, the Square Root of Ef STE is 8 and the 


; (for the Square Root of aabh is 


| c 3 
Cubic Root af 4 is r, or jd 14 21 


VII. Bur if the Root ſought cannot be extracted out of the Numerator and Denomi- 
nator as before, the Radical Sign is to be ſet before tlie given Fraction; as to extract 
the Square Root of 51 Write / 3 or becauſe the ſquare Root of the Numerator 


IL 4 ib, — » + © a aa hs. b | 22 2 , N 1 a- S. * N 77 2 Del * 2 5 

is a, the ſquare root of j may be expreſs'd thus —; ; likewiſe the Square Root of 
— ³·˙¹w¹A ·˙Üʒ ³ - BR. — \lh 

n w be written either gehas, . e or che TIES 
e. 22003 UI $491, 7 6 m, 0 


. % 4 8 7 & * 
55 . T 7 4 J P ? ; ” , -_ 


a. * 4 ; bY " 


* 4 = 
—— — — 
1 
* : 
. : * o 


w# + * 2 
: J - * 4 
« + * 4 * ry & * . - - , - . 
„ . Þ 9 
b ; * * 
4 ; w : 


Which teaches bow by any two of the three Members of a Square formed 
from a Binomial Root, to find out the third Member- 
I, F Rom. Se, 3. of the precedent 8. Chap, it is evident, that every Square formed 
$ from a Binomial Root, that is, a Root of twa Names or Parts, confiits of three 
Members or diſtin& Quantities, to wit, two Affirmative Squares, and the double of 
the Produ& made by the mutual Multiplication of the two Roots of thoſe Squares; 
which double Product is ſometimes Affirmative; and ſometimes Negative: So each 
of theſe compound Squares 9aa+12a4-4, and gaa— za 4, whoſe Roots are 3a 
+2, and 24—2, (or 2—3a) conſiſts of two Squares, to. wit, aa and 4, together 
with 124 the double Product of 3a multiplied by 2; which 3a and 2 are.the Roots 
of the ſaid Squares gaa and 4: Now if any two of the three Members of a Square 
formed from a Binomial Root be given, we may find out the third Member by one 
of thele two following Rules... 2 on at anita | 
II. When two Affirmative Squares are given as two of the three Members or Parts 
of a compound Square formed from-a Binomial Root to find out the third or Mean 
Member; extract the Square Root out of each of thoſe given Squares, then the double 
of the Product made by the Multiplication of thoſe roots one intò the other ſhall be 
the mean or middle Member ſought, which if it be annexed: to the two given Squares 
either by + or —, will make a compleat compound Square having 2 Binomial Root. 
As for Example, If the Squares 9aa and 4 be given, firſt I exttact their Roots 
which are 34 and 2, then multiplying theſe Roots one by the other the Product is 6a, 
which doubled makes 124, the; middle Member ſought; this joined by + to the Sum 
ol the given Squares 9aa and 4, makes the compound Square 9a . 4 + 124, or 
gaaÞ1 2a+4, whoſe Root is 3a-+2: Nut if the ſaid double Product 124 be joined to 
the Sum of the Squares by., there will ariſe the compound Square 9a 4-124, 
or a. 134 A; whole Root is 3a—2, or, 2-333. 

| In like manner, If 44a and 64þ be propos d as two of the three Members, of a com- 
pound Square that has a Einomial Root, the third Member will be found 124b; and 
the Square ſought will be either 444 EI 2b Lg, whoſe Root is 24 +36; or cle 4a: 
rz Eg, whoſe Root is 24—36, or 3b—2a | 


III. When 


\ 


Ile \cawpleating..of, Sguares formed, &c. BOOK I. 
8 III. When the double Product and either of the two Affirmative Squares aforeſaid 


are given as two of the three Members of a compound Square having a Binomial Root, 
To 115 dur the other Square or third Member; divide half the ſaid double Product b 
the Root of the given Square, and the Square of the Quotient ſhall” be the rhir 


Member ſought, which added by - to the two given Members wilt complrat che 
eempcuttf S e. kt 90 2 0 4 x 14 


| vWY 
As for, Example, If 9ae:}:124 be propoſed ; the half of 1 22 s 64; this divided 
by za (the Square Root of gag) gives 2, whoſe Square is 4, which added by + 
gaa + 123 — gaa + 12a + 4, which is a compfeat Compound Squate, who 
Root is a 2. 5 vw ; ANN 2. "ho: 
In ke amr, If 1:a+4 be given; the half of r2a,is 6a, which divided by '2} 
(che Square Root of 3). gives 34, 22 is gaa which added by E to 12a 
FE revs the compound Scqdare 124 PK la, that is 9ag-+3 24:4, whoſe Root 
is 2; $5 * 71 ine IXI „ei FSB \v 8 G £4 34 1 12 ” | 
Again, If d6 .ag be given. the hlfof 27 a ie. n rl divided by (. ( the 
Square Root of aa) gives the Quotient Þ, whoſe Square is b; which added to aa— 
a makes the Square ag—2ha+Sb, whoſe Root, becauſe — is de to 25a, ſhall 
de 50, ** ; but if + had been preftx d to 26a, then the Root would have 
been a+6, or a2. R . 
Note : If the 2 Afnrmative Square given be expreſsd by Letters, aud has only 1 
(to wit, Unity) prefix d to it, then inſtead of the Rule above delivered in this Sec. 3. 
there may be this Compendium, viz, The Square of half that Quantity which in the 
double Product given is draw into the Root of the given Square alt be the third 
Member ſought to compleat the compound Square : As in the laſt Example, where 
aa aba was given, becauſe 1. ĩs preſix d (or muſt be imagined to be prefix d) to aa; 
I take the half of 25, to wit, 5, which multiplied by it ſelf gives 55, which added b 
95 to aa 20a, will make (as before) the cempleat Compound Square aa—2ba-}-bb. 
alſo to make aa f da a compleat Square, I take the half of 6d which is 34, whoſe 
Square dd added by + to aa L Sda makes the Compound Square aa + da + 94d, 
whoſe Root is a zd. This will be farther illuſtrated in the next Section: 


- 


IV. If a compound Quantity conſiſts of tyo ſueh Quantitięs that one of them ĩs ati 
Affirmative Square expreſe d by Letters, before which 1 is prefix d, (or ſuppos'd to be 
prefix d) and che other is the Product made by the 40 of the Root of that 
Square by ſome Quantity; which is uſually calted theCoe cient ; that compound Quan- 
tity may be made a compleat Square thus, viz, Add by the Sign -E the Square ot 
half the Coefficient to the compound Quantity given, ſo ſhall the Sum be a Square, 
whoſe Root, when + is prefix d ro the ſaid Product, is the Sum of the Roots of the 
Square given and the Square added: Bur when — is prefix d to the ſaid Product, then 
the Root of the tom und Square found ſhall be the Diflergnce of thoſe two Roots. 
As We Eevitiphe, Ithe Compound Quantity aa ca be propoſed, I take the half 
of the Coefficient c, to wit, zc ; then the Square of 4c is ce, which added to aaþca 
makes aaJÞ-caÞhcc, which is a Square'whoſe Root or Side is 2 ＋ c, to wir, the 
Sum of the? dots of the Squares as and gce; But if the (aid gcc be added to aa ca, 
then there will ariſe the Square aa ca ce, whoſe Root is 4 Ic, or gc-. a 
In like manner, To make 44 f. 5a a compleat Square, and to diſcover its Root; 
I take the half of 5b, to wit, £6, the Square whereof is , which added to the given 
compound Quantity aa ＋ makes aa- -F a Abb, which is a Square whoſe Root 
is 4 C4, as will eaſily appear by multiplying the ſaid Root into its ſelf. ; 
So alſo,” To make 424, a perfect Square, I add 36 (the Square of half the Co- 
efficient 12) to aa — 1247 and it makes the Compound Square aa 124 Tf 36. whoſe 
Root is a6, or -..... ue re tat = 5 

Again, To find what Quantity muſt be added to aaa + aa, or aaa Tiga, to 

make a compleat Square; I take 2, to wit, half the Coefficient 1 which is prefix d 
to aa, (the Square Root of aaas) and then the Square of the ſaid f is 4; this added 
to aana ＋ 14a makes the Square aaaa-T 1a. C4, or, . whoſe Root is 
4a Lk, to wit, the Sum of the Roots of the Squares aaa and g. *, 
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r 
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C HAP. 10. Queſtions to exerciſe Algebraical Arithmetic, 
5 After the ſame manner, to make 1 pF E * 5 
this Compound Quantity a compleat > _ aa 12 o_ F 
. ere 95 oy 
I take the half of the Coefficient 7 33 | 32 ; 
.2b _ze "2 | 1 1 Po” ue | 
„ — — 1 429. * 
4 : 4bb +12bc ger 


Tphen the Squate of that half Coeffi 


cient is ——= — 4 20 2030008 | 
Which Square added to the Com- 4 
pound Quantity propoſed, makes — © 4 1 4 a | 
Which laſt Compound Quantity is a T4 22 Ee 
Square, whoſe Root is ——— 4 _ 
Likewiſe, If it be deſired to make this compound Quantity a compleat Square, to 
wit, aaaaaa+baan, I add to it the Square of half the Coefficient b, to wit, 4 bb ſo 
there will be aaaaaa Ea A the Squate deſired, whoſe Root is aa Kl. - 


- 


| : 22111 82 1 
+ #biikeFow . 
RT 1/177 + 8 W ) 3 | 


1 
2 


93 yd b. 116155 | i 
r 
4 Collection of eaſie Queſtions to exerciſe the Rules 

- hitherto delivered. 


21. Here are two Quantities, whetereof the greater is a (or 3, ) the leſſer is e (or 

8 13 2, What is their Sum? What is their Difference > What is the Product of 
their Multiplication ? What is the Quotient of the greater divided by the lefler ? What 
is the Quotient of the leſſer divided by the greater? What iꝭ the Sum of their Squares ? 
What is the Difference of their Squares? What is the Sum of the Sum and Differ- 
ence of the two Quantities firſt propoſed > What is the Difference of their Sum and 
Difference? What is the Product made by the Multiplication of the Sum by the Dif- 
ference? What is the Square of the Sum? What is the Square of the Diſſerence? 
What is the Sum ot the Squares of the Sum and Difference ? What is the Difference 
between the Square of the Sum, and the Square of the Difference? What is the 
Square of the Product of the Multiplication of the ſaid two Quantities? 


; ” Anſwers by Letters, by Numbers. 

1. The Sum'of the two Quantities propoſed is — | $54 * 
2. Their Difference, or the Exceſs of the greater 3 
above the leſs, IS ———- a—e 1 
3. The Product of thefr Multiplication is— Io - 
4. The Quotient of the greater divided by the lefs is | © | * 


5. The Quotient of the leſſer divided by the greatet is 


6 
— 


5. The Sum of their Squares is 
7. The Difference of their Squares is « 
8. The Sum of che Sum and Niflerence of the 
two Quantities firſt propoſed is ; $0 
9 The Difference of their Sum and Difference is— | 2e 
10. The Product ot the Multiplication of the Sum 
by the Difference is —— ͤ— 1 | 
11 The Square of the Sum i — aa f 2e Cee 


. 
Teles 
IR 


aa—&ee 


12. The Square of the Difference iT aa — 2a e Lee 


— 


** v— 2 i 


2 


Difference is 


13. The Sum of the Squares of the Sum ws, 


14. The difference berweenghe Square of the Sum 1 


and the Square of the Difference is ———— ; 
15. The Square of the Product of the Multipli- 


cation ot the two Quantities is. 


pf FRI e 
—— ; (which we may ſupppoſe to repreſent 
20, and d for 12 ;) then . 20h 


. 
- 


7 


20—1 
Kh 1 
1. The dam of thoſe two Quantities will be 
fc ' T a -» | 

ANAL $03 | 


2. Their Difference ͤ 4 


"” 
* 
» wh Eun 
y-- — 


3. The Product of their Multiplication is 


— 


4+ The Quotient of the greater divided by the leſs is 


5. The Quotient of the leſſer divided by the greater is 


6. The Sum of their Squares i ͤ: Fů | 


1 * 


7. The Difference of their Squares is - 


8. The Sum of the Sum and Difference of the 
two Quantities IS—— ——ů— 
9. The Difference between the Sum and Difference is 


Difference 1 — —— — — 


10. The Product of the Sum multiplied by — i 


9 * a P K 
i. at, th. * 


| 


In like mapner, If the gieater of two Quantiti®#'be 


2 


2 K 93 


1 


T » ; 
N 147 78 18 9 
* * 2 
——ů 8 3 
— — —— 
0 K 11 
, # + " 


Ce 


C 


” g 
* 
- 5 1 6 — 4 4 — 
210 


64 — 


nN c e 


. cc m_ 5, 


b—d 


'b—d 


| cc. 
; bbB—2bd 
41. 2bd + dd 


ce 


cc 
2 dd 
1 
Aae 
2224 


| c 2 — 
4 —2¹ 


rr 


| cc 


6, Cor 4, )atid the leſſer be 
» that is, 2; by putting 6 for 
TRE | | 4 WTO Ihr nh 2 


6 


. 


8 
2 


— ——— 
”= 
- 


20 


| 


| I2 


II There are two Quantities whole Sum is 6, (or 20,) and the greater of them is 
put a, (or 12 ;) What is the leſſer ? What is their Difference? What is the Pro- 
duct of their Multiplication > What is the Sum of the 


ference of their Squares ? 


ir Squares? What is the Dif- 


1. It from the Sum of two Quantities the greater 
be ſubtracted, the Remainder ſhall be the leſſer ; | b—a 
therefore the leſſer Quantity ſought is | 
2. If from the greater Quantity a, the leſſer ] be ee, 
\ubtrafted, the Remainder or Difference will be 
3- The Product of the Multiplication of the two 5 1 
Quantities is — — 
. The Sum of their Squares is — ut bb—2a 
5. The Difference of their Squares 1s . 2ba—bb 
x- But if theSum oftwo Quantities be repreſented bj) 6 20 
2. And for the leſſer of them there be put mm" 15 8 
3. The greater Quantity ſhall be b—e 12 
4. Their Difference ſhall be — — — . b—2e 4 
5. The Product of their Multiplication — — le — ee 96 
6. The Sum of their Square x 2ee+bb—2be 208 
| bb—2be 80 


7. The Difference of their Squares 


14 OY 


-—_ 


HI. There 


8 HAP. 0. Defions thexerdiſe ae alete 


»»„nͤü 

II. There are to Quantities whoſs" Difference is 2; Tar 4)" 4) Aid if a greater 
Gig there be put a, (or ta 3) What is the” leſſer 1 e is theix um? 0 hat 
is the Product of their Mult ipl icution ? What is che Sei of Fir r Sght tes? What 

is the Difference of their Squares 3 - 219773 10 950-12 NL 


— a Re.” — — Le — Lo elec. a * — 


1. By ſubtradting theDiffernce om 


quantity, the leſſet will be N | „ A Re | Ih 
2 The Sum of the two Quantifies i 6 1 | 
3. The Product of their Multiplication is . 759; FL 10 
4. The Sum pf their Squares is— — 2an4+dd— da 
5. The Difference of their Squares i I-———o—— {oa gg 
1. But if the Difference 9 f two Qu Sn? nl, mo? + 
- And for the leſſer entity you put — ; p 
The greater ſhall be the Sum of the Difference RV, 
"= the leſſer, to wit, — x. _— . 
4: The Sum of the two Quan tities ig===—=— +-— ow 
5. The. Product of their Multiplication — 1 * 2 de Hee 5014 A 
6. The Sum of their Squares is 5 dd C ade Ca 9 
7. The Difference of their Squares i is — |... ddþ:2d. 
n * Werne 


3 There s are two Qugntitics, | whereof the greater PP ſuch Proportion to the 
leſſer as r (30 to Lo (2, now if for the greater Quantity there IDEs, x- 135, J 
What is the lefler ? Wike ; is their Sum? What is their Difference? What is the 
Product of their Multiplication ? What is the Sum of their Squares? What is the 
Difference of their „ 


A * 


1. Firſt, ſay by the Rule Three, If r give „ | © HC UH] IO WS SH0 
what will a give? Auf. =, which ig the d p? D 2502, ot. 
7 
. leſſer Quantity ſought — —ę—„—-— 39414 
7, 08: Hen. n * 
2. Then CASTERS: Quantities will be— if 4 * . 0. whe 2 25 | 
| 0 
5 
3. Their Difference is — — nn 1a 42— Lot, n: ip , 
| V1 200. gan eln et. | 
+» * „ . $A = T % 121 — 4 f I 0 
4. The "ul of their VOTRE —— ; 56 
; > ob : g 2 * iS 2 4 a f : 
5. The Sum of their Squares js ————— aa _ 1 
6. The Diſſetence of their Squares is — — 2 85 
But if the leſſer of two Quantities be « e < I 10% ang has fuck : Proportion to the great- 
er A (2, ro . 3) Then 
1. Ihe greater 1 will by * Rule of vs: 8 10 | | 
Th ree be found — ad 5 = 15 # 
2. And the dum of che two > Quantities will be- ; | = ab | [ 25 i 
3- Their Difference is ————— | Le (35 l. 
4 The Product of their Multiplication is ——— ee. bb | 
5% 1 33 | | 
N k 4 c ; . | , | 
3 The Sum of their Squares 15 — | 3 — 3 = es 19 325 | 
8 1 5s $- 2 | 
rree 


— 9———— — 
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Queſtions: to exerciſe Algebraicul Arithmetie. B 0 0 K 1 


Anſw. 2. 


— — 


. V. There are two Quartities,, the Product of whoſe Malciplication ; 156:(20.;) — 


i the greater Quantity there be put à (5,); What is the lefler ? What is their 
u 


m? What is their Diference? Whar is che Sum qu their 6 TRE 2 r is the 
ifterence of their Squares? 5e 11 


1. The Product & divided by the greater quaticy *. 18 148 
tity a gives the leſſer, to wit. n a 8 . 
2. The Sum of the two Quantities i ———— | 1 uber 
** -Their Difference is—— ——äẽ— 52 5 9 = a > 
Ce — — ——-— — — — - | —_— OT IT _ 
rn the fo of thei eSquards 1 —m—— ve . Ae e 
N 3h | Lg 
5. The Dierence Mt thelr den — — a * 1 
— — 
| But if the Product be Multiplication « two 0 Quarites be b ( 20, ) and for the ch 
lefler the be put e (44) 7 
1. The greater Quantity will be- — | = 5 
21. | , 
2. The wy of the two Quantities 1 50 24. g 
ie” 3 
g6 The Difference i is — — 2 ——e 2 
4. The I of their Squares it—— | 7 | 5 
ES - bh e 
5. "The Difference of their Squares * ———_—, Te i iy 28g 
/ = _ e a q 


VI. The extraction of Roots may be exerciſed by theſe following Queſtions, re- | 
ſpe& be to Sect. 28. Chap 1. as alſo Chap. 8. 


1. What is the Square Root of 144aa? Anſu. ta. 
2. What is the Square Root of =*: aabb ? Anſw. 1440. : 
3. What is the Square Root of gaa- Ga- UU Anſw 3a—b, or, b — 34. 

4aa | 16ab-16bb . 24 67-4 4b 
4. What i is the Square Root of = Anſw. . 


5 What is the Cubic Root of 1 25 4b? Anſw. 705 * 


6. It 6 be put for 65, and c for 8, what Number is ſignified by  : TA: — tc? 
Anſw. 5. 
2 1 ſame things being put as in hw jan e what Number is ſignified by 
TIE + e? Anſw. 13, 


8. If d be put for 8, and F for 48, what Number is Gonified by : FF 44 — d: 


9. But the ſame things being putas in the laſt Queſtion, this quantity yh : vida 1d: 
ſignifies /12, or 3.464, Oc. that is, 3 7324, Oc. ; Hd T 


4 ry o- If g be put for 4, and h for 837, what Number is ſignified by (3): Nigg 225 
nſw. 3 


11. But the ſame things being put as in the laſt Queſtion, this Quantit7 
vV(3):v Ei lignifies V(3) 31, or, 3-141, Cc. | 


VII. The Rules of the ninth Chap. may be exerciſed by theſe following Queſtions. 


x- What Quantity is that which if it be added to aa-4-25, will make the Sum 
a Square ? Anſw. The Quantity to be added may be either | 225. or — 122 
an 


2 | 
© 4 - 


CHAP. - Queſtions to exerciſe Algebraical Arithmetic. 51 


and the Square ſought is either aa E104 C25, whoſe Root or fide is 4 C5, or elſe the 
Square is aa 104 +25, whoſe Root is a—5, or 5—a. | | 
2. What Quantity is that which if it be added to ,$ az+245, will make the Sum 
a Square? Anſw. The Quantity to be added may be either gab, or —ab , and the 
Square is either 72aa+ab4-3bb, whoſe Root is 4a+3b: Or elſe the Square is ; aa 
bb, whoſe Root is 2235; or 1 — 
3. What Quantity is that which it it be added to aa * will make the Sum a 
Square? Anſw. The Quantity to be added is 3; and the Square is aa+ 3a, whoſe 


Root 1s a>. ) - 22 
—2bbaa will make a perfect Square? 


4. What Quantity is that which together with au 


Anſw. The penny to be added is B; and the Square is aaua — 2bbaa C bbbb, 
whoſe Root is aa—bb, or bb aa. X 4! 


| bh 
5. What quantity is that which it it be added to aa + will make the 


Sum a Square? Anſw. The quantity to be added is _ ; and the Square 

gcc 
bh „ Bb 8 33 a | 

is as + —aÞ+ N whoſe Root is a+ 2 


6. What quantity is that which together with aaaaaa—aaa will make a compleat 
Square? Anſw. The quantity to be added is æ and the Square ſought is aaaaaa— 
ana T, whoſe Root is aaa — 3, Or z—aaa. | | 


6 


* 


CHAP. XI. 


Concerning an Equation, and the Reduction of Equations. 


I. N Equation in the Algebraical Art is a mutual comparing of two equal Quan- 

A tities or Things of different Denominations: as if the Value of Three Shil- 
lings be compared to thirty ſix Pence of Engliſ Money, that Compariſon imports an 
Equation, which may be Symbolically expreſt thus, 3 5. 36 d, that is, three Shil - 
lings are equal to * fix Pence. Likewiſe; foraſmuch as nine Crowns are of equal 
Value with the Sum of two Pounds and five Shillings of Engliſß Money; the compa- 
ring of rheſerwo Sums to one another is nothing elſe but an Equation which may be 


briefly expreſt thus, 9gc>-244-55, In each of which Equations the Moneys compared 
are of different Kinds ; for Equations between equa 


Things of one and the ſame Name, 
as 27 = 25, ox 5 = 5, and ſuch like, are fruitleſs. EE 

After the ſame manner, this Equation a bc may fignifie that ſome Number or 
Line repreſented by a is equal to two other Numbers or Lines b and c taken together as 
one; or, if the Number or Line a be divided into two Parts b and c, then alſo a=6 
+c; forthe Whole is equal to all irs Parts. ' 

II. Every Equation confiſts of two Parts, which are uſually ſeparated one from a- 
nother by chis Character =; ſo in the firſt Equation in the preceding Set. 35 is the 
firſt Part, and 36d the latter; alſo in the ſecond Equation,” gc is the firſt Part, and 
21+ 55 is the latter; likewiſe in the laſt Equation of the ſame Sion," a is the firſt 


— . 
PERRY 


Part, and b+c the latter. — 


III. The ſingle quantities or things, whereof each part of an Equation is compoſed, | 


ut 84 the Terms of an Equation; as in this Equation; 22 Cc, the Teras are a, 
„ vm. ; > 2117 0%] 5 99 51 
IV. 


ow Equations are found out, the Reſolution of queſtions will hereafter ſhew ; 
bur when known quantities are intermingled with unknown an Equation, the firſt 
Scope is to clear the Equation from all ſuperfluous quantities, and to ſeparate the 
known quantities from the unknown, that 3 length an Equatign, may remain in the 


feweſt 94 


4 


.* 
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feweſt and ſimpleſt Terms, ſo diſpoſed, chat th the unknown. quantity or quantities may 

poſſeſs one part of the Equation, and the known the other, this Work is called Re- 

el and how tis perform'd the Examples i in the —_— Sections" will N ma- 

* nic | [75::BE | 

Reductiun by Addition. 

V. Reduction by Addition is grounded upon this Axiom, ( or common Notion) 
viz. It equal Quantities, or one and the ſame Quantity, be added to equal Quantities, 
the Wholes or Tocals ſhall be equal. As, for Examples ; | 

a It the Letter a repreſent ſome Number un- 

known, and it be granted or found out .4—3Z, =. 12 

thar — « ks 
Than by adding +3 to each patt tof that _ | 

Equation, this ariſes, to wit, — 4—3 k = 12+3 
That is, ( becauſe — 3 and +; added 8 

together make o,) 3 : * 1 
— — — — 4 8 3 0 , 
In like manner, to reduce this Equation — 34=4 =" 6g | 
I add + 4 to each part, and there atiſes za—4+4 = 6—a+4 
Which Equation one makes ITI — 34 10—4 
Then by adding + a to each part of the 5 

laſt Equation, this ariſes,—— * 3a Pa = 10-4 4 
That is, after each part is contracted 4 = 10 
Again, If this Equation be propos d to be 2 = 

deed The by _ — ag—b = a 
By adding - to eac part, this Equation _ 

ariſes, * : aa—b+b 1 d UN 2 
Which laſt n after the contraction ET 

gives — — 72 — * 

So alſo, "if — 3 . 5 
By adding 52 to each Part, hs — | 2 074 S $:: 

Likewiſe; eee ee E — f > = o NE 
By ae each Part there ariſes· 6 a. 75 
Moreover, i — PEW: — — r "Y a 2 . . 
Then by adding c to eac part of 1 2 

this Equation comes — tbamrCan- 15 4 e * 
Nein | "—_— t 
By adding 6b to each Part, chisEquarionp . ©} ag = 66nd 

ariſes, —— CREST 25 we Bi 
And by adding + da to each Part of the j 1 bh 

laſt Equation, this ariſes, to =: 900 | 6746 * 9 
From the Premiſes it is evident, That ik! in any 3 any Qua tity which has 
the Sign — prefixed to it, be transfer d to the other Part of the Equation with the 
Sign +, that Work effects the ſame thing as the adding of that wad to each pare 
of the Equation, and is called Traxlpeficies 11:11:32 nn 17 

f YE FINER, Pre OI aa — — 1 ed 
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Reduction of Equations. 33 


1 
— 


* 


; Reduction by SaubtraBtion; 
V. If from equal Quantities you takeaway equal Quantities, or one and the fanis 
Quantity, the Quantities remaining will be equal; therefore, | | 


— —„-— 


;% * 


If it be taken for granted that 243 = 14 
Then by ſubtracting +3 from each part, A 
there ariles ——— — ee We 
In like manner, It———— 2 — — a = 4b 
I ſubtraſt +6 from each Part, and there pL: 
ariles — — 3 5655 
the p — * * — 1 * * — 1 — [IF #5 6 4353 — I's 
Again, I 3 . Bi as ene 
Firſt, I ſubtract 6 from each part, and 5k T 
there remains — 244 = aa cc -A 
Then aa ſubtracted from each part of the 1 ie, 
aa = ec—bb. 


laſt Equation, leaves this, to wit,  — 


Sal TE nn oe abc * — 
By ſubtracting + 6c from each Fart, ++ 64d 
. |  2caÞdf—b—e 


there 1 r 8 1 5 | 
And by ſubtracting 2ca from each part of 2 

the laſt Equation, this ariſes, to wit, F 1 728. df—b—c 

Hence it is. evident, That if in any Equation any Quantity- which has the Sign {- 
pounce it — 1 to the other part of the Equation with the Sign —, that 
Work effects the ſame thing as the ſubtracting of that .Ouantity fro : 
Equation, and is alſo called Tranſpofitions : | Wat e partof the 


aa 


—_— 


— * a | . * 2 pe 
1 — ES a... at 35 9 FT 4 «A 8 : 4 


| Redutt ion by Maltiplication. nn / 


VIL If equal Quantities be multiplied by equal Quantities, or by one and the 
ſame Quantity, the Products ſhall be equal: Hence —— een by Algebraical 
Fractions are Nansen to other Equations conſiſting altogether of Integers. 11110 


As, for Example, 1. 


4 
Then by multiplying each Part by 5, this 3 OG 
Equation is produced 241 2 = 30 
Again, to reduce this Equation to another) . — 2 
in Integers, vix - had Þ - a = mn 


I multiply each part: by a—b and che 


e da- ab = dd 
—— 3 — 47 » 4 — 0 — - \ * 1 N 9 
Likewiſe, to reduce this Equation to ano-—- 334 4d / 
ther in Integers — S pom ry ny | 


- * 
1 
a. 8 A. 2 
* . 
* 
* 
o 
3 noe + * 


Firſt, I multiply each part by the Deno P 33435 44 
_ minator 6b, and there will 8 2 
Then multiplying each part of the laſt E- 

quation by the Denominator c I find p "062208" 
this Equation - —— OP | 


{4015 1 


Hence it is manifeſt, That an Equation whereof each part is a Fraction, niay be 
reduced to another Equation in Integers, by multiplying eroſs · wiſe, as in the ä 


— — —— 
— == 2 


— 
—— — 


— — — Fon 
, » "* - 4 A 


— — — 
3 
— — 
En mY _m 
a . 
8 4 


— — } — 
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of Fractions to a common Denominator, and then omitting the common Denomina- 
tor, a new Equation may be inſtituted between the new Numerators only. 


* 


When either part of an Equation is compos'd of Ictegers and FraQions, firſt reduce 
that Part into a Fraction, (after the manner of the latter Example in Self. 16. Chap. 
6.) and then multiply as in the preceding Examples: as, 


If this Equation be propoſed, . — - Jl F = 4 bay 
Firſt, I reduce that Equation to this, —— — 2 I 2 


Which laſt Equation reduced by Multiplica- | 1 HP 
tion as in the preceding Examples, = © "Wh e 25 ale Tab = zen f bus 

But here is to be noted, that in reducing Equations which conſiſt of Fractions into 
other Equations in Integers, the Operation may oftentimes be facilitated by the ſame 
Compendium that has before been ſhewn in the Diviſion of Fractions ( in Sef. 26. 
Chip. 6.) viz, When either the Numerators or Denominators can be reduced to more 
ſimple Terms by ſomę common Diviſor, ſer the Quotients in the Places of thoſe Nu- 
merators or Denominators and then reduce theſe new Fractions into an Equation in In- 


: — 


tegets, by multiplying croſs-wiſe as before: As for Example, 


To reduce this Equation to another in wy E 2a 4a — 
= BALD + Þ | — — l 


tegets· - — —— | aa — bb 25 a+b 
Firſt, after the Denominators aa — bb ind y iA 
4 Pb are reduced to a—b and 1, by the . 444 _ba—bb 
com mon Diviſor a + , this New Equa-\ Þ a=b 1m 
tion ariſes, — 3 


Wnenee by. multiplying croſs-wiſe, (as in — —— — — 
the preceding Examples) this Equation in aaa = baa — 2a N 5 
Integers is produced, = | | 


8 
— — — 


— 4 


6 


— 


Again, to reduce this Equation to another 1 ba- bee 
Firſt, the Numerators reduced to a and þ 1 un! en 423 a0 
the common Diviſor, bb—-cc will give — 1173284 


o 
„ 


Whence by multiply ing croſs-wiſe, this Equa- | 
tion is produced. . — 42 
_ „ 8 . 88 
Or ==. 2 as oh F ner! ; 
. | . * | A 858 bna— ca a bb — +4 Lg 
In like manner, to reduce this Equation, — —— en 
— 8 —— cc - ca — 
Firſt, I reduce the Numerators to aa and 6, : © 168-7. 8 \ 

by the common Diviſor 4—c ; alſo the De- 2 

nominators toc-a and 1, by the common? = * 

Diviſor c; which new Numerators and De-. N | 
—nominators eenſtitute this Equation "OY eee, 
Whence by multiplying croſs-wiſe, this E e 

quation is produced . „ n 
mw 1 — — — 

ley n at My es Um MEN 
. 0 N A Fit 113 ca ; 74 * 
So alſo to reduce this Equation Ex = alot! 02, 
WIG „ 1 aa—ba+- 41 FO! nr, 
Firſt, I ſet x for a Denominator under th ee £407 


— — — 


— ba bb n 114 $5555] 
5 1 on onen DV? Then 


Integer .cc, ſo the Equation propoſed 
nn will ſtand thus, A 
L FASSOEF 114 ye "> | een "$i 


: 
g 5 + — . 
» Was * þ . r 7 4 


'0 


4 * © * ou 


— n | | 
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bh: ; Sue . _— — — l —— re Bro A | 141 7 — 
Then, alter the Numerators ba — ca and | ' t dig „adh 4 
be — er are reduced to a? and c,) by th ee nn day ee 
common Diviſor þ — c, this Equation a-“ 77 N hong 
riſes — — — Pg I OCT I. 1* - 2 * * | CERT 


__ wile, gives this in Integers ——- 


| Wn 


Which Jak Equation by r 
f 22. ²˙ X 


8 
-— 


Muhen one part of an Equation is a Surd Quantity, (that is, ſuch which i 
- Sign prefixt to it; as, // or (3), & and the other part is a ratiotial ger 
Equation may be reduced to another which ſhall be free from any Surd uantity by 
caſting away the radical Sign, and multiplying the rational part of the given Equation 
either quadratically or cubically, Oc. according to the import of the radical Sign 3 as, 


It there be propoſed —— 74 = 6 
Foraſmuch as the Squares of equal Roots 
or Sides are alſo equal, therefore by ſqua- ( 999 43 1. 
ring each part of that Equation, this isl 4 = 36 
produced, to wit, — — | 


— _—__—_—— * 


nnen... 


. 


— a. 


Likewiſe, If r man — ys eee Wh va '= bc 

By multiplying each part into it ſelf, this | 
Equation is produced ————— ! 

Again, Jt —————— „ 8s fel 

By ſquaring each part, there comes forth — 4 23 5 

And, If - — ——ů— ͤ—öʃ— —-—-—tVęH ꝝ— 4 ä 


By ſquaring each part, which is done by? 


caſting away , there will ariſe — 
$0 alſo if this Equation be propoſed, - —— a =; — 2 
By mulciplyifig\each part into it lelf, this E- = * 298 
| quation is produced, — — —_———:: t= b—bd+dd 
And, It — — « — 06302 8 8 | | 


By multiplying each part into it ſelf cubical- y 90 
ly, there ariſes > — 4 512 


— ͤ ö!—jʃ eͥ ——— V(3 a . 
By caſting away (;) from each part it gives (3 a 0 12 hd 


I . 


” 


"> 
* 


a Reduction by Diviſion. 


VIIL If equal Quantities be divided by equal Quantities, of by one and the (ws 
| i ' * ad , y one and the ſanie 
Quantity, there will come forth equal Quotients. Hence Equati 
ochers ol lower Degrees: As, for Example; nce Equations are reduced to 


* 


If it be granted or found out tha. aa = 54 
Then by dividing each part by a, you will find—— 4 = 5 
Again, If ra ————_—_— —c___;._ . 
Ar each part by a, this Equation ariſes— aa La = bb. 

Iſo — — — — —— — 2 oe. 
By 7:0, each part by 5, there ariſes ————— 15 ©" 2 | 
Likewiſe, If —— — — — ba = bc 
By dividing each part by 6, this Equation arifes —— 4 Se 
Again, It— — — — — 6a—a = cc 
By dividing each part by -c, there ariſes——— a = 
1 ND 
By dividing each part by i Fc, there atiles——— aa 4 _ e 


. 


——”—- IM” ——ꝛů— ͤ N——— — — 
2 


—— — 
— — 


— 


* 
1 - 


— — — = — —=__—_ = — — _ —— — . . . 
dia — — - 1 — — * — _ — = . 0 


* 2 
> wed — 
— — — 
5 — — . 


bs = 


— LL LIC ee EX 


4 2 — 
—— 


* * 


— 


— Y ” l — 22022 — 


236 " Reduttion UE —— F B.O 0 K A. 
n Moreover, —— — — — 34a -4a © = 39. 46:46 
By dividing each part by 3 the there ariſes % kr 9 1 02; 7 

Likewiſe, If — — e — cad N * e N 

"4 | k el l {04 4041 05 

By dividing each ps bye 6, there —6.—.——.——— + HTTP 

— — — ALAL'S bt GEL \G AGULULA 7 aa 

2 — , pt  —— E= 42 
| Redadfios by Extraction 4 K 0 0 7 $. — — 


IN. K ofaſmuch 25 the Sides ot Roses of $ 8 * 
equal het een themſelves; ; therefore, equal 8 and Cube, oc axe o 


* 40 £507 en pA 
1 | MIVIONUIR DG of SUIT G41 JE L 
11 chere be . E — — peo — "au. ip $6: :. IN 
By extracting the Square Root of each part, e 8 
there ariſes —— — — 3 713011 by 
In like manner, rn > Ao mn . 1 Ele, 
By extracting the Square Root of each part 8 
there comes forch — 1 — 9 2 he Ty ay: 
Again, It | — — 29 N N 
By extracting the Square Root o 7 2 H— Soak 
there will ariſe ———-——- — 1878 * 12 _ 1 
Likewiſe, II. üͤ . —— . eee 


Then, by extracting the $quare Roo Root ou our — — nee A 

of each part, there ariſe mo 5: g 082 5 5) va 
Again, It——— — — a | — 27 8 : 
Then, the Cubic Root being extracted out of * 


each part there comes drt — * 4 * 35 5 ; "3, =, 
on If —-—- =" * i 2 —— . ee ee 

y extracting the Cubic Root out o ea ae 80 * 

part, this Equation will ariſe — dp. 3 a * I (3) 125 
Likewiſe, It — — . — dea | 
Then, the Cubic Root extracied out of 'T 

each part, gives N 1 3): : bbe Part 

— — _ — ; = —— | | 


X. By the Help of ** of the foregoing Rede ies I mall here "nk 8 the 

Manner of Fran. van Scooten in his Principia Mathe Univerſal) the Cextainty of the 
Rule before given concerning + and — 1n the Algebraical Multiplication of Gom- 
pound Quantities : viz. That + multiplied by —, or — by ＋ makes — alſo, 
That + multiplied: by — makes +. 
Furt, let 4 be to be multiplied by e, then the praduct PIES a to. Algebraical 
Multiplication is ac—bc : now it muſt be proved that - . multiplied by 28 makes 
— bc ; to which end, let F be put equal to @—b, and then if it be proved that ac— 
be.= ie, it is evident, that ac bc is. the true Product {ought ; and conſequently, pot. 
multiplied by +c makes be: eee fe may be proved thus, 


Foraſmuch as by Par ien — — 1 FE 
Theretore by adding EN each part, it makes — fb 8 
And by multiply ing each part ot the . IT 155 
con by c, there. will be praduced— bens Mos le 3 
Wherefore, by ſubtracting bc from mf — — 1 Fw: fr 
part of the laſt Equation there remains —ac- ws ona a 
Which was to be proved. . 


* 282 


« After the ſame manner. it may * proved that — multiplied by — makes +: : For, 
If a—b be to be multiplied by c—4, and there be put (35, before) f= a—b, it may 


be ſhewn that ac — ea is equal to a—b xc d the Product Tought ; ; and 
thexefore —b raultiplied by -d produces -+ bd. Fs 


. By 


G HA PO : Th He . De 7 I — 


4 
By ps | 
Thetefore, by multiplying each Pare by bod — R I 
* — = been pro ed 1 a the folk Exam q nar c 48, 2 2 1 
t it has been proved in rmer n 15 | 
ple, chr "= 2 2 e. 
Therefore inſtead of fe in the third Eq en . 
of this latter Example, taking ac — bc N — eie ke. = 
qual to fc) there ariſes —— ---—-- 
ain, If each part of᷑ the firſt Equation; —1.— „ fa 2 p * 
B e by d, this will be produced, — tun 5 
Wherefore , If from 40 — bc in the _fitth. VVV 
| Equation there be . qc CCS, 
inſtead of fd equal to ad — bd, there ——— a: —bc—ad+bd=a—b rd. 
will remain according to the Rule 'of Al- i Eb 8 1 
gebraical Subtraction . — Dan 1 b 1 ci 8 no 
Which was to be proved. e ee Ni) 
— — — : . by n — — — — : = —_ — 
CHA E 


Which ſhews | in what Order the- Reduction: in the fategoing 


Chap. 11. are to be uſed to. reſolve Equations, or. at leaf to pre- 
- Pare. them for Reſolytion. 15 * he: tri 


2 * rinnen 9115 yn: 


3 z * , 


1 1 * the help of the precedent K das the NI of the unknown 138 
or Quantity ſought in an Equation will be found equal to ſome unknown Quan- 
tity or Quantities, and conſequently the Quantity ſou at is then known alſo ; or elſe 
a new Equation will be diſcovered, from-whence the ſame Quantity ſought. may be 
made known by ſome other Rule or Rules hereafter; delivered : But in the Uſe of 
thoſe Reductions, the Work may oftentimes he facilitated by an orderly proceſs, which 
is the Scope of the five following Sections; where I aſſume the Vowel a to ſtand for 
the unknown Root or Quantity ſought, and Conſonants for known Quantities. _, 
II. 1 + any 1 Quantity ſought, or any Power or Degree of it be found 

in a Fraction, reduce quation to another may be expreſs d altogether b 
—— by (E. 7: Ao 110 As for _ * * ** 


By multiplying 5 5 r 185 ah | 
Denominator c, this Equation ariſe EET: 8 's 
, this Equation ariſes | 28 . 
Integers. — | | DION 21 322640154 | ; 
- — — 2 2 —— — — * hy * 4 »*. = — GHOTE 22 » as”) 5 > 
Aker ith Thins manner, this Equaricn mul- * ee e idle it 
tiplied by 4, = 225 — ere me | 5+ 6=15. 
Wal be reduced into — ͥͤ— be kae=6e . 
. go hy; 2 Sans 
Cody x „ ad {3b 
—_— he „„ 
Will be reduced to ⁊ eee. 
* 


;- * 
- 
—_— 
—_—_— 
> 


3% ” 1 5218 in, ot 
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III. When Quant given or Wonne OT DR with thoſe that are ſought 


in an Equation, let Quantities be transfert᷑ d from one part of the Equation to the.other 
under a contrary Sign, (according to __ nd & 6. YE Chap. x1.) until at length the 


nnknwor 


y * 
. 
„ „ * 
- 
2+ © 4 
"Wh 


— ea emeoocon—_ 
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unknown Quantity may make one part- 4 T Equati 
by.” Sr As fot Sxample Bi IE Os. 9 W 


W — 
— # 0 2 a 5 
1 


by here propo b — 
op Pos of . to the other part 

of tlie Equation, under the contrary Sion © 5 | 

+, there will ariſe — — 


- * I 3 "IO 2 4 : W beg £44 TT =, Tn bn. —_ 
I like manner, Ir — — . a a 24 = 60 | "IK, i ©] | 172 
By tranſpoſition of + 24, under the cog... B Ms \, 07 lp. 
trary Sign — it gives an — ; — 4 | oh; 8 ; 7 neee N by ” 79; 
h Thar 1 Is, — — — 9 : | { - aa = 36 * I. 
| 3* ant "£1539 4 3D. 10 _ "LEN 
N 5 X | En 1 2 — . 
| Ag 7% MITT p — {ke Par 20a /. v may 
{ Firſt, by tranſpoſition of — 4, this Equa- ) 1 
| 4 q EF to ey — 
1 tion ariſes . to 51:5 OS: 9; = 20=6Þ4 
1 Then by tranſpoſiti tion be —a, I find — ba a = 20 4 12 1 10 
q Which laſt Equation being contracted 1 De , Abi, 
Addition, gives ———— 4 
Likewile, If = g ” - ne ; : b—a — ca — 46 
After due Tranſpoſition, this = ty © WW 
will ariſe, -_ — * ; | 
Or, nn pe: I" rr 818 if, i Ft 


| TV. When ſome Power or — of the Quantity fought ha to [tiplied 
into every Term or Member of an I an. 5 e . fo 
will that Degree or Power quite vaniſh, and conſequently the Equation will be de- 
preſſed, that is, reduced to lower Degrees or more ſimple Terms: As fot Example, 


If there be propoſed” = e — 5 r 
Foraſmuch as à is drawn l into every Term) © © ; e 
of that Equation, I divide eyery Term 
by a, and there ariſes ————— 


R 4 * * - 
4 * . a — 
aÞ3 = 20 
. . 
$ 
V * - 


Whence by equal SubtraRion of 3 I find . „ 17 05 
in like manner, It FE ana = 343 a 
By caſting away aa, 22 is, WE paving 20124 [2-4 
each part by aa, there will arſe Sx F- 5 
Again, It. — —_— = — e i: ata 
3 unging aa out o enery erm, there . 
| * | = 2 R igt 


—— — 


V. Thea 3 rab e is — into 5 68 higheſt Power o Degree 
the Quantity unknown or ſought in an 4 ation; divide each part of che 2 
by that known Quantity, to the end the ſaid higheſt unknown Power may Wa no 
Co- efficient ot Fellow- multiplier but 1, (or a : As for Example, 5 


If there be propoſed | ——_ 5a = 60 
Becauſe the unknown Quantity à is multi- 8 
lied by 5, I diyide each Part of the 2 = 12 
kate 1 5, and there ariſes ——\ , _ ; 
7 in, 11. ü(üñäĩͤĩͤv. ð 5 A 2c 
— c is drawn into à the Root ſought, $4 T , 8 
_ TT divide every” Term of the — pr ar 
by e, and there ariſes ———— c 


——[ꝓ—ͤ— — — — 


1 ä 


P. 412. . 


* 


wr 


— 
CHA 


rr 


* nn * ** a f 1 _— „ — 11 14 at c 7 1 „ — 
9 WM * FY . = y 3 4 .. * 
The Wje of Redntfrons n Chap. 1 
. . 
* * 2 — — le — 1 PLC *. a” v + : a = N wm * W „ „ 22 _ 


-— © . 


Likewiſe, f ͤ -- — zbacd=zen = Ce * 
Becauſe 26. d 1s drawn. into the un- Rm 2% d 0 noitentngt yd 21116 
known e I divide each part 98 — 1 
2b+3c,, and there ariſes . TD 
SENS = 15 255 by: 
p< 2 : 12 5 N | * 
So alſo, 1 — oY f 
By dividing each part by 4 which is Te ; 
drawn into aa, there ariſes —— 7 5 
— 7 | — — — — . — 
Again 1 „ 34 j = 24 96 
Becauſe 3 is drawn into aa which is tej nent 
higheſt unknown Power in the EquaSG:>f 7! 5% 1196 0: 3 \ 
tion, I divide every Term by 3, and aa 4 — 
F 
Becauſe acc is drawn into aa which is: * 6 AP al 
the higheſt unknown Power in theF 200 - | 
©Equatiof, I divide every Term by — 3 5 
2cc, and there ariſes ——————— WAS ron ak 1 5 
77. | Q 0 5. Sl — 


— 


. 2bbaa-Þ-3cdaa—dda=ccdd. 


-_— 


Again, If — 
Becauſe 2bb-3c>d is drawn_into aa the 
higheſt unknown Degree in the Equa 
tion, I divide each Part by 2bb+3cd, 
and there ariſes — 


— 


mn i. 


—_— — 


* 


Alſo, It ——— — —_ 
Becauſe 3 is drawn into aaa ron 16-0 * 


unknown Power in the Equation, I di- 
vide each Part, by 3, and there ariſes) - - - "ano 


— 


VI. If there be 2 Surd Quantity in an Equation, that is, if a radical Sign as /; 
or / (3) be prefixed before ſome Quantity; firſt by Tranſpoſition (according to 
Sekt. 5. or 6. of Chap. 1 t.) 
Equation, then caſt away the radical Sign, and exalt the other Part of the Equation 
to the ſame Degree or Power which is denoted by the radical Sign, by multiplying 
Quadradically or Cubically, Oc. ſo at length an Equation will be found apreli'd al- 
together by rational Quantities: As for Example; | 22 2 7 


By Squaring each part, there will be produced ——— a = g 
In like manner, It — — — . yba 2 N RY 
By multiplying each part into it ſelt 1 

quadratically, there comes fort 6 
Then dividing each part of the laſt aid. Wet 

quation, by ö, there ariſes ——— # ge 
— 4 by n e of b there a" vba = c—b 

y ſquaring each part of the laſt 2 

Equation, there vill be produced ba = ce ach-. 
Whence, by dividing each part by 4, N | e n 

there ariſes en 5 4 37 264-6 | 

+ H 2 Like- 


ke the Surd Quantity ſole Poſſeſſor of one Part of an 


- * —— * 
«Ss P - 
— 66 A ˙ EST 
= 0 4 4 * | yh 
* 29; i WH | LA , ww 4 F 


W 
r ]˙ ¼ EO —_—_ 


— — — — — _ — 
2 ̃¶˙—ͤ— 2 - 2 ů ˙ — on — 


Likewiſgy, JF. —— — e 4 TY 92114 50 
Firſt by tranſpoſition of — d, this Equation a- * +4? 05 . 92 
| riſes wa cart ad in au arr)" 1180 pak Ta 5 = 11% 
Then by ſquaring each part, there will be e $1263 ee 
1 : . — — 2 — ob 
Laſtly, by dividin Sh art of the laſt E- Yd 2 .c AD 
quation by 5 gd, there ariſes—— o en 4s 
; 7 — ITT — — 
Ae Tf = r — | 1 . 5630 = 3 . 6 | 
By multiplying each” pare- Gubically, there — nn 2 
1 be produced > 4 iner NN. 
nd, by dividing. each part of the laſt Equa: La ni kane 
tion by , hes atilesk IN ha EVO" $ID 


Firſt; by tranſpolition of 2 this is Equatiog . 


1 
Ariſes, ——— VG; * l = — _ 


Then multiplying each part by the) laſt Equarion e, this Equation will be pro- 


duced, to wit, 
ba—ca=bbb 3 et bee—cce : 


Whence, by dividing each N 1 b—c, the Value of à will be — vir · 
Tabe Fc. 


* 2 
N * , 4 * 89 c% 
——— — 4 Us þ- 144 4\ # 4 . I _ 


VII. Wen 2 ter the uſe. oil, ll, or any of the SET oi Rules of chis AT. 
Equarion ariſes Between a Square, Cybe or ot png Rar Power of the Quan- 
tiry ſought, and ſome known Quantity; then extract ſuch a Root out of each part 
of the ſaĩd Equation as « 4 Index gf the ſaid unknown Power denotes, ſo will the Va- 
lue of the unktown Root or "Qrantlty foughthe made known.: As, for . ; 


# 


97d ; bo 


. 


If this Equation * propoſed, to — | 82 . N 
Firſt by Tu e 8.Gom cach part, this E- his Fey: -» Las 


quat ien arjf nn IHE 6: Is = 230 
90 th } BA of the laſ Equation! being ng wy 1 ee bes 
Andy, ay N | | JF n 
iding, each bar of che laſt — i | 19 e 
117 6, this ariſes, , e r 
Lal ba the "Square Root e ch part of. the | . #1844 
lait Equation being extracted, the Value of a = a 
. will be diſcovered, to wit, | | 
Again, 71—ĩũ„2ꝓ —üö[(—«--᷑ r —8a = 1548 
ren go _ 3 
Then by tranſpoſition of — da there ariſes | = 162 
Ard by multiplying each part of the laſt E- WS 
quation by. 4, this will be produced, 7 — wakes. uy 
And by dividing each. part of, the laſt Equa- 2848 = 648 
tion by a this ariſes, to wit, 
Likewiſe each part of the lait Equation divi- 4 a 
ded by 3 gives —.— 1% | 
Laſtly, by extracting the Cubic : Root out of 
each part of the laſt Equation, the Value & a 8 


of a will be diſcovered, to wit, — 


_ 4.9 


"8 i# | Like- 


=, 4 ME. 


ad Ge. * 
— . — ͤ — —— — — — 
GH IBF. 13. The . 108 | of dnabgies into Equations, &c. 61 
—_— >. er, TI Pang. ad + „ ee 
Likewiſe; If ————— — aa 2a th bas, 53:20] as 
The Square Root extracted out of PORT N 1 A Men e e Fav 1 
So 18607 09 LA. 3 — Kang = e 4 
g 85 2 9 $1008] | 5 0 YL 
And then by taupe tion of b, the Value of . m Bru 
7 . is difcovered, co 8 tou It TAIT. oe ITY ' o > QV;3 wy ; 1% TO 
1 3643 SALA 580%: 27 $66 8 310 10 d ane bos hos f 201 26 2 Hoi % 14,9113 
ö ö | 15000 HAP. XIII. Nod e en 7511119 
Which ; ſhews Ss to convert Analogi ies into \ Equations, and, 


Equations into 4 


188er. ori Sr 

1. 1 four Right · lines or Numbers be eee tha Product 1 the Miles. 
plication of the rwo Extreams is equal to the Product of the twa Means. And 

if three Right- lines or Numbers be Propartionals, the Product of the Extxeams is e- 

qual to the Square of the Mean, (by Prop. 16. and 17. of 6. Elem. and by 19. and 20. 

of . Elem: Euclid.) Hence Analogies may be converted into Equations, as in the 


following Examples; where for the greater Evidence let a repreſent 23 l, G; c, 123 
ER 1 Then : 


9 


— — FL SEOTLRC IE it 
Let there be four Proportionals, ſup- 3 "FP Ep 
poſe theſe, — — e 3 . f 2 1 43 - [ __ . 

Then by the Theorem above expreſs d, this - — 1 
Equation will tollow, ————— — 3 2 —=6bd—ta * 
Now to find the Value = that Equation,?. bed: 20 vim noi; TL 
firſt by tranſpoſition of —ba this ' EquaSiorn, ada L= NM. 9 

ariſes - — — 3 
| | | 11 
Then each part divided by oh gives —— 8 a= 74 OR 
N La Bi £1 UPI OY * 2 —u— —— — — —&ü4Abͥ —ñ——ͤ—— — — 
2. nete be three continual Fra C 
| ſuppoſe theſe, —— ———̃ — n 
That is, 1 — — 1 + 48 „„ : Cc © 9a 
Then, by the latter part of che ſaid Theorem, 1 F EM 
* this Equation will follow, — cn — 
Now to find the Value of à in that _ 86 
extract the Square Root ant of each = 6a =c Oy 
and there ariſes ————— EE ton nt Goes 
Laſtly, each part of the laſt Ec uation” di-t 0 
"vided by 6 gives= — — 2 r _— 
— 3 0 


II. If the Product of the Multiplication of two Quantities be found a to the 
Product of two othgr Quantities, that Equation may be refolved into Proportionals; for 


as either of the Factors in either of the two equal Froduts is to a Factor of the ſame 
kind in the other Product, ſo is the remaining Factor in this latter Product to the other 


Factor in the former Hence Equations may oftentimes be relolved into Pro 

1 If there be propoſed eee 2 3ha = 4 as portianals; * 
rom that Equation this Anal R be D ; 
— —— *. ET 

Again, If — > By A 

That Equation may be reſolved i into no theſe 3 ly 4 To 
Proportionals, viz. A d+ .8b::4. 4 


„ 47 


Likewiſe, 1 | 7 | 8 
Then it ſhall be, As ” 


III. When 


_— * 


— — —— — X — Dn ns mas . 
T he Couverſion'of Analogies into Eqiiations, & BOO K 1. 


III. When there happens to, be an Equation between an Alpebraical Fraction nd 
an Integer, and theN r of the F Cs be 8 n DE 
that being mutually multiplied will produce the ſaid Numerator, then that Equation 
may be reſolved into Proportionals in this manner, 2%, Let the Dengmigator of the 
Fraction, and the Integer to which the Fraction is equal, be made the Ex:tream Terms 
of an Analogy ; and let the two Quantities which being mutually multiplied will con- 
ſtitute the Numerator be made the Mean Terms; but..with-this ON me- 
trical Queſtions, that the firſt and ſecond Terms be of one and the ſame Kind, that is, 


either both Lines, or both Planes, ot both Solids. As for Example; 


; 4 
If this Equation be propoſed, ———— _ 55 e 
p< 81 | \*;'r + ad, rh QIW-UW 
It may be reſolved into theſe Proportionals, AR © 7 hol 


But that they are Proportionals, I prove thus; *© 


Firſt, It is evident that theſe are Proportio-) | F 
nals, (becauſe the Product of the Ex-“! 35 eee ee 


treams is equal to the product of the( hy ee * 
Means.) — 2— —— — "1 | It bo 

1 ITE | ; „ ag; | 7 a 

And by the Equation propoled, — | 92” a 5... 9% RK 2 a — 38 W þ 

Therefore — — — — 36 . c:: d a 41 30 

Nn [4 Tot 20 ee: Ages 

bo R - 0 > PL "A £ y 

Again, If — — 22 

Again, m—_—— 3 | 

* ion may be reſolved into theleT; - „„ 

That Equation may : ina 5e of $$ Heb 


Proportionals,  ————— — 


— —— — 


Likewiſe this Equation | 4 
may be reſolved into this Analogy, —IDP-- - $5bÞ+: . +6 :: 4 a 


3 ee * 
And this Equation— 5 Fg 
may be converted into thefe Proportionals, 54d . bÞc :: b+c 4 
| . "TI | uh. | bbe & Sea: 
Allo, this Equation q yd x I 


may be reſolved into theſe Proportionals, 26d.b::bc.aa_ 
Or into theſe, — 364.6: . 44 


as 
— — _ 


—ů — — 


8 


But this Equation ——— —- — ＋ =a 
cannot be reſolved into Proportionals 1 It 5 
) , Nn 
Nor can this Equation . __ 2 "> NS | 
be converted into Proportionals, unleſs thus, g. VI Ted. :: Pod: 4 f 
— — | == — — — ͤ—ĩͤ 
CHAP. 


* 


* 


— — 


GiH A R. 14. Reſolution df Arirhmeticaſ Nett int, & 63 - 


CA xv. 


i eu 5 N ; 1 7 7 . 43 4, po 7 {1187s 0 7 799 . If An 4 3 SE 
Parious Arithmetical Queſtions Algebraically reſotved ; whereby moſt. 

of the "Rules hitherto delivered are exercis d, in the Invention and 

Reſolution of pure or "ſimple Equations. 


* 1 * 1 . Y, 
: > 4 + Pb 114 


1. Þ, Quations may be Augen into wo Kinds. Vi. 4 s 8 e dc 
II. A pure or ſimple Equation is of two Kinds, viz: Firſt, when the Quantity ſought 

is expreſſed by 2 ot: Root only, as a; as in this Equation,:6a=12: | Secondly, 
- when the Quantity ſought is expreſſed by à fimple Power only, as aa, ada, &c; as in 

this Equation, 3444 = 24; likewiſe in this, zaaa =2 2, and ſuch like. 

III. An adfected or compounded Equation is that; wherein there ate two or more 
different Degrees or Powers of the Quantity ſought, as in this Equation, 44 Ca 
= 27, where aa and à expreſs two different Degrees or Powers of the Quantity ſought, 
the one ſignifying a Square, and the other its Root or Side: alſo in this Equation, 
aaa + C4 — 2a = 28, there are three unlike Powers or Degrees of the Quantity 

ſought, to wit, aaa, aa, and a. n 902 eee 
IV. The Invention and Reſolution of pure or ſimple Equations is copiouſly illu- 

ſtrated by Arithmetical Queſtions in this Chapter, as alſo in the ſecond and third 
Books of my Algebraical Elements ; and the Reſolution of Adtected or Compound 
Equations in Numbers is handled in the 15, 16, and 17 Chapters of this Book, as 
alſo in the 10, and 11 Chapters of the ſecond Book. But how Algebraica) Opera- 
rical Problems, I-ſhall new im my fourth 


[ a4 wid 1.10 * 1 3 


- 


tions are applicable to the ſolving of Geomet 
Book of A/gebraical Elements. 1 DDC ne 
V. When an Arithmetical Queſtion is propoſed, the Number ſought muſt firſt of 
all be aſſumed or ſuppoſed to be known; and you may repreſent it by the Letter a, 
or any other Vowel: You may likewiſe repreſent che given Numbers by Conſonants, 
as, I, c, d, &c. Renates des Cartes puts for given Quantities the former Letters of the 
Alphabet, as a, 5, c, d, &c. but for Quantities ſought the latter Letters, z, y, x, &c. 
Then with the Letters repreſenting the Numbers given and ſought, an orderly proceſs 
muſt be made, by adding, ſubtracting, multiplying or dividing, &c. atcording to 
the Import of the Queſtion, until at length an Equation be ſound out between the 
Number ſought or ſome Power or Powers of it. and ſome Number or Nutnbers given: 
Laſtly, when the Equation ſo found out is a pure 6+ fimple Equation, the Number 
ſought may be diſcovered by ſome of the Reductions in the foregoing 12, and 13 
Chapters; but when the Equation is Adfected or Compounded, the Refolution there- 
of belongs either to the 75 Chapter of this firſt Book, or the 10, and 11 Chapters 
of the ſecond Book. BORAT PLE en cl: 712 T' Dol | 
VI. In the Reſolution of every Queſtion, I proceed from the Beginning te the End 
by ſteps numbred in the Margin, by t, 2, 3, 4, 5, Cc. And becauſe Numeral Algebra 
is more eaſie for Learners than the Literal, (though not ſo uſeful for the Reaſons be- 
fore given in Sec. 8. Chap. 1.) Lhave in many Queſtions expreſs'd the Operation be- 
longing to every ſtep in both Kinds of Algebra, that the one may explain the other: 
So in the ſecond ſtep of the Reſolution of the following firſt Queſtion, the leſſer Num- 
ber ſought is expreſs d by Numeral Algebra thus, 26—a but by Literal Algebra thus, 
3—4. Alſo, in the fourth ſtep, the Equation by numeral Algebra is 2a—26 = 8; 
but by literal Algebra it 1s 24 — =c. nne e 139: en c 012 * 
VII. When an Equation is found out in any of the following Queſtions, I rake it 
for granted that the Reader knows how to reduce it, if need be, according to the 
Rules in the foregoing 11, 12, and 13 Chapters, that I may avoid tedious repetiti- 
ons of what has been already explain d. Theſe Things being premifed, I proceed to 
the Queſtions themſelves. 1 r 


: | INI TG QUE S7. 
* ae © - 5 * * „ % - 
5 ' 


- 1 18 4 
: * 1 F „ 4 U 4 
W 4 4 : 
+ i - + * . >» w * G 8 9 
* -. 


* 
- 
5 
- 1 
ad [1 » 
* 2 


There are two Nani whoſe Sum is: 26, (or 6.) and their Difference, (t 
the gre 10 on e gets on the leller) is 8, (or 450 What ge) the Nanbers 


4b UT10.N:  Numeral,. 


W.\ Lireral. 
i. For the greater Number pu — 4 a 
2. Then ſubtracting that Number a 7 he POE IRE as ah 
given Sum, the emainder will be the 2% | ae 1 4 
Number, ro wit; n — 110 £5 f ö 1 110 $9717 þ F] 
3. And by ſubtracting theleſſer number from nt 100; | s 4d bclioroxs 21 
the greater, the Remainder will be — ther. 24 —26 e t 
Difference, to wit, —— M AA; of: 971 oirty 
4. Which Difference found out in n the laſt ſtep Untong 85 A nt. 11 
muſt be equal to the given Difference 8, 0 2 16 eee 474 
c,) whence this Equation ariſes | 


„ 


* 
1 


5. 5 22 Equation, alter it is duly re- 25 oy | Sei idee oo a7 

uced according to SefZ. 3. and 5: of Chap. hee 2- 4 r e 

12. the greater Number fought will be diſ- by 17 N 8 ere 

| covered, to wit. — — — — ll 1 0 

6. And conſequentiy from the fifth and ſecond, A0 1g I. 
ſteps the leſſer Number is alſo diſcovered, E 9. that is, 
0 wit, n ——— — . 06 . 


1 
1-1. 
e 307 


"7 
5 #7 $51 
#}: 


So the Numbers fought are found 17 and 9, whole Sum 4 26, 5a their Difſer- 
ence 1s 8, as was preſcribed. 

Moreover, If the two. laſt bees of the en Reichen be rd by Work, 
they will aver 23 this ' . 


* & nl 


THEOREM... Fas tu 


Half the Difference ig two Numbers added to half their Sum, vives the 
Number: But half the Difference of V. two Numbers ſubtracted from er 
Sum, leaves the leſſer Number. - us 
Therefore the Sum and Difference of any two Numbers being given ſyeral) v. "the: 
Numbers themſelves are alſo-given by the ſaid Theorem; but ir preſuppoſes that the 
Number given for the Difference muſt be Jeſs than the Number given for the Sum. 
Note here once for all, That the Numbers given in a Queſtion cannot always be 
choſen at Pleaſure, but ſometimes, they muſt be ſubject to one or more Determinati- 
ons, which for the moſt Part (though not always) are diſcoverable by the Theorem 
or Canons that reſults trom the Reſolution, But how. Limits or Determinations are 
diſcovered, Fſhall have Occaſion to ew * in my ſecond, e and ee 
Books of Alla Heu. 588170 | 


2 Bs ; 7, ＋ 85 5 * 


There are ewe Numbers whoſe Sum is 40, (or 10 and the greater Number has ſuch 
Proportion to the leſſer as 3 to 2, or, asrtos )- What are the Number??? 
1. For the greater Number ſought put —B 4 Te aun u 
2. Then to fi d che leſſer Number, ay by the 7 won! wht = wh 151 on 

"np 1 war O78 N as „ 

7 — 2 
5 „ 
4 
» 4: + 


3. Thete- 


— Refulaion — 3 BOOK IL 


1 


< 
o 

WT. 
>. * «is 


07 H, Du a4 which Proc faniple, Eaton 


3: Therefore the Sum of wer two Numbers 5a bes 
ſought is —— — . 53s / 4M „ 
4 ilch Sch found Suh e Rü- Aeg, e 2524 tuuft ow? 2 
muſt be equal to the given Sum 40, ( i el. FALL, S(13 218 1 
,) whence this Equation ariſes ———— 5 


* 
| — 
* w 4 
* 
bs X 
* 


710 a U mid 9759 . a 10 ˙¹ 
5. Which Equation; after due Reduction gc-: lied ae" ieee * 7 p 
. cording to Set. 2. and Ja © of Che) The 47 U e. 22 5 N B18) Th bh 71 
gives tile greater Number i eee dach 
6. And from 3 fifth, firſt, and ſecond "I, 16, or E Ani» moit wo tht .; 
| che leſſer Number is alſo diſcovered, to wi aun 19dinu A D 2 dN ; 


So the Numbers ſought are found 24a0d%16, which will ſrialhe the Conditions i in 
the Queſtion®}' tor their Sum is 40, and r has ſuch Proportiot to che leſs as 
3 to 2, as was preſcribed. al % por dh % Y it 
5 Moreover, If the two laſt ſteps of che literal Reſolution be * e N 
onals, cb to Sect, 3. 25 13. there will ariſe this 
94 = EI 20) 18 11151 

4 n 7 Fr E O REM wy 


—— 18 Sos upt 
As the Sum, of both the Terms whic expreſs the Reaſon (or Proportion) of gtwo 
Numbers, is to the Sum of the ſame two Numbers; ſo is the greater _ to = 
greater Number ; and fo is the leſſer Term-ro-the leſſer Numbet. 

Therefore the Sum of two Numbers being given, as alſo their Reaſon, — — | 
tion; the — alſo be given ſeverally by the laid. Theorem, N 


„ ng. 


There are two Numbers whoſe Difference is 8, (or d) v and the greater Number has 
ſuch ir to * leſſer as zo ahh 46 as7to x. CET what are the Os 2 | 


15 „ 3 Tint # « 1 3 ＋ 4 af Ji "1 0 


1. For the greater 1 put 


8 


Pa a” | 
2. Then to find the lefler Number 8 by we, the. 
5 1 Oi 7 7 
N | 5 22 0 | 
e 459m 0 
on if: n 14250 5 =p | 2 
. whence the leſſer Number i 1s ——— | | 
3. Therfore by ſubtracting the leſſer? Numb: | ES 
from the' greater, the emainder ſhall be . 
their Difference, to wit, ”p 
4. Which Difference muſt be equal tc to the may a 
difference 8 (or d,) hence thisEquation Sis © 17 1 9 d. 
5. Which Equation, after due Reduction, diſ- 3 8 
covers the greater Number ſought, to wit, * 1 a = 
6. And from the fifth, firſt, and ſecond ſteps the ee 14 
leſſer Number will be alſo made known, . 7 15 | BZ, —= 


So the Numbers ſou ught are found 24 and 16, which will ſol VO 
their Difference is 8, and they are in the Proportion of 3 to = = = — ww, * 
Moreover, It the two laſt ſteps of the literal Reſolution be converted into propor- | 
tionals (according to * 3. Chap. 13.) there will ariſe this 5 


THEOREM 


4 the Difference of the two Terms which ex 
preſs the Reaſon or P 
Numbers is to the Difference bt the ſame two Numbers, ſo is the Dr eters 
greater Number; and ſo is the lefler Term to the leſler 


Number. 
Therefore the Difterence and Reaſon of two Nombiers bam. 


Numbers — ſhall be alſo given 7 the faid Theorem. on 23 een, the 


Sum is 7, and the Differencꝶ of theic Squares is 21, (to wit, 25—4 ;) as was preſcrĩ 


» — 
8 
he 


_____ Reſoluidn of Arithmetical Queſtions. -+B GO K\ 1% 


bmet 5, 
N | "7 Conde tom ori 10 tus ach: Sofa 1 
Ms Bis 1 r 2: 88 
| There are two Numbers whoſe Sum js 24 (ot 6) and the Di their Square 
is 21, (or d ;) what are the Numbers ?' in Y i mus nr 17 0 cup 2d Ates 
e ing 001 4413 2307 naehe, {A 


1. For the greater Number ſought put g waht 
2. Than ſubrrating|che greater Number fg? 
the giyen Sum, the Remamder is the leſſet 2 _ 
Number, to wit. | TU On 


3. Therefore from the firſt ſtep the Square of © by 1170 n | 
the greater Number 18 — — n +, DJ) UI FI 5 

2U01 M511 thy 

4 ,aa—pha Þbb 13 


177710951 2 „ L 
wh ws , #3 as 103 8 
— 4 
2421 K Pg 


Sd moni baA .D 


4; Aud from the ſceond ſiep the Square o/ oo 
2: the leſſer Number is % 1491-49 


- . * * : 

5- Therefore the Difference of the Squares of DOC127] BW ZE eg? 2 

= YL * . . * . = 29 | * a 
- "be; woe Numbers fought mall be ln „ 4 aba 


6. Which Difference muſt be equal to =D . = : eee IX 's 
4 14a—49g = 21 
” 


6 | om Difference 21 (or d,) whence this 


— — 


uation ariſes 


9. Which Equation, afterdue& Neduction a-) J˖— 4 = 

coding to S. 3, and 5- of Chap. medic: 11) STS mad i O ei d#rcrr 
covers the greater Numbet ſought, to wit, F/ ⸗ͥ̃ nope 

9. And from the feventh and ſecond ſt eps. J th—& 
the lefſer Number will bo allo made known, oi 2dad {fact r TIES 1G 
ro wit, — — — —— * 


So che Numbers ſought are found 5, and2; which will ſolve the Queſtion ; for their 


' Moreover, If the two laſt ſteps of the literal Reſolution be expreſs d by Words, 
they will Eive this E »» ! 

| THEOREM © & C3054 T*.8 

If to the Square of the Sum of any to Numbers the Difference of their Squares 

be added, and the Sum of that Addition be divided by the double Sum of the two 

Numbers,. the Quotient will be the greater Number: Bur if from the Square of the 

Sum of rwo Numbers the Difference of their Squares he ſubtracted, and the inder 


be divided by the double Sum of the pwo Numbers, the Quotient will give the lefler 


Number. 8 Bea, PEI | 
Therefore the Sum of two Numbers being given, as alſo the Ditference of their 

Squares, the Numbers themſelves ſhall be given ſeverally; but ĩt preſuppoſes rhe Square 

of the given Sum to exceed the given Difference- 4s IE Ws 


* 


0 'S p * F * 13 
- 


, Ei. lam... is £4 . Aa; 


FR. QUEST. . 

There are two Numbers whoſe Difference is 3, (or e,) and the Diſſerente of their 
Squares is 21, (or d;) what are the Numbers? N 
1. For the leſſer Number ſought put———— * a - | 
2. To, which adding the given Difference 3, 8 


* * 


(or c,) the Sum will make the greater 
„533 ws PEN 4 
3. Ther quare of the greater number is aa LC a ca 
4. And the Square ot the lefler Numberr is — 7 t 2 ** 
5. Therefore the Diſſerenes of thoſe Squaes is 6a-9 | | 


6- Which Difference muſt be equal to the gi- | 
ven Difference of the Squares; whence > G6aÞ9 21 
cis Equation ariſes, to wit. ow 
7. Which Equation, after due Reduction (ac- 1 
cordipg to Sec. 3. and 5. of Chap. 12. a © | 


covers the lefſer Nuwber, to wit, 


8. And from the ſeventh and ſecond 0 1 
ons, the greater Number will be found — 90 
| 4 


þ £ gn — 
# * 


. . 7 
id YL - 5 
0 
* 
= 


| a | . ">, 2 n 9 7 N. 
98 " 4 - - « kN Ak . 1 
1 , ) W "TY , 5 
1 18 N * * P ; * 
« . . 4 o 


* 
418 
P 7 
p 4 
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| | — — ——— —— — 1 nn 
CG H A B. 1 4. | 2 which | produce {imple Equations, 
ET 4 & "83g | 


So the Numbers {ought are 5 and 2, which, will ſolve the Queſtion ; for their 
Difference is 3, and the Difference of their Squares is 21 ; as was preſcribed. 
Moreover, the two laſt iteps of the literal Reſolution afford this 
F THEOREM. 
If to the Difference of the Squares of any two Numbers the Square of their Diſfer- 
ence be added, and the Sum of that Addition be divided by the double of the Differ- 
ence of thoſe two Numbers, the Quotient will give the greater Number: But if 
from the Difference of the Squares of two Numbers the Square of their Difference be 
ſobtracted, and the Remainder be divided by the double of the Difference of thoſe two. 
Numbers, the Quotient ſhall be the leſſer Number. op | 
Therefore the Difference of any two Numbgrs being given, as alſo the Difference 
of their Squares, the Numbers themſelves ſhall alſo be given ſeverally by this Theorem; 


but ir preſuppoſes the given Difference of the Squares of the two Numbers to exceed 
the Square of the given Difference of the ſame two Numbers. | 


* 


* 


L "4 . 
at , 
1 1 | 
of F 
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A certain Perſon being asked what was the Age of every one of his four Sons, an- 
ſwered; the eldeſt was four Years (or ) elder than the ſecond, the ſecond was four 


Years elder than the third, the third was four Years elder than the fourth or youngeſt; 


and the double of the youngeſt Sons Age was equal to the Age of the eldeſt ; what 
was the Age of each Son? . 


— — go . Aw +4 4a 4 _ 


r. For the Ape of the eldeſt Son, put— 


— - 4 
2. Then from the Age of the eldeſt Son ſub-yz _ 
ttacting 4 (or & there will remain the ſe-G 4—4 & 2 
cond Sons Age, to wit, ——->—— _ 
3. Likewiſe from the ſecond Son's Age ſub- ) 
" grating. 4 (or 1) the Remainder wll-be@ a8, || | a—2b 


the third Fons Age, td wit, . 1 
4. Again, from the third Son's Age ſubtra-) n 
cting 4 (or b) there will remain the tourth or 7 „ 2 . bi. 4-38 
youngeſt Son's Age, to wit. | | 
5. But according to the Queſtion, the d 


3 
ouble 


of the Age in the fourth ſtep muſt be equal 3 
to the Age in the firſt ſtep, whence this E- 24 —244 | -24—6b= a 
quation will ariſe, — ms. e 

6. Which Equation duly reduced diſcdvers " 3 
the Age of the eldeſt Son, to wit. n e 


n 
* * 


Wherefore the Ages of the four Sons were 24, 20, 16, and 12; for the firſt exceeds 
the {econd by 4, which is alſo the Exceſs of the ſecond above the third, the third a- 
bove the fourth, and the double of the fourth is equal to the firſt, as was preſcribed 
in the Queſt ion. n 8. 6 

Moreover the laſt ſtep of the literal Reſolution ſhews, that if inſtead of 4, any o- 
other Number be given for age common Difference of the four Sons Ages, then ſix 
times that common Difference will give the eldeſt Son's Age, which ſhall be equal to 
the double of the Age of the youngeſt r | 


ö @ % * 4 z ” 2 " 1 . 1 * 1 
7 — 120 ” £ LE „ 
i A _ N 
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e 4 457 57 of « , by. 
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to Trade with ? 
A IT 1 4 


*. o 7 


2 
1 838 
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1. Fot the Number ot Pounds which 4 
Merchant began to trade with, put 
2. Then the double of that Number gives the, 
Number of Pounds he had at the end of his 24 24 
: firſt Voyage, to wit, —— — ——} "IEF? 
3. From which laſt Number ſubtrafting 1200 
(ot b,) the Remainder ſhews the Number of 
Pounds that remained to the Merchant at 
the end of his ſecond Voyage, to wit. 
4. Which remaining Number being doubled 
gives the Number of Pounds which the 44400 3 
Merchant had at the end ot his third Voy- 15 44—26 


1 


a = | A 


24— 1200 2a4—b 


age, to wit, — — — 
5. From which laſt number ſubtracting again 
1200 (or b) Pounds Toft by the fourth Voy- 
age, the Kemainder muſt be equal ro No- 
thing ; hence this Fquation | | 
6. Which Equation, atter due Reduction, gives a = goo a = 3b. 


44—3600= o 44a—3b=0 


Whence it is found that the Merchant began to trade with 900 Pounds; which 
Number will ſatisfie the Conditions in the Queſtion. — 
| Moreover the laſt ſtep of the literal Reſolution ſhews, that if inſtead of 1200 any 
other Number were given, the Merchants Stock at firſt would be three Quarters of 
that given Number. f | 520 J 


— 


—_—_— 


* 


8 | SID EDT. n 

A Gentleman hired a Servant for a Year, for 120 Shillings (or c,) together with 4 
Livery Cloak valued at a certain Number of Shillings : Bur when „ (ot 4) paits of 
the Year were expired, the Maſter falling at variance with his Servant puts him away 
and gives him the Cloak with 50 Shillings; (or F;) and ſo the Seryane reccived Full 
Satistaction for the Time of his Service. The Queſtion is, to find low many Shil- 


lings the Cloak was valued at? r 1 
f inen WAH. | NO! . 1 
I. For the Number of Shiflings which e | „een 
Cloak was valued at, put < DF: OG u, 
2. Then to find what part of the Value of the NASD) 7 of e 
Cloak was due to the Servant when +2 or e ee 
d) parts of the Year were expired, ſay by n „„ 
the Rule of Three, — . „ Te noiaup ˖ 
OF, oj FE 1 r 
C 3 LH, ; 
Fir: 2 Rare tht Yelfited Valk of the Value of ] 8 uy 207 . - * 2113 Mis! 
1 the Cloak is foind — ! ũ ⸗łPß d: 
12 3. Find likewiſe what part of the 120 r eb. de : et $47 5798 
. c) Shillings, was due to the Servant when) SG n my 203 Ot 
5 E > (or d |. parts of the Year were expired, | a 4 | 8 1234 THR: 90 ' 309510 v. 
16 e ee 2 d e 
. If 1 10% : 60 = CY AE Te "DII TON 
: y 'q Or, 17% C 3˙3 d - (cd * 71 FT 517 10 2 1 10 IC * 2 12 
1 : .- whence-the-part deſired is found——— )))! E 
hl Z 4. Now foraſmuch as the Cloak together with the 50 Shillings the Servant received, 
. 4 ought to be equal to the part of the Cloak, together with the part of the 1 20 Shil- 
1 / lings that wes due to him at the Time he left his Serwce ; thetefote from the Pre- 
4Þ miſes there afiſes' this Equarion «7.57 6 2 aid yd 4 %%% off 22 
on «ty bop © wy Ginas ' 2 a JET" 19514 
n | 
vital : 
. 


— 


+! 2 74 {EIT 79 80 INN At 10 405 f + of Noi ed 
2 5 = "90g wie cs Or, . a+ f=da+cd.: ij 111 0: 
| | ' 5. Which 


- — 
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I HAP. 1 4+ wich produce ſimple Equations. 


1 


5. Which Equation after Reduction according to Set. 2, 3, and 5 of Chap. 12. will 


give the defired Value of the Cloak, to wit, 
g = 49 7 . 


tion diſcovers this | 
ö CANON. 
Maltiply the Money which the Servant was to receive beſides the Cloak for a Lens 


Wages, by the Time he ſerved ; then divide the Difference between that Product and 
the Money he received when he left his Service by the Difference between 1 (or unity) 


and the ſame Time he ſerved ; ſo the Quotient gives the Value of the Cloak. - 
By which Cannon the Value of the Cloak will be found to be 48 , as above. 
eee | 
; * 48 + 50 =g8. 
72 Of 48, E 2 of 120 = 98. 


— 


"> 


= 5 Ee AR 

A certain Man finding divers poor Perſots at his Door, gave erety one of them 
Three Pence (or b,) and had Six Pence (ot c) left; but if he would have given them 
| Four Pence (or 7) a piece, he ſhould have wanted Two Pence (or g.) How many 


FT 4% CS OE off. + Bos ran 


"Ep Or, ba wE c = fa — . . ' NT => | 
3- Which Equation after de Reduction according Sect. 3 and 5, of Chap. 1 2. diſ- 
covers the Number of poor Perſons to be 8: vx. 


ode 


" # ; YN * 1 
ho :, N. * 
— Cc 4 — » { . #3 ) MN ITT 
— — — 4 f , 
* 
1 3 — R 7 " 
„K. — 6 — — ö 
'S 
oath. F .+> 1 = 4 ann A..ac. _ 
5 1 IIe a — bf _— —" ————_— „ — 
WM. . _s Y # L N 
. 1 4 4 F " 
: k W * — 
+. 4 fg, <4 1 — £4 114 #+ 1 1 1 1 
#34 $4 ! 1 4 21141 if E | 8 111 ; 
L U rs | * U 414 1 , . 
E: 4 , * * 1 
108 „„ * be) h 8 2 » 0. ! 
vw 1 © 4 Hh + E. hd . g LJ "Y " 


Os being adled what: a: Clock it was, anſwered, That the Tine then paſt from: 


Noon was equal to 43 (or, h) Parts of the Time remaining until Midnight: What 


was the preſent Hour? the Time between Noon and Midnight to be divid- 

ed into 12 (orc) equal Hours. 

1- For the Hour ſought after Noon put —< © a 7 

2 Whick-ſubtraced from 12 (or c) leaves” 0 Sold A bn | 2091100 

"the kite rematning uni, Midnight, to wit, F 27579 i TT 

3. Then (er 3 parts of the (aid mnt) en alla 6 311 
ing Time w1ll be — —@O—__ 1, + mJ 494 WW; a3 edit wff | 

4: Therefore from the firſt and third ſteps) 5 
(according co tire Queſtion) this Equation d 2 , Yi a K 4 
ariſes, t WII Dal . n — 70 off 03 $uibao: 

5. Which Equition aftet due Reduction ac- SUED EN 
cording tQ N 2, 3, and 5. of Chap. F. | 4, : 

n (0 


gives the Hour fought, ts wit, 9 ð Op bbs 
So the Time ſought was 533. Hours after Noon, ad edel the remaining 
Time until Midnight was =; Hours, whereof 43 is equal to the ſaid 53; as was 
preſcribed in the Queſtion. 
QUESY 


7 


— — 


I al Fo | v 183 5 | "gs 
. Whence it is evident that the Cloak was valued at 48 Shillings; and the laſt Equa- 


— 7 — — a 


> © 
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_OUEST, 11. | 
A General of an Army having ſet his Soldiers in a Square Battel, there happened 
to be 500 (ar þ) Soldiers to ſpare ; but to increaſe the Square ſo as that its fide might 
conſiſt of 1 (or c) Soldier more than the Side of the former Square, there would be 


29 (or d) Soldiers wanting- The Queſtion is, to find how many Soldiers the Gene- 
ral had in his Army. | | 


I. For the Number of Soldiers that made the 2 | To 5 


_ fide ofthe firſt Square, put a a 

2. Then that {ide multiplied by it ſelf gives | 
the Number of Soldiers in the firſt Square aa | aa 
Bartel, to wit, ! — 

3. Therefore the Number of Soldiers in the | | 
whole Army was e ee aa C5 o aa L 


4. Tnen to the end the ſide of another Square + 

may exceed the {ide of the former by 0 4 4-1 
(or c,) let it be | | | 

5. Which latter fide multiplied by it vr 0 


— ——— — 


anÞ2a+ I aa+2caÞ&cc 


ives the Number of Soldiers in che latter 
quare Battel, to wit 


. 


6. But the Number of Soldiers in the laſt ſtep exceeded the Number of Soldiers in the 


in the laſt ſtep, the Remainder muſt be equal to the Number in the third ſtep 

hence this Equation ariſes, to wit, oth ame et 
Ma " bond gt bs ante > —29 = aa+500, | 
Ot, aa Caca Ec d = aa+b 5 | 
7. Which Equation after due Reduction (according to Sect. 3 and 5, of Chap. 12.) 
makes known. the Side of the firſt 1 vix. . x 

| - | h 0 2 | 
a=264 a © IX" ab. 4-64 > 

$ Laſtly, If the Side or Number found out in the laſt ſtep be multiplied by it ſelf, and 

the Product be increaſed with 300 (or i there will come forth the Number of Sol- 


diers that were in the Generals Army, to wit, 
\ 5 bb 1-2b4 d 1 7 g 
70196 = * Acc 2 24. 
Wyhence it is manifeſt thar the General had 7d 196 Soldiers in his Army: Alſo, the 
ſide of the firſt Square Battel conſiſted of 254 Soldiers; and the ſide of the latter 265; 
this multiplied by it ſelf produces 50225, which exceeds the ſaid 70196 by 29: More- 
over, the ſaid 7819s exceeds the __ of 264 by 500 as the Queſtion requires. 
24744 rdgiabitM Coy 2omgrtt: 4091 0.20330 2d KG. 91 £95 7 
8 N 281 igll * 4 Nee 4 MALL bn 4 en 8 a — 1 hs 
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Two Perſons, A and B, diſcourſe of theit Money in this manner, viz. A ſaith, if 
B would give him à Crown (ot c,) then A ſhould have as many Crowns as B had left; 
but B ſaith, it A would give him a Crown, then B ſhould have twice as many:Crowns 


as A had left. How many Crowns had each Perſon 3 


- 
- ® & 4 
* . 


— * 


Faden BIS 1 2 f | 

. * ; — 7 

1. For the. Number of Crowns which A bad, put ((n ! ͤwCE 
2. Then, according to the Queſtion, if that Number be increaſed with?) ? 
1 Crown (or c,) the Sum will be the Number of Crowns chat re- 4 


mained to B after he had giyen 1 Crown to 4, to wit, 
3. And, conſequently, by adding 1 Crown (or c) to the ſaid Number 


| 
S 


FOE 
4 
* 


2 
» . | WI - ' 267 
of Crowns that remained to B atter he had given 1 Crown to 4, the ( 


Sum will be the number of Crowns which E had at firſt, to wir, 


j 3.4 * 1 
—_ „ 
71 i4 r x * \ . 9 4 3 „ 7 
: - p 7 
4 14 af 4 "_ ® — = * ww ww 


1 * 3 
;* 
" 
5 0 
? WP 
2c 
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FA 


* 
1 | 
U 
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FO _ ” | * | | 


© Generals Army by 29 (or d;) therefore fubtracting 29 (or d) from the Number 


WAS 


d H AP. =” .. 7rodme fi Inple e — „ 1 ; 
4 Aegis; according to the Jueſtion, if 1 Crown (or c) bet added Cen 


"Y the ſaid a+: in the laft ſtep, and ſubttacted from à in the 


* firſt ſtep, the Sum muſt be equal to che double of the Remain- 
det; hence this Equation =—— -— ALES. . 9%) 
5. Which Equation, Tier due Reduction, — the Number | 
ef Crowns that 4 had at firſt, to wik———————\ - 
6. And from the fifth and third eps, the Number of rote which 
3 had at firſt will alſo be made known, to wit, . 2c =7 | 
So it gien oor 4 Bad, 5: Crowns, and B 7 Convent, as will be evident by 
55 ba . + £13 10 Ter I IN 43 110 ; 
; #4. 54 1897 9 The Proof: / E38F | 13 137 mom 
2 * LA 1 Sp i=6 Wim 1770511 14 


. 1 7 + —— * 
T | : * 
yr | — . 1 
9 * 0 nga 
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oO U EST. : 3. 
A Vintner having two ſorts of French Wines, to wit, one ſort worth 10d. (or 5 the 
Quart, and the other 64 (orc) per Quart, would have a mixed Quantity of both ſorts 


to conſiſt of 100 Quarts (or m) that might be worth 7d. (or f) per Quart. The Queſti- 
on is, to find what Quantity of each ſott of Wine muſt be taken to make that mixrure ? 


For the Number ot Ii oa 40 - 54.0 


taken of the better ſort of Wine ro make 
the mitire, put — | 
2. Which Number ſubtraged from 100 (or n) ; | ” 
leaves the Number of Quarts of the worſer oo wn . 
{ort of Wine in the mixture, ro wit, 3 302 . 
3. Then find the Worth of the better ſoxe o * 


L 31460 a + * 


Wine in the mixture at ted. (or b ) per 
3 ſay "IF Rute of Three, 
FL : 


a 6 0s 

Or, 2-5: 2 
So the Quantity of the better * 85 Wine 

in the mixture is found worth — 

4. Find likewiſe the Worth of the 9 fort 5 ; 


ba 


of Wine in the mixture at 6d. (or c) per 
Quart, and lay, 

If r. 6 :: 1960—a. ( 690—6a, 600-64 | cm ca 
Or, 1. c:: — 2 . (in — ca. Fo 
SO tis Quantity of the worſer ſoft oy 

91 in the 1 1 found wars — 
Therefore the Sum of the values of both the Fan 
g Quantities mentioned in the two laſt ſteps oF 4a +600 | baÞan—ca 
6+ Which Sum muſt be equal to th: Prodag made by the Multiplication of 100 
(or m) the Total mixed Quantity, by 7 (or y) the pteſctibed Mean Price; hence 


this Equation ariſes, to wit, 


— 


44 +600 = = 700, 
Or, —>——bat+ am—ca= jm- 
7. Which Equation, after due Reduction, diſcovers the Value of a, to wit, the Num- 
ber of Quarts that muſt be taken of the better ſought of Wine to make the e. 


oit.-- 


\ * — em 
r 
8. And from che ſeventh and ſecond ſteps the Number of Quarts that ought to be taken v 
of the worſer ſort of Wine to make the mixture will alſo be made known, iz. 8 
bm — fm 5 
| N * 
9. ING the two laſt ſteps it is evident, That 25 Quarts of the better ſort of Wine, and 
75 Darn of the woe ſorr, muſt be taken to make the preſcribed mixture; for rhoſe * 
Quantities " 


— = — 1 * 


„„ — * 1 — "WW 0 „% „% % 


2 ee rhe Queſtions.  K:0.0KinL 
e mantities a1 at their teſpectiye Prices, wipe Fark in whole, aafo52ce, 
e 


is alſo the juſt Worth of 1994 aria 7 Pon rer How _ 
Moreover, Ib che ter asse of} e two laſt As 18 ti als, 
(according to Se 3.Chap. I 1302 and be exprels 1 ac 95795 15 W, this following 
2  4odawt 2dr T Ho N E M o0b 1 , MY ig / .7 


As tht Dilerenct between the given Prices of two ſorts'f Winks $tother Things 
whereof 2 mixture &'delifes;"is to the total Quantity required to be ip tlie nixtute 
So is the Exceſs 5 twhich fome mean Price preſeribed for the total Quantity mised 
exceeas the leſſer Of the tWO given Prices; to tothe Quaneity to be taken of the better 
ſort of Wine: And ſo is the Exceſs of the greater of the two given 17 above the 
mean Price, to the Quantity that is to be taken of the worſer ſort of 

This Theorem contains the ſubſtanee of the Rule of r in Vulgar 
Arithmetic- But how Queſtions of this Nature, when three or more Things are to 
be mixed, may be ſolved. more generally than by that Rule, I ſhall. hereafter ſhew in 
Chap. 13. of my ſecond Book of SON Elements. 
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4 Ciſtern/in a certain Condit is ſupplied with Water by two e of ſuch Capa-, 
cities, that by both their Cocks 4 and B ſet open at once the Ciſtern will be filled in 
12 (or 69 Hours; but by the Cock A alone in 20 (or e) Hours: The Queſt ian ĩq/ 
to find in what Time the Ciſtern will be filled by the Cook ae d 2 'v 19452 


C 1094 D 1 31 


x. Suppoſe the Time ſought to be — mog bf a nu ld 


2. Then find what part of the Ciſtern will be TIT A 201 eaves! 
filled by the Cock B alone in 12 (orb) | 1 21 or! it n 10 130! 
Hours, and ſay by the Rule of Three, oO! d 4.2 10 17:99 wir any wt .: 

12 AK 2 10 bo ads e I 
1 „ 4 561 Þ qo bes 35h 

K 9 | San? 4 b » « 1 j 
r A. 5 F. I av 
whence the ſaid part is found Foe e 
EFind likewiſe what part of the Ciſtern will 4 e 
be fille d by the A alone in 12 (or 97 * re 
Hours, and ſay, 3 1a . 

int 2 ( * N 
5 7 * a | | | 5 2 * * 
923 OC, 


Or, if c 8 b p a 
whence the ſaid part is found ——— p Sn <5 Noe 


4. Bur thoſe parts found out in the ſecond and, 12 $419 v2 ee 
third ſteps muſt be equal to the adele 7 r 21. 

tern, to wit, 1 ; hence this Equation ariſes, my : 

5. Which Equation, after due Reduction ac- R 5 64 
cording to Sec. 2, 3, and 5. of Chap. 13. 5 PE 
diſcovers the Value of a, to wir, the time 2839 "cb 
fought; vix. 


Whence it appears, that by the Cock B ſer open alone the Ciſtern 8 be filled 
in 30 Hours: And if the laſt Equarion of the literal Reſolution be reſolved into Pro- 
portionals according to Sci. 3. Chap, 13. there will ariſe this following 


CANON. " 


As the ifferenice of the two Numbers or Spaces of Time given in the Queſtion is 
to either of them, lo is the other to the Time ſought, viz, 
: As 5 ( 19—IiE3-.-. 35-.1j. 40 73 


* 


1 bas 01 Opa e. 6 „ e e or 


. F , 
= GS 4 3 443-5; 1427 : 1911 1 
* 27 p . 4 
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iq 
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The may be made by ſolving this Queſtion, viz. 

= Eibe will be filled with Water by a Cock A in 20 Hours, and by another 
Cock B in 30 Hours; in what Time will the Ciſtern be filled by both Cocks ſet open 

at once? Anſu. 12 Hours, - 11 f 
Firſt find what part or parts of the Ciſtern will be filled by each Cock in one and 
the ſame time; then it ſhall be, As the Sum of thoſe Parts is to that common time, ſo 
is the whole Ciſtern (to wit, 1,) to the time whereia the whole Ciſtern will be filled 

ſet open at once; viz, 1 5 
„ 8 © 
1: 


irſt, 2 4 2 x; IS © ( . Ciſtern. 
12 2 a add 1 Ciſtern. 
| Z Y Sum, 13 Ciſt. 
So it is found that 1} Ciſtern will be filled in 2s Hours by both Cocks A and B ſet 
open at once; then lay again by the Rule of Three, 
cit. | 


ho- Cift 

| /// YO Oe” 
If the Operation of this latter Queſtion be formed Algebraically by Letters, it will 
afford this Fi ue 


CANON. 


As the Sum of the two given numbers expreſſing ſpaces of time in the 1atter Que- 
ſion, is to either of them; So is the other to the time ſought. 


QUEST. 15. 

A Shepherd in the time of War driving a Flock of Sheep, fell into the hands of three 
Companies of plundering Soldiers, who compell'd him to deliver the half of his flock 
with half a Sheep over and above to the firſt Company; alſo half of his remaining flock 
with half a Sheep to the ſecond Company; likewiſe the half of the reſt of the flock . 
with half a Sheep to the third Company: All which Diviſions the Shepherd exactly 
perform d without killing a Sheep, and then there remained only 20 (or b) Sheep for 
himſelf The queſtion is, to find how many Sheep the Shepherd had in his Flock at firſt? 


1. Let the Numher of Sheep which the Shepherd had in his l 
at firſt be repreſented by — — mmm 15 
2. Then the half of that Number is , to which adding 2, that 
is, half a Sheep) the Sum will be the Number of Sheep lee © 24 E 
red to the firſt Company of Soldiers, to wit, ——— - 
3- And dy ſubtracting the ſaid a - from a, the Remainder will 


| 
be the Number of Sheep that were left to the Shepherd after he © yf 
had ſatisfied the firſt Company of Soldiers, to wit, — th 


4+ Then the half of that remaining Flock is 42—4, to which 5 


ding 2, (that is, 4 Sheep, ) the Sum will be the Number of Shee 


delivered to the ſecond LOmpany of Soldiers, to wit. 2 11 
5. Which Ze + + being ſubtracted from + a — { in the thing ſtep, 

the Remainder will be the Number of Sheep that were left to the 21:2 
Shepherd after he had ſatisfied the ſecond Company of Soldiers, * 

ro it. —— — —— 8 SI 2 


% 


6. Then the half of the remaining Flock in the laſt ſtep is ,a—}, 


7 
to which adding :, (to wit, + Sheep) the Sum will be the N en- 44 4 
ber ot Sheep delivered to the third Company, to wit, 


7. Which fa 7 being ſubtracted from {a : in the fifth 15 


the Remainder will be the Number of Sheep that were left to the 
Shepherd after he had ſatisſied all the three Companies, to wit, 
8. But the Remainder in the laſt ſtep mult be equal to 20 (or h) the . 212 
. 77 oo" in 17 I # hence this Equation — — CTY 0" 
ch Equation, after due Reduction, diſcovers the Number 
g ſought, to wit, —.— b 8 ee wy 


— —— — — —— 


So it appears that the Shepherd had 7. Sheep in his Flock at firſt IP 


th. 


o _ «9% 1 op — LY „ 1 » „„ — — _ 4.4.4 q „„ . Fu _— 


74 


e mene lions. * 8 GOK T 


— £3 ere 
* — * 4 * - 


* 


W The Proof * | —_ 
1. The bälf of 16 7 is $: 12 to which adding, ; the Sum i is $4, Shay wa the. N Num- 
Fer 5f Sheep delirered to the firſt e of Soldiers ; and then there xemained 53 
| 8 to the Shepherd. 


ain, the half of 83 is 41+, which 15 ck with 2 makes 42 th umber of 
Sheep red to the ſecond Company ; 3 and then there Remalied + 8 the 
epher | | 

3. Laſtly, the half of 41 is 200, which increaſed with ; makes 21, 2 was 15 
Number ot Sheep delivered to the third ompany 3 and lo there remained 20 Sheep 
to the Shephetd, 'as the Queſtion declares. 

Moreover, the Equation in the laſt ſtep of the Reſolution ſhews, That if any whole 
Number iuſtead of 20 be preſcribed in the Queſtion, that Number multiplied by 8, 
and the Product increaſed with 7 will give a Number capable of the like, Diviviſion 
25 187 that anſwered the Queſtion : So If there had been but one Sheep left for th 
Shepherd, then his Flock at firſt was 15 Sheep 3 if 2 had been left, his Fic at firſt 
was 23 ; if 3 Sheep had been left, then he had 31 when he firſt met with the Soldi- 
I; and by a continual Addition of 8, all the odd Numbers capable; of that Diviſion 

the Queſtion requires may be orderly found' out- But to have Nothing left after ſuch, 
- Diviſion is made, the Number firſt to be divided is 7. 

It is alſo Evident, that by continuing the dotution an odd Number may be found 
our, that ſhall be capable of being divided RANG to the import of eee as 
many times as ſhall be deſired. | 


a —_— 130 * 10 4 . p of S & 


* 2 — — * 
_- — — 


Sow — —ͤ— 


2E 16. 


Two Merchants 4 and B; were C o- partners in Traffc: 25 The Sum of hes Stocks 
was 300 V. (or b;)/ the Stock of 4 continued in Company 9 (or c) Months, and rhe. 


Stock of B 11 (or d) Months; they gained a certain Sum of Money which 77 divi- 


ded equally. The Queſtion is, to find what * Merchants Stock was at firſt? 


[, For the Stock of A when he entred Partner p 
ip. put _ — — a * 

2. Then — that ſtock from the Joy nt- | ; 
Mock zoo. (or I) the Remainder wil) be the > 300—a ba? 1 
Stock of B, to wit, — wed Ig 

3. The firſt Stock multiplied by the Time, It; dent 3.2: er 
continued in Company produces —— FFF { odiÞ. «US bl 

4. And the other Stock mulriplied by its T IS | 330-114 n n 


1 


produces 
5. Nov foraſmuch as the Merchants divided the Gain equally, therefore the products 
in the third and fourth ſteps muſt be equal one to another, (according to the Na- 
ture * the Rule of Fellowſhip with Time Hence this Equation: ares | ; 

1 „ e | {3822 

Or, — ca = 5 da n. its 0 
6. Which . after due Reduction according to Seti. 3. and 5, of Chap. 12. 
will diſcover the Stock yhich A put in, Vit. if | Feen | 

wa ab 
a="165"= or - 

7-And from the 6 and. 2 ſteps the ſtock which B pur in | will alſo benen known, to wit, 


ch 
ee 0 e e 
So it is found chat the ſtock of 4 was 1651. and that of B, 13 5. For 165x9= 


135X1I1. 
Moreover, If the latter parts of the two Equations! in the ſi th and "IE? ſteps be 


reſolyed iato 2 according to Seti. 3. Chap. 13. there will ariſe this 


CANON eee 'S. 
As the Sum of both Spaces ot Time given in the Queſtion, i is to the given u Sum of 
the two particular ſtocks ſought ; ſo is the greater time ro the particular ſtock belonging 


to the leſſer Time: and ſo is the leſſer time to the Rock belonging to the greater Time. 
12 85 a 


— | . " — 1 — 


CHAP. 14. wpßich produce ſimple Equations. 


QUEST. 15. 


A certain Man being asked how many Years old he was, anſwered. If . 
of the Number of Years he had lived, were multiplied ag, 29 2 
Number, the Product will give his Age. What was his Age? 


1. For the Number of Years ſought pu. 5 4 
2. Then according to the Queſtion, multiplying E | 
25 by za (or baby ca) the Product will be} J. $404 + b daa 
3. Which Product muſt be equal to the number GS Fi 
of Years ſought, viz. ————— — 34 —=a4 bcaa = a 
4. Then by reducing that Equation according 51 
to Sec. 4 and 5, of Chap. 12+ the Number C 2 WF 0K 
of Years ſought will be diſcovered, viz — = SS | — be 


Whence it is manifeſt that the Reſpondent was 32 Years of Age; tor if 13, that 
is, 3 Of 32, be multiplied by 20, that is, £ of 32; the Product will be 32, to wit, 
the Number of Years ſought. It is alſo evident by the laſt Equation in the literal Re- 

ſolution, that if 1 (to wit Unity) be divided by the Produd᷑ made by the Multiplication 
of the two Numbers given in the Queſtion, the Quotient will be the Number ſought. 


att th. ” 


* RI ail... MxM th 5 Aa tn th. th 


- QUEST. as. 5 
There are two Numbers, the greater of which has ſuch Proporti | t | th 

3 to 2, (orasrtos;) and the Sum of the ſaid Nana e Nein gs ihe 
Sum of their Squares, as 1 to 13, (or as b to c.) What are the Numbers? 

1. For the greater Number ſought put 


2. Then (according to Ouelt. 2. in Fecx. 4. | | 4 
Chap. 10.) the Sum of the two Numbers Ja | L 6a 
will be found - — — — 7. 3 4 

3. And (according to Ques?. 5. in the ſaid) | 
Seft. 4. Chap. 10.) the Sum of the Squares & 2368 | — 
of the two Numbers {ought will be 19 4 „ 


4. Again, by the help of the latter Proportion? 
given in the Queſtion, and of the Sum found 
in the ſecond ſtep, ſearch out the Sum of the 
Squares of che two Numbers ſought ; Viz. 


- fay by the Rule ot Three, 


* 
* * 
— — 


If 3 13 1 8 F (<= Y 5 4 era Tc 8 
N 3 3 3 * \ 3 br p 
: cr eta | | 
Qr, if 5 208 1x 12 abe = oe on | I 
whence the Sum of the faid Squares is found.” :4 | 


5. But the Sum of the Squares found giit in the third Rep muſt be equal to the Sum 


in the fourth; hence this Equation, v:z. 


ala —— — LZzan 65a 
Or. > Of 114 ESA 4 — a Þ-cia | 
, wr E 
' "pac, "up 


(:3 20) 27 2 LEN in rr... 
6. Which Equation, after due Reduction, will diſcover the gester el . 
bers ſought, wiz- K cover the greater of the two Num- 
* Whence by th Ri f h ON 3 yy TWEITT * 129 100: 20 8 
: „dy The help ot the Brit Proportion given i ASS - 2 
ber ſought will alſo be made known, viz. given in the Queſtion, the leſſer Num- 
| burn 

| K 2 _ 


= 
= 
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So the Numbers lought are 15 and 10; for they are in the given Reaſon of 3 ta 2 ; 

wn Sum 2 5 5 to 325 7 * of their Squares, as 1 to 13; as was preſcribed. f 
orcover, the Letters in the latter parts of the two laſt Equations gi 

find out the N umbers required. Nas R 


— 


N 


5 QUEST. 19: 


There are two Numbers, the greater of which has ſach Proportion to the lefler, as 
3 to 2, (orasrtos;) and the Sum of the ſaid Numbers has ſuch Proportion to the 
Product of their Multiplication, as 1 to 6, (or as h toc.) What are the Numbers > 


1. For the greater Number ſought, put a | 75 ; 
2. Then (according to Queſt. 2. in Se. 4. 
Chap. 10.) the Sum of the two Num + — 24 Mes, 
bers 1 be — — ä 3 1 
3. And (by Queſt. 4. in Sect. 4. Chap. 10.) 
the Product of their Multiplication is f We. — 
4. Again, by the help of the latter Proportion! 3 3 
given in the Queſtion, and of the Sum 
found in the ſecond ſtep, ſearch out the Pro- J. 
duct of the Mul tiplication of the two Num- * 
bers ſought ; viz. ſay by the Rule of Three, 8 1 — 1 
7 2 "mM T Ui br 
„ f ‚ Ws + 
Bo $5253 aac 
- Or, if Saanen: .. 2 | | | 
8 1 r | | 
whence the Product is found] og | ; | 108 
5, But the Products found out in the two laſt ſteps muſt be equal to one to another 
hence this Equation, viz. ko 579705 
: — * 
Au: FI" 
Or _ $ag _ ra Tea 
= ad ” 


8 g F 1% lt | © ogy 

6. Which Equation, after due Reduction, diſcovers the greater of the two Numbers 

ſought, viz. e ke | lf as role; lg 
e 

Wh by the help of the firſt P . ** 8 

7. Whence, by the help of the firſt Proportion given in the Queſtion, the leſſ- 2 

ber ſought will alſo be made known, 5 c | * ; 2 18 
3 | | C ci co ln 4 1 ; 4 


tn = — 


a=15= 


| Rey hs. bo 
So the Numbers ſought are found 15 and xo ; but that they will ſolve the Queſtion' 
the Proof will make manifeſt: For the greater is to the leſſer as 3 to 33 and their Sum 
25 is to 150, the Froduct of their Multiplication, as 1 to 6; as was preſcribed. * 
Moreover, the twolaſt Equations give'a Canon to find out the Number ſought. 
rern anne a3 63.2 


j 
224 


. 


QUES Te 20 
There ate two Numbers, the greater of which has ſuch Proportion to the leſſer as 
2 to 1 (or as v to 5,) and the Sum of the Squates ot the ſaid Numbers is 125 (or b;) 


What are the Number 5 #4 D 197 ; 

1. For the greater Number ſought put a 2 

2. (Then according to Queſt. 1. in Sef. 1 a 5a 

Chap, io.) the leſſer Number will be found F E | ar 

3+ Therefore the Sum of their Squares ſhall be 1 l GRE 
MW. 4 15 


82 | * 4. Which 


TY © A 
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n 1 3 


4. Which Sum muſt be equal to 125 (or % fas F 
the giren Sum of the Squares ; hence ting | E 125 44 1 n 
Equation, — 

5. Which Equation, after due Reduction, ac- _—_— 
cording to SefF. 2, 5 and 7, of Chap. 12) a= 0 a= "4 — 
will diſcover the greater number ſought, viʒ r+s 

6. But it a had been put for the leſſer Number, = 5 | E 
it would by the like proceſs have been found | = = = 


From the two laſt ſteps the Numbers fought are found 10 and 5, which will ſolve 
the Queſtion ; For the greater is to the lefler as 2 to 1, and the Sum of their Squares 
is 125 as was preſcribed. _ | | | | 

Moreover, to find out the Numbers ſought, the two laſt Reps of the literal Reſo- 
lution give this | ; 

| CANON. 


Multiply ſeverally the Squares of the Terms of the given Reaſon; by che given Sum 
of the Squares of the Number ſought ; then divide the Products ſeverally by the Sum 


of the Squares of the ſaid Terms ; laitly, extract the Square Root out of each Quo- 
tient, ſo ſhall the ſe Square Roots be the Numbers ſought. . 


* . 2 he — _—_—. A. 
— 8 — — tw 
1 


2 U E S T. 21. 


There are two Numbers, the greater of which has ſuch Proportion to the leſſer as 
2to 1, (or as r to s;) and the Difference of the Squares is 75, (ord:) What are 
the Numbers? > 21 1 2 FFF 


1. For the greater Number ſought put "EGS, 


EL | a 
2. Then (according to Queſt. 1. in Sect. 4. 7 | 55H | 44 
Chap. 10) the leſſer Number will be J. TY 7 , 
3. Therefore the Difference of their Squares is | boy 4 SE 
4. Which Diference muſt be equal to the given 1 5 
difference 75 (or di) hence chisEquation,viz. N. \ <4; 01.49 1 
5. Which Equation, after due Reduction, 2 (enter med; 
diſcovers the greater Number, viz.—— ? 21 4 r 
6. But if a had been put for the leſſer Number 2 dz d babibib Sui abs » 
it would have been found by the like — 1 nns 3 | 12 B. Der) : 


So the Numbers fought are 10 and 5, which will ſolve the Queſti 

is to the leſſer as 2 to 1, and the Difference of thei 
Moreover, to find out the» Numbers ſought, 

lu: ion give this 04 L. of | 
; 3.22 C A NM J . 


23 " * —— — 


ueſtion: For the greater 
r Squares is 75 ; as vas preſcribed. 
the two laſt ſteps of the literal Reſo - 


[4 . 
» — 4% I 


"=— v''T 7. 1K 7 | = EY 1 hea k 4 
Multiply ſeverally the Squares of the Terms of the given Reaſon by the given 
LET 1 _ 5 5 — yo Laer on N cyerglly.by He Difference of the 
uares of the ſaid Terms; laſtly extract the Square Root of each Quotient, ſo ſhall 

theſe Square Roots be the Numbers ſought. oo RUS agg N 


** 


* ſl £4 + *, 1 : 
PE - — ere 0 — 3 8 A 
” , * 4 ” #4 1 1 f 4.4.44 * ” 
— 4 81 — — . g b een er 


a — 
* 


? — 4 ? * 11 Sa. 
| 0 2 U E S __ 42. Ft a iS 6/4 eee . 
243), ; Ef {1 if 9 1 192 #4 #4 4 . ' 1 u 8 * er 8 2 5 * 
the Sum of whoſe Squares is 125 (or ) and the Difle 


— 


* 


: ae: ouln) er 
There are two Numbers 


rence of their Squares is 75 (or d ;) what ate the Numbers? "ol 
2. Then its Square will be — 24 aa 

3 Which ſubtracted from 125 (orb) the gi- 5 

»veil Sag“ flop ie e cee oed ui d lbs 

* Im, leaves the Square of the leſſer C zz - ũ ¹’:ĩ ga 

2 Number, to wit, mn re bi $0 OILY Su 30 4900 + 163 li ; Bf 


4. And 


4 
* 


- 


4 4s. 1 


5 1 ” —_ — ů—A—— 


— 
- 
- 2 


— 4 | 


4 Reſolution of Arithmetical Queſtions, | ; 


4. And from the ſecond and third Steps by 
ſubtracting the leſſer Square from ef 24a—125 2aa—b 
greater, their Difference is —— | 
5. Which Difference muſt be equal to the 
given Difference 75 (or d,) whence this 0 244—125 275 244 —- d 
quation ariſes, — — n 
6. From which Equation after due Reduction 


according to Seck. 3, 5, and 7. of Chap. 12. OK 3 
the greater Number ſought will be mad ia ar — 
known, viz. 1 | 

7. But if a had been put for the leſſer Num- 8 
ber ſought, it would by tlie like proceſs =5 =y —— 


have been found 

So the Numbers ſought are found 16 and 5, which will ſolve the Queſtion ; for the 
Sum of their Squares is x 25, and the difference of their Squares is 75, as was preſcribed. 

Moreover, to find out the Numbers ſought, the two laſt ſteps of the literal Reſo- 


lution gives this 
CANON. 


The Square Root of half the Sum of the given Sum and Difference of the Squares 
of the two Numbers ſought, is equal to the greater Number, and the Square Root of 
halt che Difference of the ſaid given Sum and Difference gives the lefler Number, 


QUEST. 33. 


There are two Numbers, the Sum of whoſe Squares is 240 (or 63) and the Figs 
duct made by the Multiplication of the two Numbers is equal to + (orc) Parts of the 
Square of the greater Number, what ate the Numbers? | . 


* 


1. For the greater 1 — ra R 0 
2. Then its Square 1s — — — b aa Ay 
44 Eur 
3. And? (or c) parts of that Square is 2 | 7 caa 
4. Therefore alſo according to the condition e 
in the Queſtion) the Product of the Multi- — 464 
plication of the two numbers fought, ſnall f Ana 500. 
7. Which Product divided by the greater . 6 200 EE. | 
ber @ will give the leſſer Number, to wit, 4 I bee ca 
6. Therefore from the laſt Rep the Square 'y ö * 
of the leſſer Number is ——— f | 
7. And by adding together the Squares in the — 
ſecond and ſixth ſteps, their Sum will be ccaa fa 
8. Which Sum muſt be equal to the gĩven Sum x 85a | 5 
340 (or b,).whence this Equation ariſes | K 14 340 | e 24 
9. From which Equation, Alter ir is ay * N oy : 
+ duced according to S. 2, 5, and 7. of TEN <iF. | 
| Chap. 12. the greater Number fought will C IP =_ N | 
be made known, viz, ——— pp : 273 | | (11 
170, And from the ninth” and fifth ſteps the?” 3 "IF" 2 
leſſer Number will alſo be diſcovered ——{__ _. | cc T1 


So the two Numbers ſought: are found 14 and 12, which will ſolve the Queſtion ; 
for the Sum of their Squares 196 and 144 is 340; alfo r4 multiplied by 12 makes. 
168, which is equal to? of the greater Square 196, LE ELOVE $2: 

ESSE - 
A Merchant bought a certain Number of Yards of Linnen Cloath at 12 pence (or 40 
per Yard ; and if the Number of Pence paid for all the Cloth be multiplied by the gumber 

| | . , | £ ol 


— 


—B — 


4 — — — ä _— ä 
p F * 
— » 4 — 
4 x 


-% „„ 


— 


ä — —— —— „„ cx „„ _— . . H / oe ov fats 8 — 1» —— 
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CHAP. 14. which produce funple Equations. 7 9 
— — — — — EIN I % | * — 


A. 
0 CTY 
37 . © 4 


of Yards bought, the Product will be 30000, (or . The Queſtion is, 83 the 
Number of Yards bought. 0 Oh OY Wo | 
1. For the Number of Yards bought put 


— F 


h N | „%%% Le 
2. Then the Number ot Pence paid for the??? ek ad ai: 
'c hole Cloth will be- r e e e r 2 21; e 
3 Which Number multiplied by a (the Num- Th 
ber of Yards bought, produces on | Za 
4. Which Product mult, according to the Que- „ 8 
ſtion, be equal to 30000 (or c ;) therefore & Rade baa = c 
5. From which Equation, after due Reduction, — 
the Number of Yards ſought will be a. a= 50 4 — 7 
vered, viz. —— — O 


So ir is found that the Merchant bought 50 Yards of Cloth, which at 129. per 
Yard makes 6004: this 600 multiplied by 55 (the Number of Yards boughr,) produ- 
ces 30000 ; as was preſcribed in the Queſtion. ebm n 


* + Fi * un * py 8 . : a * F ; - . 4 : * - ” * 
"i — I 4 225 — — w_l £% . 3 1 hl. Tad — LEASE 1 -_ 7 - . 7 = 2 
. . - p 1 
- * 0 * ©. * " , - as " k . x 1 8 FY * 7 + 
: 2 if E Hike: es 2: | 
* * ; 
: 6 47 — PAY - | U . a). / 25 . LA ff | 
: l : o . 5 
ft — # % * % - 189 - : K * 4 5 


Two Merchants, A and B, were Co. partners in Traffic ;” 4 brought in a certain 
Number of Pounds, which continued in- Company 4 {or e) Months,* B brought in 
100 (or þ) Pounds, which continued in Company ſuch a Time, that if it be multipli- 
ed by the Stock of A it makes 50 (or 4). At the End of their Partnerſhip they had 
gained 60 Pounds, whereof 4 had 40 (or r) Pounds for his ſhate, and B the reſt, to 
wit, 20 (or 7) Pounds. What was the Stock which Put in at firſt, and how many 
Months did the Stock of B continue in Company? I: 


1. For the Stock 4 put ————— 5 g ous 3 
2. Then multiplying that ſtock by the time it | | 

continued in Company, to wit, by 4 (or c.) e 442 | 02 

it makes — — —-—0 1 f ON 
3- Then divide 50 (or d) the Product given in +] K 30th Þ.r 


Quotient will give the time that the ſtock 


the Queſtion, by a the (ſtock ot A,) and the/ | 50 | 
A 1g THR : 
ol B continued in Company, to wit, | RHO! 2¹ 


4. The ſtock of B, to wit, tool. (or b) multi? J EUs big 
CC 382 od 
plied by its time — (or ) prodates.a ; a 


9 * # *®% n_ „* 
, * 
apt : | 


5. Then according to the Nature of the Rule of Fellowſhip with Time, this Ana- 
logy will ariſe, viz. As the Product made by the mutual Multiplication of the 
Stock and Time of A, is the Product of the Stock and Time of B; ſo is to the Gain 


of A to the Gain of B. viz. 


As, 44 — . 40 20, 


qa . 
, „ 4 ” * 6 Sos 9 . . 8 
„ 13 © *® o N F ” . 4 4 * m * _ 1 : o * > 5 F 
, 4 , „„ of k £4 a3 F wat * 54 0 A „ # A . 1 444 * f 
= — 1 o 1 LY 4 
* } , " — LEE 4-0 8 Td * — 7 p 
Sf 4 0 781 92 Or ca 1 53 „ 16 ts wa : 
x + 5 T & i, t — , » "+8 L . 2 Yr * * 2 
Þ | J 1 LE ES . * . Fs, 4 74 4 7 


7 2. An i930 3 2 3 1200 4 a 7 * _ 
6. Which Analogy (according to Self. 1. Chap, 13 


1. C. may be converted into this Equation 
: | 200600 A eh ” 
vix. „„ = DIR 
T >! 00 h; > K | 8 
rb | My 1 
Or; — tea eee COD ud 


* (+52 nee od 1151 e e eee 
7. From which Equation, (after dve Reduction according to Se. 2, 5, and 7. of 
Chap. 12.) of the Stock of A will be diſcovered, viz. A u © 


„ eee ben ads erer 
N. 3 


1 
Ws; owes Yes - + 0 


- 
4 * —_ 
— ———___— 


LI Reſolution of of Arithmetical Queſtions. BOOK I. 
J. And from the ſeventh and third ſteps, the Time that the Stock of B c« continued in in 
Company will allo be made known, viz. 
| 50 sc d. 
50 SIE 7 oY 


9. So it is fant that the Stock which put in at firſt was 5ol. and the Time during 
which the o__ of B continued in Company was one Month; as will appcar by 


The Proof- 
50 * 4 = 200 
100 x 1 100 


: * ˖ f n x 200 * 40 > 
SJ 1 : 
Then if * 30 . . 


— 


mn... 


"OUEST. 26. | — 

Certain Noble-men made a Prozreſs for their Pleaſure ; _ Noble Man carried 

along with him the ſame Sum of Pounds ; the Number of the Noble-men was equal to 

the Number of Servants which attended upon each Noble-man ; the Number of Pounds 

that each Noble-man had was the double of the Number of all their Servants ; and the 

ho of all their Mony was 3456 Pounds: the Queſtion is, to find out the Number of 
Noble-men ; alſo, how many Pounds and Seryants eh Noble-man had ? 


4 For the Number of Noble men put ——- mae 
Then (according to the Queſtion) fn nan number of 5, Servants char 
” upon each Noble-man was alſo — —— -—— 
3. Therefore the Number of all the Servants was — 4 


4. Which laſt Number doubled gives the Number of Pounds _ | 
each Nobleman had, to wit, ———- 248 


5. And it the ſaid Number of Pdunds be multiplied Aby the number? | 
of Nobleman, it produces the Sum of all cheir Money, to wit, I 304 
6. Which Sum muſt be equal to the given Sum 3456, th 24 = 2456- 
7 Therefore by taking the half of that Equation, there ariſes——— aaa= = 1728. 
8. Laſtly, by extra&ing the Cubic Root of each Part of the laſt X 
Equation, the Nu — of Noblemen is diſcovered, to wit, * 12 


So it is found that there were 12 3 ; alſo "wy one of them had 22 oo 
vants and 288 Pounds, as will appear by | 


3 The Pad. 

12 X 12 = 144 
144 Xx 2 = 288 
288 * 12 = 5436. 


. - Q=P * . * «> 
—_—_J.__ 


2E. an. 


A ae bought as many Pounds of pepper "FD one Crown as was half the 
Number of Crowns he laid = 9 f 1 bo Pepper * * for evry 25lb 
Pepper as many Crowns as he paid for all the Pepper; and in ncluſion 
15 Cs, The Queſtion i is, to Fnd d how many Crowns he laid our: 0 hag 


. For the Number of Crowns which the Merchant laid out, let 1 


8 be put— e NN —̃ (Y—wu— * > 
2- Then the Number of Pounds of Fore which be A —5 a 

one Crown Was — —— —3 . 
3: Whence the whole quantity of Pepper bought will be bnd, 4 
3 om £ tz @ LL ary 2 


: 1 | 4 Then 


; 
/ 


Quantity of Pepper ſold; ſaying by the Rule of Three, 
If "35s. . '&. :: — (= 


"y A 5 Aa i rin Oh 
hence the Naraber of Crowns for which all the pepper was ſold * uke 


1 1s found TN IT —— — — 


11111 1 * 38703 © CT SITING 30 / 
5. Which Number of Crowns found out in the laſt ſtep, muſt be Ds 


equal to 20 the Number of Ctovns given in the Queſtion ; hence 


this Equation, — — I — © 
6. From which Equation, after it is reduced according to Sect. 2 "hls 
and , of Cb. there: will comę forth the firſt Coſt of the 4 10 


Fepper, to u.. — — 


Sd che Number of Crowns which the Merchant laid out was 10, as will appear by 
the Proof; for firſt, the halt of 10, to wit, 5, will be the Number of Pounds of Pep- 
per which he bqught for 1. Crown; then ſay, g... 
rn 50 Pounds of Pepper bought, 
If 25 ! 10 :: 50 .' 20 | Crowns received for Pepper ſold. 


— —_—— _ — — = 


© U E § 7. 28. 


There are two Numbers, the greater of which has ſuch Proportion. to the leſſer as 
3 to 2, (or as to y) and the Sum of the Cubes of the two Numbers is 4375, (or 
b ; what are the Numbers? 5 


— —_—u 


— 


r. For the greater Number pu. —? 2 | 
2. Then (according to. Quef. 1. in Sect. 4. of 224 be 
Chap. 10.) the leſſer Number will be found n . 

3. Therefore from the firſt ſtep, the Cube of 7 1 
the greater Number is : aaa 

4. And from the ſecond ſtep the Cube of — Th aaa | S55aar 
leſſer Number is 1 85 27 | Iu 

5. Therefore from the third and fourth ſteps, y- 35ana S51ana 

the Sum of the Cubes of both Numbers is 7 r ONES + aaa 


6. Which Sum mult be equal to the given Sum 4375, (or 5j whence this Equation 
ariſes, viz. | | „ 
8 35a aas 
| 27 pes: Or, 3 "aaa = >c 
7+ From which Equation, after due Reduction, (according to Seti. 2, 5 and 7, of 
Chap- 12.) the greater Number ſought will be made known, viz. 


E I RRG rrrb 
— a IC v(3) 555þ+rrr 
8. And from the ſeventh and ſecond ſteps, the leſſer Number will alſo be diſcovered, 
| | | 555b | 
to wit, | 19-=v(3) -T— 


- re g rrr 
So the Numbers ſought are found 15 and 10, which will ſolve the Queſtion; for 


they are in the given Reaſon of 3 to 2; and the Sum of the Cubes of the {aid 1 5 and 
10, to wit, of 3375 and 1000 makes 4375; as was preſcribed. | 


Moreover, to find the Numbers ſought, the latter parts of the Equations in the ſe- 
| venth and eighth ſteps give this We * * ec 


CANON. 


| Multiply ſeverally the Cubes of the Terms of the given Reaſon (or Proportion) by 

the given Sum of the Cubes of the Numbers ſought; divide the Products ſeverally by 

the Sum of the Cubes of the ſaid Terms; laſtly, extract the Cubic Root of each of 
the Quotients, ſo theſe Roots ſhall be the Numbers ſought, ffs. 1: | 


L ; GH A P. 


—— — — -W — 
by * 1 


Ra —— 


gy —— —— ͤ— 
— 


SST. 
— == 


1 
. - — 


— _ 


— — 

- Z * — - 

— — — 
a - — — — — 

— 5 2 
4 : * 8 

» 

— — * — 
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Refolutibm of Quadlrätfr Equations. BOOK I. 
— 2 2 — ——— 

6 ng Tod wo) rie dcs ad 0 Im Wo bon nad. 


3 * 4 : 4 4 1 5 4 " a Y ” | - \ , 3 pu 4 | 9 | ; | | 

. "ang { 1 p | XV. Det iq % Wan 
N - -. 2 p 

TDi : : K : | . 


- 


* 
. < » 


concerning the/ Refelution- of 1 ſuch adfected or compounded 'Fquations 

wherein there are two different” Powers” of the Quantity fought, Aud 

thoſe »Powers ſuch; that the hither of them is a Square whoſe Side 

or Square Root is the. lower Pau er. 
4 2 „ . | 


E\ 


1 » 


I. E Equations treated of in this Chapter fall under three Heads or Forms here- 

| under ſpecified, which 1 ſhall-firſt explain, and then ſhew how they may be 
Arithmetically reſolved: » 5 hl 09 rr 
| — Enguations of tbe firi# Form. —_ 9. 


202270 


3 aaaa + 8a = 48 bf | | aaaa daa = 7 
r 1 2 837 i =), 


ananaa + 4444 — gaaa 
— — ̃ — a 
Equations of the ſecoud Form. 
s 9 Q = 
aa —- 104 24 | a — da = |. 
ae ee 27 || eee 4 = d 
. e eite — mane = 
aaaaaa — 2a 4 - - M0 ox Ci: - 
| Equations of the third Form. 
10a — aa * 5 24 1 Y x obs A. c aa Vn 
aa — aaa = 4 | raa — aaa = $ 
gaaa — aaaaaa = 8 daaa — ada = t 


* * 1 Wen 5 1 


II. Every Equation which falls under any of the ſaid three Forms, conſiſts of three 
diſtin Terms or Members, whereof two are unknown, and the third is known * 


the two unknown Terms, one is a Squate, (by which in this place I mean a Square 


Number) which is talled the higheſt Term in the Equation; and the other unknown 
Term is the Product made by the Multiplication ofthe Square Rout of the ſaid Square 
Numbet by ſome known Number, which Product is called the middle Term; and the 
third ot loweſt Term is a Number purely known : So in this Equation aa C6 = 55, 
the higheſt Term is aa, which may repreſent an unknown Square Number whoſe Roor 
is a; the middle Term is 6a, which is the Product of the Multiplication gf the ſaid 
unknown Root à by the known Number 6. ; and the loweſt Term (or known part of 
the ſaid Equation) is the Number 55, which for Diſtinction ſake is uſually called the 
abſolute Number given. | 8 
The like may be obſerved in this Equation aa Tca r b where we may ſuppoſe ; and 
c to repreſent two known Numbets, and a ſome Number unknown; then the higheſt 
Term is the Square aa; the middle Term is ca, to wit, the Product made by the 
Multiplication of a the Root of the ſaid Square aa by the known Number c; and the 
loweſt Term of the ſaid Equation is the known abſolute Number 5. 
Again, in this Equation 5aa—aaaa=4, the higheſt Term is theSquare Number aaaa; 
the middle Term is 5aa, to wit, the Product made by the Multiplication of aa the 
Square Root of the ſaid Square Number aaaa into the known Number 5; and the 
loweſt Term is the abſolute Number 4. * 00) nan! 
III. In every Equation which falls under any of the three before- mentioned Forms, 
there are two different Powers or Degrees of the Number ſought, and thoſe ſuch, that the 
Index or Exponent of the higher Power is the double of the Index of the lower: As in this 


Equation a CG 55, the Index or Number of Dimenſions in aa is 2, which is the 


double of 1 the Index of 2 (in the middle Term 6a:) ſo alſo in this Equation 5aa— 

aaa = 4, the Index of the higheſt Term aaaa is 4, which is the double of 2 the Index 
of aa in the middle Term, Likewiſe in this Equation aaaaaa + 4aaa = 837, the 
Index of the higheſt Term aaaaau * which is the double of 3 the Index of aaa in 
ne 

. | 72 
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the middle Term. Bur in tis Equation aaa +6a=39 the Index of the higheſt Term 
aua ie not the double of the Index of à in the middle Term, (for the Index of the 
former is 3, and of the latter 1 ;)} and therefore the Equation laſt propoſed cannot be 
ranked under any of the three Forms aforeſaid, and conſequently it is not relolvable 
by the ollowis Rules of this Chapter, but belongs to the 10 and 11 Chapters of my 
cond Book. | 
_— Known Numbers which are drawn into, or multiplied by ſome Degree or 


Power of the Number ſought are by Vieta and others called Cocflicients, viz. Fellow- 


factors, ot Copartners.in Multiplication with unknown Powers So in this Equation 
aa% 6a= 55 the Number 6 is called the Co- efficient, to wit, the Fellow multiplier- 
with the unknown Number à to make the Product 64. Likewiſe in this Equation 
a ca = b, we may ſuppoſe the Letters 6 and c to repreſent known Numbers, and the 
Letter a ſome unknown Number whoſe Co-efficient is c. ” 
Bur ſometimes the Co- efficient will happen to be expreſs d by many Letters, as in this 
5ca 15 ee 


ET OS 
Equation as + — (or , a) = "ee > where a only is ſuppoſed to be unknown, 


and the known Number 7 is the Co efficient, which ligniſies but one Number, to 


wit, the Quotient that ariſes, when the Product of the Number s multiplied by the 
Number c is divided by the Number v, viz. if 2; c=4; and r= 1, then 


1 i 8 2 
ot $ is che Co- efficient, and conſequently —a is the ſame with $a. 
| 2 zr +85 ara La ar 

4 (or —aa = 


Likewiſe in this Equation the Cor efficient is 
. "which is to be eſteemed but as one Number ; to wit, the Quotient that ariſes 


by dividing the Sum of 27 and g by s ; fo chat if we ſuppoſe r = 3 and 5s = 2, then the 
Equation laſt propeſed may be expreſs d thus, 4a—aa = z. " 
Note. When no known Number appears to be drawn into the middle Term of the 
Equation, then 1 (or Unity ] muſt in that Cafe be always taken for the Co- efficient; 
ſo in this Equation aa+a = zo, the middle Term & implies 1a, to wit, the Product 
of a multiplied by. 1, aud therefore x is the Co efficient. N 290047 $7115 35v 
Note alſo. When the higheſt unknown Power or Degree is multiplied by any Num- 
ber greater than. 1, then eycry Term or Member of the Equation muſt be divided by 
that Number, to the End the ſaid higheſt, unknown Power may be clear'd from any 
Co-efficient unleſs it be 1; as before has been ſhewn in Se. 5. Chap. 12. 
Theſe Things being premiſed by way of Explication, I proceed to the Reſolution 
of Equations, which fall under any of the three Forms before ſpecified, . 


V. The Arithmetical Reſolution of Equazioks which. fall ander the fir f of the TIER 
Pos before ſpecified im SeQ. I. of this Chapter. * 5 


1. What is the Number repreſented by ain this Equarion ? . 
2. Which Equation, if e be aſſumed to ſigaiſie 6, and 1 55 of 2 5 
may be expreſs d thus, Go oat >. 310 > | aa ca 8 v 


| CI : % N 
wy © y 7 10 2 —_— #4 - t : a « 4 * 1 F 
. | \ RESOLUTIO 

ee TOS. WHY 24 e 


* Ty . F 
TELL 28 2 


— 


3: To reſolve the ſaid Equation imports: the ſame Thing as to ſolve this Queſtion, 
viz., There is an unknown Number (repreſented by a) which is ſuch, that if to its 
Square you add the Product made by the Multiplication of that unknown Number 

rug, ) the Sum will be 55, (or l;) what ig that unknown Number 'a # 
A. 5 ; found out thus, deep i (s d f bus . 03 

4. Let the Square of half the Co- eſſicient 6 (ar c,) be added to each part of the E- 
quation propoſed, to the end its firſt part may he made a compleat Square, (ac- 

cordang to Sc. 4% Chap. 9.) hence chis Equation srig s. 


| & Ae. | | | 
aaÞ6aÞg S 64, 0e ca HAC = acc. 


I .y I 2 


5. Then 


* 


84 1 
25 5. Then by ng the he Gate R Root of each part of the laſt e cee 
ro Seti. 4 and 5, of Chap. 8. ) this Equation ariſes ; „ 
4a ＋ 3 2 8. 1 n L n 
- SUS a + 1c = $i: | 


6. Wherefore by tranſpoſit tion ( or equal ſubtraction ) of 3, ot f c, che Number a. 
ſought will be made 1 Viz, 7 
a=; = v4" — 4 


I ſay the Number a fought! is 5, which will ſolve the Queſtion propoſed, a5 will | 


YA.” The Proof. 
1 ——— —. 5 
Then conſequently aa = 25, 
And— — — — — 6a 30; 
Therefore — —aaÞ+6a = 55. 


Which was the Equation propoſed. 
Note. Every Equation which falls under this firſt Form may be adi by ei- 
ther of two Roots, vhereof one is affirmative or greater than Nothing, and the other 
Negative or leſs than Nothing. As in the Equation propoſed, to wit, aa CA 55; 
foraſmuch as according to the Rules of Algebraical Multiplication, — multiplied by 
— produces , and fo in this Senſe the Square Root of 64 may be —8 as well as + 
$; therefore the Square Root of the Equation ag :+ 6a + 9 = 64 in the fourth ſep. 
may be this, to wit, — 4a ＋ 3 - 8. 
Whence, by tranſpoſition of of + z, a Negative Root 
or Value of a is diſcovered, to wit, — _ 
I ay the Root a in the Equation aa + 6a = 55 may be expounded by — r. (be- 
ſides 2 5,) as will be manifeſt by 


— = — 11. 


1 The Proof. VEE 
OD — a= — IL 
ap gg 2 Here the Rules of | 14 — in A1. 
N 1 — 8 2 = + 50 gebraical Multiplication and Ad- 


— — — if 
3 
— 
2 8 13 


Thereſore, as before, aa EG = + 5 | dition are to be reſpected. 
Negative Roots are oftentimes of good 7/4 to fiad out Affirmative ö as here= 
* will appear in Chap. Lt, of the ſecond Book. | 


* 


"ouvesrT. 
1. What is the Number naked by a in this 1 — 1 . 
2. Which Equation, if 4 be put for 8, 8, and r 48, — my uf. 


expreſs 4 — mn mt 
RESOLUTION. bh, 28 0 


3. To reſolve the aid Equation imports the lame thing as to ſolve this Queſtion, 
viz. There is an unknown Number repreſented by a. which is ſuch, that if to its 
Biquadrate or ſquared Square you add the Product made by the Multiplication of 

the Square, or. that unknown Number @ by 8, (or 4 the Sum will be 48, (or FY 
what is the unknown Number a? Auſw. 2. ſound out in the lame ect OA 
in Oueſt. 1. viz. — A RR Wt . 

4. Let the Square of half the Co-flicient 8 (or d) be added to each part of che E- 
quation propoſed, to the end its tormer part may be made a r, ++ I 
according to han 4 Chap. 9: Jeeps vr Equation et! * 5101 a 

- 16 — 64, OA 21 124 
| Or, a das Ladd ff dt. + 
4 Then by extracting the Square Root of each part of the laſt Equation Grone 
1 detd. 8 55 of Cp: 8.) this Equation ariſes, Ns 11 39: ? eb. 
-_ ) 9 aa +, 428 8, | 1 184: 2 9% 1 
Or, aa = 7 F OF „ 42 foi 2 
6 Whence bs . Subtraftios or Tranſpoſition ot 4 "IO there will acite--- 


- 
—_—_ 


— — 


— —— 
* * 1 
- 
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4 


4 


. »„— „ 


C H A Ro 15. ; Ne ſolution of Quadratic Equations. _ 85 


7. Therefore by extracting the Square Root of each part of the 1ſt Equation the 
"* Number 4 ſ6pght, will be made known, viz 


22 = Fit ba 
I ſay che Number a ſought is 2, which will ſolve the Queſtion propoſed, as will 
appear by 


— 


= The Proof. 5 
If — — - — — — q = 2, 
Then 8 aa = 4, 
And — a - 1, . | 
1 Alſo . —— a6 = 33, 1 | l 
Therefore aaaa ＋ 844 = 48. | ; 1 
Which was the Equation werfe to be reſolved. | 
| 2 U E 5 7. 3. | 
1. What is the Number reprelented by a in 32 E. 
this Equation ? : | aaaaa Aa = 837. 
2. Which Equation if 85 be put for 4 and 5 i 
for 837, may be expreſs d thas = ; 24 —— 5. 1 
| RESOLUTION. | 


3: To reſolve the ſaid Equation imports the ſame thing as to ſolve thisQueſtion, Viz, 
There is an unknown, Number repreſented by a, which is ſuch, that it to its cubed 
Cube or fixth Power, you add the Product abs b the Multiplication of the Cube 
of that unknown Number by*4 (or g) the Sura wilÞbe 837, what is that unknown 
Number a? Anuſw. 3- found out in the ſame manner as before, wiz... _ 

4 By adding the Square of half the Co-cfficicar 4 * O to each kart of the e 
— chis Equation ariſes; n 

= adde Lade . . — 841. 21 MOT ate 25 
Or, acaagabgaaa+ + og = 5 F 82 
F. And by extracting the TIE Root of — part of the aſt {quien o this _ j 
[ 2, as 2.= 29. 


mug ' _ 1 


* 
915 


2 


r 


. — — 
* 


5 3 = 
_—_ Y oY + "4, 
— w* - — 


: aaa 3 8 = Ws it ns — 1 
6, Wbener by tranſpolition of 2 9 10 this Equation ariſes 5 ur” Pos 
(CY EGS 2 — ———— . 


Or, aaa = 28 — 2. 


7. Therefore by excriting the Cubic Root ot teach f kane 
ber a * Will be made nown, viz. — 0 the a 5 edu 


* 323 „e <1 HEE 24 ' 
| x fought: is 3, which ei fore the Sete propeled, as will 


. 4A 120 N 14 . 
is 4 11 Js £> \v £5 The 5 1 2142 22714 12817 3-21 71 258580 
7 res 3» 

Then W OED — 4 27. 

td And - aaa . 99993 | 23 20 1 
*ic9 — TRA AR — ack ets, 2 7 SP 02753 
* a ) ay + = 
Whiefr was —— 5168604 to be reſstreöd. el i e 


VI. From the Reſolution of the three laſt Queſtions the ſollewins Canon is dedu- 


ced for reſolving of all Equations which fall under the firſt of three 
Nadel in af 1 of fie e 15 5 oO Forms before 


. 4 


16 101 n 54 Þ G45 "T1 . 11 „ 
N mu 27) 4 2 
1 ANON. 


_ — Sad 20 * bing). 2 4 
Add the Square of et th& Co-efi . hich. $ n e, I 7 
the Square of the hele Co- Fickent, th te gen 10 is Hig "2 Ne Sure 1 


a Exxact the Square Root of that "Ang 


Front 


—_ ——_ * 1 * * * 
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- From'the ſaid Square Root ſubtract half the Co-efficient, and reſerve the Remainder. 
Laſtly, when the unknown Number which is multiplied'by, the Co-efficient in the 
middle Term of the Equation is expreſs ꝗ by a ſingle Letter only, as a, then the Re- 


mainder before reſerved is the Number iopght ; ; but if the ſaid unknown Number in the 
q 


middle Term be a Square, as aa, then the Square Root of the Remainder reſerved is 
the Number ſought ; if a Cube, as aaa, then the Cubic Root of the ſaid Remaindet 
ſhall be the Number ſought ; if any higher Power, then the Root for the kind muſt be 
cxtraacd our of the ſaid Remainder, which Roor ſhall be the Namber ſought. 


An Example of the Canon. 
1. Let the preceding Queſt. be here re-) 3 5 
peated, viz. What is the Was repre- —— 65 


ſented by a in this Equation ?— 
2. Or, what is the Value of a in this Equation, 
RESOLUTION. 


3. To the given abſolute Number ——— 33 b. 
4. Add the Square of half the Co- efficient — ner $f 2d 8 
to wit, the Square of 3, which i is A = < 
. The Sum is —— 64 Fic. 
3 The Square Root of that Sam i is — $8 | Vi+Hic 
7. From that Square Root {ubtraG half 41 | 44 | 
Co-efficient 6, to wit, — e 
8. TheRemaſader is the Number a ſought,ro wit, 05 4 Vito te . : 
- Whenice i it is manifelt that the Anſwer is the ſame as was before 80 to 2 r. 
1 | A ſrcond Example f the Caron. 
1. * the revevding Our 2. be here re · oF 
peated, viz: What is Nymber repre- _— — aaa 75 = 48 


ſented by a in this Equation ? —— 4 
2. Or what is the Value = in this Equation;— — . l = =f 


| | aue 2 240 
3. E AE given 8 Maker 


4. Add the Square of half. the Co · efficient 8, ol 7 
to wit, the Square of 4, which ia 4 . it 1932 Id n » 
5. The Sum 1s ———- — Gage: f + Jad. 
6. The Square Root of that Sum i is mn 8 of; F746 I n 
. —— | * 41 5 
the Co- efficient 8, to wit. — . 2. 5 1 194 


8. The Remainder is the Value ol. an, 10; vin 0 4 4 FT 7. — 44 
H. Laffly, e Square Rogt of the ſaid Ree 4 21 5 e 7'Y 


mainder gives the Number a, — 
Whence it is evident that the Anſwer is che {ame as was before found to Queſt 2. 


2 A third end the Cid.” 


EE "EET. 


red 3; a in this B55 he dh 2 — 3 
2. Or what is the Value of a in this 122 Hh ee. = jb. 


ob 2: non O Hwolldt ads ** 27% Hoi: Go My not iN 


3. To the abſolute Nuntbet- 337 on: 1 cs 3 | 01 099 

4. Add trheSquare of half e —— * <p" aut os: , nt Hailo 

5. The Sum is — 5 wa 1 + + . 

6. The 7 Root whereof i 18 OY * a 15 ; 165 1 
From tha h 2 /the 4:102-59 fur Hed T Abe on. b | 

7 ö gs hat 8 2 em e ur ne 918Upe 22 


1112-2801 To 200 $181h2 $17 3584 The 
11 1 — e 


CHAP. 15. _ Reſolition-of Quadratic Equations. 


8/-The Reminder is the Value of aun to wit, 7 f rf 
Therefore the Cubic Root of that Remain I 
. der ſhall be the Number à ſought, N | v3 7 U 24 
Whereby it is mne that the Aplyrer 1s the ſame as was before found to r 53. 


©, Example 4. 
2 2 * — a= = (or 35%), what i LED gu 
Anſw., — 4 =v:b+,—:= 55%, Oc. 


For the Co- efficient drawn i into the middle Term a being 1, its half is *, the $ nate 
whereof is 3, which added to the abſolute Number 35 maken 35 whoſe Square Root 
17 from which ſabtra&ing , (or +5) to wit, half the Co- efficient 1, the Re- 
mainder 5. 2, Ce. is the Number a fought, which here happens to be irrational, 
that is, inexpreſſible by ay true Number, but by continuing the extraction of the ſaid 
Square Root of the EY 35 4, you may approach W near the exact Number . 


3:7) ;O SOT 
* 111 8 b 7 
N | 


re Example 5 

1 dd I- 5 44 what is a2 

MK; : 472 — a Ne £2 == 44, 
The Learner muſt remember to reduce a Fraction to its "leaſt Terms, before he 
goes about to extract any Root out of it. 


Example 6. © 
AY * 
. . 
If —— rr CS — 25 
8 dt Lo #6. = 06 
* . 
And i. — aa ERA e; 
bene” 17 arr 
| What is — i ; 
' . ic 
— ——— — 4 — — 3c — 12. 
| N= ee de Example 7 
II ——azaaÞ"3aa 1465, what is 2 =? 
Anſu. —ö— — — a —— 3 


VII. The Arithmetical Reſolation of PTR which fall under the ſecond of the 
three Forms ere expreſſed in Sect. 1. of this Chapter. 


LQLUES . zn 
1. What is the Number repreſented by @ in 1 
this Equation? 44-108 = 24. 
2. Which Equation adams; b to to repreſent Selig 
es and & to figni 24, may be-expreſs'd 522 | a- = þ:: 
thus, —— £44 
| RESOLUTION. 


3. Let the 8 of half the Co- efficient 10 (or b) be added to each part of the Equa- 
tion propoſed, to the end its firſt part may be made a compleat Square, (according 
to Sect. 4. Chap. 9.) whence this Equation ariſes ; 

aa—1oaÞ25 = 49, 
Or, aa—ba EA = E 21 Tm 

4. Then by extracting the Square Root of each part of the laſt Ane (according 
to Sect. 4 and 5, of Chap. 8.) this Equation ariſes ; 

4 = 7 
Or, 4418 2 | 
5. . Wherefore by equal Addition of 5, or 26, the number a ſought will be 3 known, 
vix. 42 2 122 I 4-0: -- . 

6. But foraſmuch as the Square Root of aa—10a+25 in the third ſtep may be.5=—4 

as well as a—s, (for either of thoſe Roots being — by it ſelf will produce 

the 


— IE CINE 1 — — 


— —— 
* 


* Reſolution of Quadratic Equations, BOOK þ 


the ſame Square aa—10a-25,) therefore let 5a be ſer (inſtead of 4 . in the 
fourth ſtep ; whence this Equation ariſes, viz. . | Ne > oh 
{+ YE, r 
Ee ee N 
7. Therefore by tranſpoſition, another Value of a atiſes, to wit, 
a = — 2 Ns: | 
Which latter Value of a is leſs than Nothing, and ſuch it will always be, as may 
eaſily be proved from the laſt Equation. For k+46b is maniteſtly greater than 3 66, 
and conſequently the Square Root of the former will be greatet than the Square Root 
of the latter, viz V :k1-186: is greater than 36, therefore 4$—y:k+466:. (that is a) 
will be leſs than Nothing, for if a greater Quantity be ſubtra&ed from a leſs, the Re- 
mainder will be a negative Quantity, that is leſs than Nothing, as before has been 
ſhewn in Algebraical Subtrafion. From the Premiſes it is evident that the Equation 
propounded, to wit, aa—104=24 (and likewiſe every Equation, which falls under the 
ſecond Form of Equations before mentioned) is explicable by two Roots, whereof one 
is real or affirmative, whoſe Value is before expreſs'd in the fifth ſtep; and the o- 
ther negative or leſs than Nerings the Value.whereof is expreſs'd in the ſeventh ſtep. 


I ſay the real or true Numer a ſought in the Queſtion propoled is 12, as will appear by 


* 2 — 
- « . . vs 4 4 
2 The Proof: | Noc: 69S 20 
* 92 * SG 


, «\ 4 , 7 
V . 12 oer . * 
* 
1 
FR * 1 — . IA 3 1 Sv 


dd. ce die gb Þb.AS MLS. . 


1— - — 1, ROE 
Then conſequently— aa = 144, 
And - —— -I04 = 120, 
Therefore, — = 24, 


Which was the Equation propoſed. 
Moreover according to the Rules of Algebraica! Multiplication and Subtraction, the 
negative Value of a, to wit a before found, will conſtitute the Equation firſt propoſed: 


For if. = g = — 3, 

Then conſequently —— 2 ＋ 4. 

And — — —104 = — 20, 

Therefore — aa—10a = ＋ 243 
QUEST. 2. 


1: What is the Number reptreſented by a in) r 
this Equation? ,— Fg. 2220 [228 — aaaa—68aa 27 
2. Which Equation, if 7 be put for 6, _ . | 5 
4 for 27, may be expteſs d tus, ß %% 4 d 
RESOLUTION. 


3- Let the Square of half the Co-efficient 6 (or p).be added to each part of the Equa- 
tion propoſed, to the end its firſt part may be made a comp e 
to Set}, 4. Chap. 9.) whence this Equation ariles ; — : . 


Wc r tao 


aaaa -G 9.= 36, 
| Then by extradin js Pity gp = Ft 4th: las) * 
4 1 x g the Square Root of each part of the laſt Equation (accordin 
to Sect. 4 and 5 of Chap. 8) this Equation ariſes, 2 | Eq (4 | 1 
6 5 
. — 2p = vid+; pp: 
5- Whence, by equal Addition of 3 (or 27) there will ariſe 


e e 


a Or, aa = VdT PP: x Þ. 
6. Wherefore by extracting the Square Root of each part of the laſt Equation, the 
number a ſought will be made known, viz. . 811 220122 

4 23 =vV(2):vd+ + pp : 8 
I ſay the Number à ſought is 3, which will ſolve the Queſtion propoſed, as will 
appear by | 3 THIF 207) 2-2 OW :2The 


W 


r 


* 


P ten octc.cooc/ K 
r . 4 1 


ore reſerved is the Number ſought; bu 


et the ſaid Sum, which Root ſhall be ns ſought. 


1 


G 1 D a J 1 Reſalut iq .of Nad otic Equations. 


—— r 


Fl x * N PLS © 
Ak W a5 Th £ . r 


> Fs 3 0 * 
. If r c 797 1 ”—_ 42 of'd 4. 35 . 5 8 4 : T 
2 T. Q * 34 . : 1950 S > Ef » k..3 


- 9 | 21 214 ' 
* = v.01 A062 conſequently>=; ei 961 a ab: —" d d 
| = DDD 
EP ==t..> "Toner Mm Bra nd) + d6dw  < 
1 . ˙ — bad = tern * 
Which was the Equation propoſed to be reſol ved. 
a | 4c — p TA Slain at nl. 
EF; ern ant ?! pe ocz! 
{ © QUEST in .;? '3 
. a - PR ws patent 23 eeratent ' 
1. What is the Number repreſented by a i 2 „ 
this Equation? ————— 7 me 10 GRE AMT AS, 
Fs ; : 0ad@ÞT 7: {5 bs 70071 21 fe Handy of wt 
2. Which Equation, if m be put for z, and 1 00 maga = 
4 far 48, may be expreſt thus, Er nn eee re 
Tu, ST Tt eon. err 190 iti Ne (UC T 
2 2652 67 bund 2 dect a , . wat Doticcm ei 2 9207 
3. Let the Square of half the Co- efficient 2 (or m) be added to each part of the E- 


quation propoſed, to the end its former part may made a compleat Square (ac- 
cording 70 Sect. 4 Chap. oy US E: RE Sos | 
aaaaaa — 24aa". Ales "i"; | 


U 
q „„ 


22 
| 1 4 12 
r.. 8 g4+ 5 mm. 


* 


114 


4. Then b extracting the Square Root of each part of the laſt Equation (according 


to Se. 4 and 5, of Chap. 8.) this Equation ariſess 
agg - T 7 7 

W 

5. Whence by equal Addition of 1 (or z there atiſe 


* 


* aaa = | 
e e 
6. Wherefore. by extracting the cubic Root of each part of the laſt Equation, the 
Number à ſoùght will be made known, v. 


„ (3) En Ein: = wo, Ke ; 
I ſay the Number a ſou he is 2, which will folve the Queſtion propoſcd ; as will 


ApPcar by | Ber ih, 4 
g 2 The Proof. 
If D OK — err TY FTY 34S ti. — = * 
And- Dr 7 N r aaaaaa — 64, 
Alſo —— — — 1 . 2 » — 16, 
Therefore 


— —— 444444, — 24a = 48, 


Which was the Equation propoſed to be reſolved. 


VIII. From the Reſolution of the three laſt Queſtions the following Canon is de- 


duced, for the reſolving of all Equations which fall under the ſecond of the three 
Forms before ſpecified, in Sef?, 1. of 17 Chap. ra 


CANON 
Add the Square of half the Co- efficient, or, (which is the ſame thing) a quarter of 


of the Square of the whole Co- efficient, to the given abſolute Number: 
Extract the Square Root of that Sum. | 


2 laid Square Root add half the Coefficient, and reſerve this Sum. 
Ys 


| when the unknown Number which is drawn into the Co- efficient in the mid- 
dle Term of the Equarion is expreſs'd b T 


| t if the ſaid unknown Number in the middle 
Term be a Square, as aa, then the Square Root of the Sum reſeryed is the Number 
ſought; if a Cube, as aaa, then the Cubic Root of the ſajd Sum ſhall be the Num- 


ber ſoueht; if any higher Power, then the Root for the kind muſt be extracted out 


An 


* = —— —— * wy © * 


ya ſiggle Lecter only, as a, then the Sum be- 


Fl 


a” 
© -— © 
= — — — 


— . 


— 


*** 
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a» —_ . S 5 
_—_— * 3 — 
__ 
Le — . EE Cee eee — „ 


"Ys. | 
An Example of the ſaid Canon. 


G 1. Let the preceding ueht. 1. in Sec. 7. of this? — 8 
Chap. be here ng Que 118. What is 5585 — 2 410 = 24 
Number repreſented by a in this Equation ? wo, 

2. Or, what is the Valbe of à in this Equation ? — MM) ' ba == E 


ff hay ee gn ION 
3. To the given abſolute. Number ———_ 24 4 
4. Add the Square of half the Co- efficient 10% 35 


3" . 
1 wy 


— ow - us we... * 


_— ws — — o - — 


to wit, the Square of 5, which is 4 6b 
5. The Sum is — Dire 29 142% ; 
6- The Square Root of that Sum 18 . VkÞ+ 4b. 


7- To which Square Root add half rhe — KEY TRA | 
efficient ro, to wir, —— 
8. The Sum i is the Number a ſought, to.wit, . I2 Cf "IH 7 N 7 7 4 T4 


n 6 ence it is GE that the Anſwer ere me d as was before found to > Queſ 1. 
in r | 1 £ 


af Send Example of 17 Canon in Sa 8. 


x. Let the . Queſt. 2. in Sect. 7. of a 5 5 
this Chap. be here repeated, viz- What is 8 — aaa — daa = 27 

Number repreſented by a in this Equation? e e 
2. Or, What is the Value of a in this Equation ?— 6 ad — pas d. 


RESOLUTION. 


3. To the given abſolute Number — ad d. 
4. Add the 1 ol half the Co- efficient 6, 4 
to wit, the Square of 3. which is . 
5 The Sum is e ee d 4-5 oo 
6. The Square Root of that Sum i 1. 6 r! Pp. 
7. To which Square Root add half the zac he | 
efficient 6,..t0. wit. 
8. 1 — 14 the 1 of an, to wit, = 
erefore the Square Root of the ſaid Dum = 
: ſhall be the _— ſought, to wit. 3 vs (2):v A e 


* 2 it is manifeſt, that the Anſwer Is the ſame a5 was before found to Ozeft. 2 
in Se. 7. 


% 


9 


A Third Example of — Canon in Sed. 8. 


1. Let the preceeding Queſt 3. in Sect. 7. of hee 


Chap: be here repeated, wiz» What is the —aaaaan — 2444 = 48, 


Number repreſented by à in this Equation ? 
1. n What is the Value of à in this Equation ?!————— aaaaaa — maaa = g- 
* RESOLUTION. 
3. To the given abſolute Number —— — 18 | 2 
7 Add the Square of half the Co-efficient 2. z 
do wit, the Square ot 1 which is —— Tb IEP 


& The Square Root of 5 fn} 57S ſs 


7. To which Square Root add halt the Co- 
efficient 2, to wit, D7 


7 
I 
g. The Sum is the Value of aaa, to wit, —— 8 
9. Therefore the Cubic Root of the ſaid Sum . 
wall be the Number a ſought, to wit, E 2? | v ET 
a n E it is maniſeſt that the auen is the ſame as was before found to Naa. 3- 
— 7. | 


». 90 
1 8 
+ 
I 
S | 


Mr 
[+ 
7 


| : E xample 


5. Reſolution of Quadratic Equations. | 91 


Example 4. £8 
11 4 — 42 (or 1122, what is a =? 
Anſw,— a=yvigt;+ > = 34 | 
Example 5. | en 
mL 1 — — — . — 128 = 373 459 what is a =P. 
= — — 4 — 201. | 
2 a * F 
Ja, : | 
, Example 6. | 
eo IS. 7 3.00 by 
If — — — — — — — 3 oy 2, 
| | C.- 4» 
1 11 n= L FCC 
e hot r arr ? 
Anſw . mr mmmm—— 0. 
27 


X; The Arithmetical Reſolution of Equations which fal ander the lat of the 
e For ms before expreſt in Sect. 1. f this Chap. 


* 


e J 2: 
1: What is the Number repreſented by a.inthis Equation ; ? — 104 — aa = 2 
2. Which Equation, it e be alſumed to Gznifi 10, and u put for 1 45 
1 1 de N d thus, , 105 eu — — 1 4 
3 XESOEUT TR 


+ Lov * 3 propoſeu, by Tranſpoſition ot es Terms, be reduced to an E- 
— the ſecond of the three Forms before — in Seft. 1. oi; Pirſt by 
„ of un this Equation _ * : 8 


10 24 


4 2 


TIT Or cia 5 Wa 3-488 $113 3 
4 Likewiſe by Tranſpoſifion of 24 (or ) this Ehe ariſes ; | 5 
9213 9 Alt 1d 24 = aa, ; 
| Or, 33 = # = '@a f wry 77 


s And from: the IE: by Tranſpoſition of 104 {or ) there will ariſe 


10617 64) 24 =a# — tf oa, 


> 5 15151 4 ene . n a — ca | 
6. Which lat Equation, by rranſpoſing each part of 1160 eo the contrary coal, may 
* Steel $15; Sc 22 1 
| 236 02 pb) 01 e e = FR 19 mode | 
Or, an c = 45 Nv! GO-© x 205 


7. Now let the following proceſs be made — . of 
the ſecond Form (in Setz. 7.) viz. Let the Square of half 7 Co- efficient 10 (or c) 
be added to each Part of the laſt Equation, to the end its former part may be made 


a compleat Square to Sec. 4. Chap. 9) whence this! 4 ariſes ; 
IT 25D 25 DAT DN 
Or. cc = IC + a6... | 
8 Then by exttading 7 Square Kane of each part of the falt Ei neben 
to Sect à and 5, of Chap this Equation ariſes, 8 
1m rd 7 1290 ere 342 5 E Bog bear 570 op! þ i 21 2 
| 4 ver : In 0495 tid 
9. Werse 0 laue 5 (or 3 Se Val Value of a se known, e. 
= = tie + Vcc — . 15 10% 
10. But foraſmuch as the 2 Root of aa — 10a + 25 in the AG lep may be 
5 —aaswellasa—s, Cor, cither ea 8095s being madtiplied into it Ir will 
3. produce 


ä 


—e— — — — 


produce aa—10aÞ25;) therefore let 5 — a be ſet inſtead of a — 5 in the eighth ſtep, 
whence this Equation will ariſe, viz, _ - rn 


E | nth 3 
1 c —@ ec u: 8 ; 
11, Whence by due Tranſpoſition another Value of a is dicovered, to wit, 
a=4=#—yicC—s: 


12. I ſay the Number a ſought may be either 6'or 4, for either of theſe Numbers will 
conſtitute the Equation propoſed, as will appear by 3 


The Progf. . 
11 — — 6, 
Then conſequently- 4 = 36, 
And —— —104 = so, 
Therefore, 104—aa = 24, | 
| Which was the Equation propoſed: to be reſcolved 
OG 2 Again, 3 
If — — ä — 2 = 4, 
Then conſequently —— —— 44 = 16, 
And—— — I S 40, 
Therefore 10a—aa = 24; As before. 


113. But to the end that both the Values of @ before expreſt in the ninth and eleventh 
E zquations may be real or Affirmative Numbers, (that is, each greater than Nothing) 

the given Numbers in the Equation propoſed, and likewiſe in every Equation of the 

third Form aforeſaid mult be ſubje& to this following LEE” 
| de DETERMINATION. e 

The abſolute Number given muſt not exceed the Square of half the Co · efficient. 

The Reaſon of this Determination is evident, by the {aid ninth and eleventh Equati- 
ons ; for the latter part of each 'of them ſhews, that the given abſolute Number is 
to be ſubtracted from the Square of half the Co- efficient, and therefore it ought to be 
lels, or equal to the ſaid Square: Therefore when in any Equation of the third Form, 
the given abſolute Number exceeds the Square of half the fiicieat that Equation 
is impoſſible, and likewiſe the Queſtion that produced it. | 

It is alſo evident by rhe ſaid ninth and eleventh. Equations, That when it happens 
that » = acc, then 4cc-—-#==0,. and (conſequently each Value of à is equal to 4c; 
viz,, When the abſolure Number happens to be equal to the Square of half the 
Co- efficient, then the two Values of a will be equal to one another, each Value in that 
Caſe being equal to half the Co-efficient © But when it happens that the abſolute Num- 
ber is leſs than the Square of half the Co eſſicient, then thoſe two Roots or Values 
ot a will be unequal. But here is to be noted, that although in this latter Caſe the 

. Equarian be always explicable* by either of thoſe two unequal Roots or Numbers, 

yet the Queſtion that produced the Equation will ſometimes be anſwered only by one 
of thoſe Roots or Numbers, (as hereafter will appear in Queſt. 10. Chap. 16. and by 


the latter Way of reſolving the 16h Queſt. of the ſame Chap.) = 


4 


_ 4 


2322 * — - — — | | WS. — 
' OY I Js. 4-3 8 1 ? | F gin Yau 02 } 1 ' 05. 
{ "3.34 * LI. l | | 2 U E Ay » © 2. p +> I , | 
| FU. 4. ie | S113 10 43 fled id 1. 234 b 
1. What is the Numbet repreſented by a in ? RDU hg er 
this Equation? —— T 


2. Which Equation, if r be put for 5, and OF Bop 8 
* | > —ͤ ——ͤꝓ — . 
for 4, may be expreſt thus 1 el aer 


RES O HU o N. ee | 
. Let the Equation propos d. by. Tranſpoſition of its Terms after the ſame manner 
as in the third, fourth, fifth,: and ſixth ſteps of the preceding Queſt. 1; Sef. 9.) be 
reduced to an Equation of che ſecond of the three Forms before expreſt in t. 1. 
ſo this Equation will ERIE © —_— 
J „ gaps 27 25 rpg th. 
3s 37:71 0 l Or, ond aaa — yaa — „ '/ ef bd : 
the 4 Then 


1 P, 74 


0 = 000 4 — 


* 
- 
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4. Then by adding (as in the former Examples) the Square of halt the Co- efficient F 
(or r) to each part of the laſt Equation, there atiſes 
ee yan +54 , vs 
Or, aana — aan + irr = Arr. 8 3 
5. And by extracting the Square Root of each part of the laſt Equation this ariſes ; 
ay — 2 = 27 
* by 4 Or, na — tr = a/tgur —s: | 
6, Whence by equal Addition of + (or z ,) this Equation ariſes, vix. 
. 
I "Ml Or, | aa = 4#r + vim —s. "Ys, VR: 
7. Therefore by extracting the Square Root of each part of the laſt Equation, one 
Value of à will be made known, viz. 52 5 
= 2 =v(23)rar + firri—s 1 115 | 
$. But foraſmuch as the Square R oot of aaa - aa .- in the fourth ſtep may be 
+.— aa, as well as aa — +, (for either of thoſe Roots being multiplied by it ſelf 
produce aaaa — 5aa + 2 ;) therefore let 3 — ag be ſet inſtead of aa -; in the 
fifth ſtep, whence this Equation will ariſe ; 
I ag — I 
8 | Or, Ir — at = V:irr—s 
9. Whence by due Tranſpoſition this Equation ariſes ; 
"Fx 0Q% | 
Or, , +... 08 = ir —Viirr—s | | 
10. Wherefore by extracting the Square Root of each part of the laſt Equation, ano- 
ther Value of a is diſcovered, to wit, 


8=1=vs rr 
I ſay the Number a ſought may be either 2 or x, for either of theſe Numbers will 
conſtitute the Equation propoſed, as will appear by 


11— — . —— —— 2, 
Then conſequently ————— 44 = 4, 
An - * aaaa = 16, 
Alſo _ ——— — mr aa = 20, 
Therefore 54 — aaaa = 4. 
Which was the Equation propoſed to be reſolved. 
Again, 1 — — 1, 
. Then conſequently 44 1, 
And —_ —_ ws 98 = I, 
Alſo = — — Jaa = 95, | 
Thetefore . 544 — aa = 4 3 as before. 


— 
— 


| 


r 


- * * 


; . 
1. What is the Number repreſented by à in this Equation > gaaa — adaada = 8. 
2 Which Equation, if d be pur for 9, and : for 8 nay be : bo 
eren thus ; — | re £5! N26 * daaa — aaaaaa — 


| RESOLUTION. + endl} 
3» Let the Equation propos d, by tranpoſition of its Terms (after the ſame manner as 
in the third, fourth, fifth and ſixth ſteps of the preceding Ques#. f. Sent. g.) be re; 


* duced to an Equation of the ſecond of the three Forms betore expreſt in SefZ; 1. ſo 
this Equation, will ariſe, viz. Kid 911 855 


bas ot: aaaaaad — gang = — 8, 

1 50 Or, Aa aaaaaa — daa = — r.. E 

4. Then by adding the Square of halt the Co- eſſicient 9 (or d) to each part of the laſt 

Equation, there ariſes : Fe bh 
eben Gagan — aaa +49 / 8g = 42, 

3 — daaa | d = 2dd — . 


5. And 


1 Wy » 


3 OOK 1. 


"Þ And by extraQing the Square Root of each part of the laſt Equation chi 15 4 
| aaa— 3 


C 2 — — — — — 
- pe 2 * 
— — 
— „ ä [3 * 


der * ſhall be the two Numbers ſought; if a Cube, as aaa; then the Cubic 


Or, 443 — id = = Vv: .: 0 , : 
6. Whence by equal Addition of à (or + 1 700 this Equation ariſes ; 5 
aag = or 8. 7 7 7 | , 
Ot, aaa = d + vid —t: 
'S Therefore by extracting the Cubic Root of each pot of the Equation, one Vue 
of a will be made known, vis | 


a = 2 = LET re” py 
8. But foraſmuch as the Square Root ot aaaaa — gaaa - in the fourth ſtep | 
be 4a as. well as ana—?, (tor either of theſe Roots being multiplied by tp ma 


will produce the ſame Square aaaaaa — gaaa + 4.) therefore let? — aaa be ſer 
Inſtead of aaa 2 in the fifth ſtep, whence this Equation will be made, Viz, 
; | | 2 — dada —- W 


A2. pr = vildd—t 
9. Whence. by due — * this Equation ariſes, viz. 
aaa. = S = $5: 
Or, aaa = Id: — dd — t.| 
o. Wherefore by extracting the Cubic Root of each part of the laſt Equation mo- 
ther Value of à is made known, viz 2 


ſay in the Numbe 6 4 E _ N 
I ſay in the Number @ ſought is either 2 or 1, for either of theſe Numbers will con- 
ſtitute che Equation propoſed ; as will * by will con- 


* — 6. 2, | 
12 bh —— . 
And — ——c = 6, 
Allo — — gaaa — 72. 


Therefore gaaa 
Which was the Equation propos d to be reſolved. 


1 . Again, E TTY 
OL 3 * eee ee a I, 
1 — , 
— — — 8 


Alſo — —— 4 EM 
Therefore gaac - aa,jj = 8 ; as before. 


— 222 + 


X From the Reſolution of the three laſt Queſtions the following Canon is dedu- 
ced for the 3 all Equations which fall under the laſt of the three — before 
ſpecified in SetF. x. of this Chap. 


—— 


CANON. 


3 the Square of half the Co-efficient, (or which is the 5 ching) trom a quarter | 
of the Squate of the whole C efficient, ſubtract the abſolute Number given- 9 
Extract the Square Root of that Remainder 
Add the ſaid Square Root to halt the Co- efficient, and alſo lubtract i it fon kal the 
Coꝰ efficient, reſerving the Sum and Remainder. © 
Laſtly, when the unknown Number which is mulrlplicd-by the Coellicivits in the 
middle Term ot the Equation is expreſt by a ſingle Letter only, as a, then the Sum and 
Remaipder before re ſeryed are the two Numbers ſoughr, each of which will confti- 
ture the Equation propoſed ; but if the ſaid unknown Number in the middle Term be 
a Square, as aa, then the Square Root ſeverally extracted out of the Sum and Remain- 


Root ſeverally extracted out of the ſaid Sum and Remainder ſhall be the twꝗw Numbers 

ſought „if any higher Power, then the Root for the Kind muſt be extracted ſeverally 

bur of the {aid Sum and Remainder, — Roots ande the to 3 ſought. . 
H 


; 


- ©, ET 
* 8 3 
1 
- 
, 
i 
N 


. " 

= — 8 . 
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— —— * oY „ — — 

— * 8 An — ſaid cb " 
1. Let the preceding Oueſt. 1. in Seck. g. en be here repeated, 4 
vil. What is the ber repreſented by a in this Equation ? —— 108—a0=34 
2- Or, Medi the Value of a in this Equation? — —— — (a- the 
i RESOLUTION. 3 = 

J. Fronk lhe Squate of half the Oo- efficient 10,7 | 51 
: * wit, the Square of 5, which is —y 25 | Je 

Subtraſt the given abſolute Number — 24 | PE NP 
5. The Remainder is — —— 27 — 9 2k = fe 21] 22 
6. The Square Root. of, that Remaindet 18 e 
7. To which Square Root add half the Co- aun 1 5 

- efficient 0, to wit. — of e 4 3e; | 

The Sum is the greater Value of t nt, eie ee 1 
af nfo ph camping 2 6 4. LT. 
9. But ſubtracting the ſaid Square Root from 

half the Co efficient, the Remainder is 4 2 — vis 7c — ” 2 

leſſer Value of i IGOR. 1 Fei: 

Either of which Numbers 6 and 4 found out in the two! a ſteps will conſtitut 
Equation propoſed, as before has been ptoved in the Anſwer to Aus. . in pr th  - 
of this Chap. . 


wy Fedde Exanple of the Canon in Sect I 87 


1. Let the preceding Que ft. 2. in Sec. 9. of this Chap. be here 


repeated, wiz. What is the Number repreſented b 5 — * 
1 — — — . i ahi Fo 1 22 Oe 


r, What is the Value of à in chis Equation Fan 


RESOL UTION. 


2. From the Sanare of half the Co; efficient 5s 

to wit, the Square of 7, which is * 
4. Subtract the given abſolute Number 
5. The Remainder i is — — 
6. The Square Root of that Remainder 3 is — 
7. To which Square Root add half the Co- 
efficient 3, to wit, bf 

| $. The Sum is the greater Value of aa, to wit, 
9. But ſubtracting the ſaid Square Root 2 


—— vie il nay J. 


3 *; 


* 


„ oer Mm 
E. 


35 
"Ak 
| 
— 


„* 2 + be 


Fa WIE 


+> ; 
* 
* 
ry ; ' —T — ; 
— * oy * ” „ — 
— 4 b¾Lẽ‚y ME nn 3 Smomen ae... * 
— 4 p 9 * - 
„ AA T2 - - - vs % *- — 


half the Co- efficient, the Remainder is the 
leſſer Value of aa, to wit, !ꝛyæw 
10. Therefore the Square Root of the Sum in is, anna 
the 8th ſtep is the greater Value of a, to 1 15 0 2): ir + vV Irr—s: 
1 1. And the Square Root of theRemainder in the — 
hinth-ſtep is the lefler Value of a, to wit, C A. (2): 27 - NA rr — 5: 
Either of which Numbers 2 and 1 found out in the two laſt ſteps will conſtitute 
the Equation propoſed, as $ before has en * in the 9 to Queſt. 2. in Sec. 9. 
of this Chap. | 


* 
* —— — 


FTP | nan 


8 : — F 
. 
9 ——— —— 


9 


| J i 


A third Example 0 ” the Canon in Sea. Io. 


1. La the preceding Oueſt. 3, in Set. 9. of this —_— — 
here repeated, viz What is the Ni umber — aaa — aanana = 8 
du a in this Equatio < ty 
2. Or, What is the alue of 4 in this Equation +-— SEL l — aaaaaa = t 


| RESOLUT 10 N. 
3 From the Square of half the Coefficient , L gr 2 | 2d 
8 


to wit, the Square of „ which is 
4 Subtract the given abſolute Number 


* 
0 — f Wn — — 
* va ** — * 


986 a Ane Dee os. 


| — — 
5. The Remainder 3 is — . 


6. The Square Root of that omainder i is : y 2 
7. To which Squate Root -z at the Cor ane * 


2017.2 
cient 9, to wit, — * 


„ ſubtracting the ſaid . Root 5 = 6 


leſſer 0 of + to = t,. 0 n 8 | bb | 
10 Therefore the cubic Root of the um int A 1 2 

$th ſtep, 1s FRE — 1 of a, wes id \ 48 vc 7 4 e 2 
11. And the cu oot of the Remainder in 3 — 

the 9th ſtep is the leſſer Value of a, to wit, * n we 372 22 * 4d : 


Either of which Numbers 2 and 1 found out in the two laſt ſteps will 2 
the Equation propoſed, as before has been proved in ha - Anſwer to L, 


Selt. 9. of this Chap. * AE . „ * 
Example N TY * 2 2 p 1} 135 = 
1. If b. 4, * Epen ſuch knowh 9 * If is is greater than 4 wa ; 

| . if 7 ＋ 2 n === — a 

Phat 4 . ef F 
Anſw. a is equal to 1, and alſo to 1 77 ＋ A 8 
Which Values of à are alſo found out by the Canon ih the Tenth Section of this 


Chap. hut I ſhall leave the Operation as an Exerciſe for the induſtrious Le 
in = next Place ſhew the Uſe of the Rules before Gaia in Ar fte Chop. in 
the Reſolution of various Arithmetical Queſtions. 
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CHAP, XVI. 
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Various Arithmetical Oveſtions, producing Equations that fall under 
| ſome of the Three Forms in Sect. 1. of the Toregoing Chap. +5. 


and are reſolvable by their reſhectixe Canons in Sect. 6, 8, and 10, 
of the * * 


— IN "HAS 


1 
— A 


1 


QUEST. ; 


Here are two Numbers whoſe Difference is 16 (or c,) and the 
T Multiplication is 36 (or ;) what are the Numbers? Produt r 
RESOLUTION  _ . Named e 
1. For the leſſer of the two Numbers ſought, pu 4 ] * 
2: Then by —_— to the = H the Number) 
the given Difference 16 (or c,) the greater a+16 Pp 
Number ſought will be— P s + 
Therefore from the two laſt ſteps the Pro- 4 | 
duct made by the mutual Multiplication 8 aa ＋ 16a 7 20 
the two Numbers ſought will be | "= 4 + 


4: Which Product muſt be * to the given Product 36 (or b) whence this Equa- 
tion ariſes, viz, ; = , 


Or. i Ez 
5. Which Equation being reſolved by the Canon i in Sec. 6, of Chap. 15. the Value of a, 
or the leſſer Number ſought by this Queſtion will be diſcovered, v Viz ; 


a = 2 ⏑⏑ν -e. ee e 1 
1 6. To 


- 
R pts 6 ts — _— — LJ 2 — 5 : * 1 — — 4 
—— — 4 
„ 


Cc H A DE 15 ". producing Quadratic Eq Equations, jo 97 


7 To- which tefler Nomber adding the given Diflerence 10 (ore) ren 
pet {ought will alſo be made known, wie, -- Nam: 


2 e = 18 1. rte. | 
8-0 Otherwiſe thus, coy oP x4 


Y: For the greater of the two Numbers ſought put + fot eee 
2. Then by ſubtracting from the ſaid greater | © 
Number the given Difference 16, (or e) th 
. leſſer Number ſought will be SO 
3. Therefore from the two laſt ſteps, ., 5 ö 5 ; 2 
duct made by the mutual Multiplication AC FLY A4 c 8 it 
the two Numbers ſought will be | BY x 
4 Which Product mult e equal to the given Product 365 (or b;) whene this ren. 
þ tion ariſes, VIZ. i ; = 
44162 = — 1 or 8 {4 
Which Equation being reſolv Canon in L. ee the = 
* to wit, the greater Number ſought will be diſcovered, viz. Vale of | 


a=138=4y:bIcc-|- 2 Tc. | 
6. And by ſubtracting from the faid greater Number the gon r 16 (or e 9 
the leſſer Number ſought will alſo be diſcovered, via. EE: wi; 
13—16= 2=4/hJ-4cc — Tc 
From either of thoſe ways of Reſolution, the Numbers ſought are found 18 and 2, 
which. will ſolve the Queſtion propoſed-4 for their Diference is 16, and the product 


of their Multiplication is 36, as was preſcribed, 
Moreover, the two laſt; ſteps of each Reſolution by Live! Algebra give one and 
$2 ee CANON 7 25 


the ſame Canon to ſolve the Queſtion propoſed: 
— To the given. Prodadt add the ſquare of half the m Differ 
Square Root of that Sum; then to the ſaid Square Root 22 — Ba * 


rence, and from the ſaid Square Root ſubtracting the ſaid 
Remainder ſhall be the two Nutabers: {i half Difference, the Sum 807 
riplicacion) of 


ought. 
2 the 3 realy Rectangle (or the Product of the Mal 
any two Num ing leverally Iven, N 
by the a — 8 the — themlelves ſhall be alſo given 


LY . * 
* 8 | 
* * N 
* N * « * . 
. : S$ , 1 * wo l 
AO 4 © 26s as al 1NU2 PTV EFT" G TT TEE IS” þ ' * 
c — — 
SE), 5 ' „ 8 
173 1 


2 85 8 T. 2. 


het t are Aa Numbers ta Geometrical Proportion | i 
co tinu the 

of the Extreams, that is, of the firſt and third i is s 16 (or c) pu,” gell 8 Nr |. 
what are hs e Proportionals? 7 ; 


8 TASTE 


1 een UO N 

1. ns of the two Extream Propor- "2 Ther: "OY Fa 

®tionals ſought, put — . * 1 

2. Then by ee 22 2 Era EN „ | 

. the given rence treams, tos 4 is 1. 5 
wit, 16 (or c,) the greater Extream will be . "Mn ape 


3- Therefore the Re&angle contained under the 


Extream Proportionals,) to wit, the Products Iss? — 
made by their mutual Multiplication) ſhall b 4 Fi6 4a Tce 


4 Which Rectangle (or Product) muſt (by $8. 1 Is be 
of the * Mean Proportional 6 (or m), hence 9 95 3 _ mY 6 55 
16a=36, Or, .caþca=mm 2 
5. Which dale being reſolved by che Canon in in $7. 6. Chap. rs. the Value 1 a, 
* the lefler of the two Extream Proportionals bine _ be made h) q, b, 


— — 3 [4 ” 
a= = Hie — —— 1 7 


. Nr . 
FT 2 N 1 
N be 6, To 


* 


— — — — — — , r r — . —— „N 


- Sa 


Reſolution;;of Arithmetical- "It B00 K 1. 


6«»“& v % ans wX-.-” r r 


B 3 


n a dl ns atone e N. — 3 
110 Fot one of the Wee put —— „ vol liw s> 
2. Then by ſubtracting that Number from they; 
given Sum 20. (or a5 the Remainder will be - » 26—a 1 1275658 
the other Number ſoughr, to wit, 1 <9 027/11} e o 2 
Therefore the Product of the Multjplicati- m1 BR 
on of thoſe two Numbers will be — . ca aa 
#- Which Product muſt be equal to the given Product 36 1777 10 whence tlus Equa- 
- ion ariſes, Lic 1 £1192 7082 | . 204—4a = 36, 1 þ i 1 007 51977 1 
ca -a = um. 


. To which leſſor Extteam Proportiond Ailing 16 (or the given Diflvietice of the 

Extreams, the greater of the two Extteam Propottionalswilbe alſo\diſcayered; viz. 

2 + 16 =/18. * mm Acc gc. 

I ſay the two Extream Proportionals ſought are 2 and 18, between which the given 
Number 6 is a Mean Proportional; för, as 2 is to 6, ſo is 6 to 18. 


Morcover, The two laſt ſteps of the Reſojurion sive ae ena ane en, to find 
out the Extream Proporrionals ſouglit· . 


© S 
* : I C2 & a * . 2 +4 1 * wi : : : b " 
* * 


a | di CAND No 571g 20 


To the Square of the given Mean Proportional add the Square of. ware 7 given Dit. 
ference of the Extreams, and extract the Square Root of that Sum; then to the ſaid 
Square Root adding half the ſaid Difference, and from the laidSquare Rodt lubtraQing the 
ſame half Difference, the Sum andRemainder ſhall be the Extream Proportionals ſought. 

-* Therefore if of three Numbers in continual Proportion the Mean be given, as alſo the 
Difference of the PDR Fas Extreams _— ae Piven LGC. by, the ſaid” 2 


\ - "— a * XL 2 n * a M+. LI EG. COoGoaSri 2 * * 21 wo. 
4 w ©. - 5 * * * * We" * boy n — 
. * 
# gf ® ” 


9 Nan 7 1 — 
p 28717705 ier 20 1484 ( , «$72 CV. 


QUEST. 9. 


There are two Numbers whoſe Sum is 20 (or c,) and the Froduct of theix Multi 
P 5 is 36 (or x :) what are the Numbers? on 


s 


's: Wich Equation belts reſolved b by the Canon in Se, 10. * * 15. i two Values 


10 of 2, which ate the Numbers ſought: by this a will be err x r 


192 6 2 If} ! 15 Th E #7: « 113 18 = os E *: IR: 4 ett : 4 12 
. 8 „ {Rb ; . A 
6.77 2 — Ic = * rcc—n: 20, Dieren d 


I ſay the Numbers {ought are 18 and 2, Tor. their Sum is 20, and the Produ& of 
their Multiplication i is 36, as was was preſcribed. 

Moreover, if the two Values of a, which ate expreſs d by Letters in PR laſt ſtep of 
the Seck he expreſs ** Words, they. will give ee waer to 1 


e Queſti ion 1 propoſed, FG 


4 8 . 
Ss * T% 
. . 1 9 2441 —— * a 1 


can0n. | 
From the Square of half the. given Sum ſubtract the given Product, and 1s the 
Square Root of the Remainder; then to the ſaid half Sum adding the ſaid Square 
Root, and from] the ſaid halt Sum ſubtracting the ſame Square Root, the Sum and 
Remaifider ſnall be the two Numbers ſought. 4 
Therefore the Sum and Rectangle (or Product of the Multiplication) of any two 
Numbers being ſeverally given, the Numbers ere ſhall alſo be given Oy 


by the ſaid Canon. | FTE.” 
hs 1 3 8 Du Da n 6 he's Leid 2 
| SES 1 kd 1615 ; 219712 yd Sbg.: 


There are three Numbers in continual Proportion: the Sum of the Extrtams is 20, 
(or c,) and the Aare 6, (or m) A N — Extreams 7.9 of; lc 


QUILT BD 
A Cas { 203.21 ax. RESOLUTION. 7 429; eee foi d * 
1. For ope of che two Extrem Proportionals'Þ 5127 ou 21þ 30 ef 201 20 
| a a 
ſought put — — — — 3 


4 


or | t 6/886 2. Then 


= 


| 
f 
4 


/ 


4 . 
9 
7 — — — — 
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W my 


2. Then by ſubxraRting that Extream from 20 > 
(or c) the given Sum, the Remainder will be 204 an © 
the other Extream, to wit 

3. Therefore che Rectangle contained under the 8 4 

204—aa 


_ 


Extream Proportionals, (to wit, rhe Pro- ca- 


duct of their Multiplication) ſhall be * 

4 Which Rectangle or Product, mult (according to Sef?. 1. Chap. 13.) be equal to 

the Square ot the given Mean Proportional 6 (or m,) whence this Equation ariſes, vix 

2 20a—aa = 36, | 
FEY Or, ca - = mm. 
J. Which Equation being reſolved by the Canon in Sec. 10. Chap. 15. the two Values 

of a, which are the Numbers ſought by this Queſtion will be diſcovered, vix- 

- =: 18 = gc 4 thec—mm: 

| = Ec—o um. 

I ſay the two Extream Froportionith ſought are 18 and 2, between which the siven 
Number 6 is a Mean Proportional; for, as 18 is to 6, fo is 6 to 2. 

Moreover, if the two Values of a which are expreſs d by Lectets in the laſt ſtep of 
the Reſolution to be expreſs'd by Words, they will give the following Canon to find 
out the Extream Proporcionals ſought. 

CANON © e SEO 

From the Square of half the given Sum of the Extream Proportionals ſubtra& the 

uare ot the given Mean, and extract Wag fes Root of the Remainder; then to the ſaid 
half Sum adding the ſaid oo Root from the ſaid half Sum ſubtracting the ſame 
Square Root, the Sum a Remainder ſhall be the two Extteam Proportionals ſought. 

Therefore if of three Numbers in continualProportion the Mean be iven, as alſo the 
Sum of the Extreams, the png themſelves ſhall be given ibs, 55 the aid Canon. 


1 


id. 


— Miu. 


QUEST. 11 


There are two Numbers whoſe Difference i is 15, (or d.) and if Uh produd of the 
Multiplication of the ſaid two Numbers be divided by 2, (or e,) the Quotient will 
give the Cube of the lefler Number ; what are the Numbers? 


7 2 RESOLU Tlo N V4 | 
I, For che leder Nowber ſought Put  ——_—c „„ 1 - , 
2. To which adding the given Difference 15 | 1 
cer 4) the Sum ſhall be the greater = ee, eee 
ber, to wit, ; . f 


3. Therefore the Product of che e 4 ety 5 8 4 8 | 


of the two Numbers is es 0... 
4. Which Product being divided by » ( (ore) be) ies 1:  a8+ hs 1 
Quotient will be — 3 | „ 
5- From the firſt ſtep the Cube of the rl | | 
Number 1 1s —— — _— aa . a 


6. Which Cube muſt (as the Queſtion requires) be equal to the Quotient in the 4#h 
ſtep ; whence this Equation ; VV 


1 44 ＋ 15a 
— ug Hen! *” 10 4 008, = 2 : 9 111 t 11140 
| Or, \. - aaa — = 1 . 
9. wid Aa being duly redaiced (accotding'ts a. 2, 3. & Jof Chapter 12.) 
there wil ariſe Were aa — 7a , T 6 
117 | I 1. F "= 4 g 3 


4 
4 — rat Ip, 


8. Therefore the laſt 1 being reſolves by hs — in Kees 8. Chap. x5. abe 
Value of, 45 to wit je leſſer Number fought will be diſcovered, on 15. 
e + 4c | 2c wi 


* — CY 7 9 


Dae, of drithmetical Queſtions. 5 B O © K I. 


— — —ů— 


9. ro which leſſer Namber adding the given Difference 1 5 (or 4) the Sum man be 
the greater Number ſought, to — 


3+15=18=4-> + 2 = oh en TIF 


10. I ſay the two Numbers ſought i 3 No 18, which will ſatisſie the Conditions i in 
the Queſtion, for their Difference is 15, and if the Product of their Multiplication 
54 be divided by 2, the Quotient is 27, which is the Cube of the leſſer Number 3, 
as was required, 

11. But if the Equation i in the eighth ſtep be zxpreſs'd by Words, it will give the fol- 
lowing Canon to find out the lefler Number ſought, to which ** the Even * | 
ference, the greater Number is alſo given. 

CANON. 
Divide the given Difterence by the given Diviſor, alſo divide 1 (or Unity) * the 

Quadruple of the poke of the given Divifor, add thoſe two Quotients together, and 

extract the Square Root of the Sum; then to this Square Root add the Quotient that 

ariſes by dividing 1 by the double of the given Diviſor; ſo ſhall the Sum be the leſſer 
of the two Numbers ſought, which i increaſed with their giyen Difference will give the 
greater Number, 


— — ” 


QUEST. 6. 


\ There are two Numbers whoſe Difference is 2 (or d,) and the Sum of their Squares 
18 130 (or c ;) what are the Numbers? goa” 


RESOLUTION. 


* 


1. For the leſſer Number ſought put Wh A od 1 

2. Then to the leſſer Number netting the gi- — —— 
ven Difference 2 (or 4) the Sum ſhall be 442 4 
the greater Number, to wit ods nn e 


3. Therefore from the firſt ſtep the Square of 7 
the lefler Number 1s 


And from the ſecond ſtep the Square of the 
* greater Number 1s ——— 6 84 4a +4 


4 2 "ha $ 


4 _ +5 > . 18. J * 


aa {-2da|-dd 
Therefore from the twolaſt ſteps the Sum of} 
+ the Squares of the two Numbers ſought i is - 24a + 4a . 4 BET 2 


6. Which Sum muſt be equal to the given Sum of the Squares 130 ce &) Whence 
has Nauen ariſes, ix. 
24a - 44 4 = 130, * % 90 Sah 


'O | an L we; 
7. Which Equation, 96 doe Redubiion according to the Rules ofche ove vc, 
will give chis E 3 vix. —— 645-24 =-63, 
i ds = e l. 
8. Therefore the 3 in the laſt ſlep being ales — 0 the inde in 
Sell. 6. Chap-,i5+the Value of a, to wit, the lefler Nonder n nn 
will be made known, viz. r 
a =7 . x 
9. To which leſſer Number adding the given Difference 2 (or a) rhe Sum ſhall be the 
N gester Number ſought, to wic, þ 
X 7-2, == 9 = R107 4 EN 
10. I ſay the two W 9 and z tor their Difference is 2. m_—_ 
of their Squares is 130, as was preſcribed by. the Queſtion. 178 
11. Moreover, from the cane and ninth ſtep ariſes this. 


0 
CANON. 


wi! . $4 4h; ; 1 2 | 
From half ** giyen 8 Sum ſubrra& the Squate of half the gi ven n Vite Pad ex- 

tract the Square Root of the Remainder , 2 from this Square Root ſu As half 

the given Difference, the Remainder ſhall be the leſſer Number ſought, to which ad- 

ding the given Difference, the Sum ſhall be the greater Numbe 
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4 
| 
1 
J 
1 
i 


K 


j 
. 
| 
2 
2 
1 
| 
| 
q 
4 
3 
1 
1 
1 
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N 5 
© -£- =P « # ON Pe 44 £4 'S & \ : ; & ©s 
8 3 ; \ q £ i : 
zin hte Ve 399 4 #444 2 U E ky = . 
* 4 7. CA 


There are two Numbers whoſe Sem is 14 (or 5,) and the Sum of their Squares is 
100 (or c what are the Numbers? | 


\ RESOLUTION. | 

1, For one of the agony 8 — 4 4 
2, Which ſubtracted from the given Sum 14 E 5 

(or b) leaves the other Number 14—4 b—s 
3. The Square of the firſt Number is — — aa aa 
4. The Square of the other Number is — 44—284 f 196 aa— 264 LU 
5. The Sum ot the ſaid Squares is . 24 —284 C196 24a — 24 L665 
6. Which Sum mult be equal to roo (or c) the given Sum of the Squares, whence 
this Equation ariſes, 244 — 284 E196 = 100, 

{3 40; Mm yg i © 24 — 2ba+ bb = c. 


120 4d; mm Ogg 10) 5: 
7. Which Equation after due Reduction, according to the Rules of the twelfth Chap. 
will give this following Equarion ; 
81 144 — aa — 48, 
Or, ba — aa = ITbb — 3c. | | 
3. Which Equation being reſolved by the Canon in Sec. 10. Chap 15. the two Values 
ot a, which are the Numbers ſought by this Queſtion, will be diſcovered, viz. 
— Ton  T EOIEEI iz=S 8 = b + V:ic—=WH, 
5 Nt 6'= 1 — Mic — bb. 

9. I ſay the Numbers ſought are 8 and 6; for their Sum is 14, and the Sum of their 
Squares is 100, as was preſcribed. | Te ore | 
10. Moreover, if the two Values of @ which are expreſs d by Letters in the cighth 

ſep be expreſs'd by Words there will ariſe this | 


— G NOM. ; 

From by the given Sum of the Squares ſubtract the Square of halt the given Sum 

of the two Numbers, and extract the Square Root of the Remainder ; then adding the 

ſaid Square Root to the ſaid half Sum of the Numbers, the Sum of the Addition ſhall 

be the greater Number; but ſubtracting the ſaid Square Root from the {aid half Sum 
of the Numbers, the Remainder ſhall be the leſſer Number. 


#, 
bf 


n 


U 29 I dime den nn . 0633 102 283 70 MuC dt s l M 

2s 3 8 
There are three Numbers in Geomerrical Proportion continued, and ſuch, that if 
the Difference between the Sum of the Extreams and the Mean be multiplied by the 
Sum of the Extreams, the Product will be 1120 (or 6 ;) but if the ſaid Difference be 


multiplied by the Sum of all the three Propoxtionals, the Product will be 1436 (or c;) 
What are Proportionals 5 VVV 


101 . 1 
RESOLUTION. P 
4 mo A — 28 5 8 © >» % 
1, For the Difference of the Sum of the Ex- | 
treams aud Mean pu... E * q ο,4 17:4 9] 4 | a 
01 / "2175 1 5% N LC TEE 461 1 22 IN. a <3 1 N TE. 41 CY VP) G #14 , is 
2. Then accotting to the Queſtion, the Sum of 120 2 
„ 8 


the Exreams i. 15 5 
3. From which Sum if the Differents in _the > ,, _—_ 


firſt ſtep be ſubtracted, the Remainder wil 75 —4 3 — 4 
be the Mean Proportional, to wit, , \F tight 


„ e from che ano F ren e, fb 2 


ob all three Proportionals is N > Joi e Toff; 5 


5. Bur (according to the Qneſtion) if the dum of all che three Proportionals be mul- 
tiplied by the Difference of the Sum of the Extreums and the Mean, the Product 
mult be equal to 1456 (orc ;) therefore com che firſt and fourth ſteps this follow- 
ing Equation ariſes, „ „ | . 

22 4500 32 o e 2240 WL 4% =" 1.456; Tay ond Pl. 1017 

1 LE at — c. Nen 0 


9 . Y ' 8 A. 7 89 0 on. \ „* 1 8 o #4 4 2 * 
* „ 244 - Or, N * Th: by. 1 + Ju $1 dans +) f 7 3 p 261 '3 
- . \ + 


6. Which 


— — — — — —— —Ü·inͥ̃ ——⅛.aũ— w 
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n 


6. Which Equation being reduced according to the Rules of t the twelfch | Chap the 
Value of 4 will be diſcovered, ET” © OED 
"a 28 = V:2b—c. 
7 Therefore from the ſixth and 24 2 the Sum of the Extreams is alſo known, viz. 


40 = 11 * — the Sum of the extreams 


$. And from the ſixth and third * Mean Proportional is alſo given, vix. 
gy 
— = the Mean. 


9. Laſtly, the Sum of the Extreams of three continual Proportionals, being given 40, 
as alſo the Mean 12, the Extreams ſhall alſo be given ſeverally by the Canon of the 
fourch Queſtion of this Chap. to wit, 4 and 36 3 therefore the three continual pro- 
portionals ſought are 4, 12 and 36, which wil ſatisfie the Conditions i in the = 


| ſion propoſed, as will appear by 


The Proof. | 
I, 4, 12, 36 are —; for, 4x 36 = 12X 12. 
II. 4 + 36—12 into 36 + 4 = 1120. 


III. 4736 — 12 into 4 112 +36= 1456. 


—— 


— 2 0ES 7. 9. 

There are two Numbers whoſe Sum is 10 (orb,) and the Sum of their Cubes is 
520 (or c ;) what are the Numbers ? 

BE RESOLUTION. 


1: For one of the Numbers ſought put 3 5 171 
2 Then by ſubtracting that Number from the 

iven Sum 10 (or b,) the other Number re- r0—a a e e ig — 
mains, ro wit, 2 I 1 Leet | A aan 
3. The Cube ot the former is — Ee 

4. And from the ſecond ſtep the Cube of — Joker Number: is ＋ 197691 | 

1000 — 3oca + 30aa— aaa,” IO. , 

Or, bbb — 3bba ＋ 36baa — aaa. "44 ll 


5. Therefore the 12 ot the two Cubes in the — and fourth ſteps is 
1000 — 3006 77 


28 5% — 3bba + | 
6. Which'Sum muſt be equal to 320 (or c) the = Sum of the Cubes, whence this 
od PN. ariſes, vir, a 1000 — 300 + 3044 = $20, 
Or, A; bbb — "tha + 36. = | 
Which Equation, after due Reduction according to the Rules 'of the b Chap. 
1 give this Equation; 16 = 10a — aa, n 
Or, M O . 3 


| id at: 
8. Therefore the laſt Equation being elabnt by the Canon in Sec. _ Chap. 15: the 
two Values of a, which are the Numbers rs ſought by ee wil be covered 


& 4 
Ly” 2. pe x ag! 85 
; # # 
* £ - 1 


® 14 ins) Cald iS 4 4 * 911 — 


| "4 
9. I ſay che twa Numbers ſonght are 8 and 23 for their Sum 1 is 10, and the Sum of 
their Cubes is 5 20 as was preſcribed, --——- 
To4 Moreoverg dt the rwo Values of a which are expreſs'd Letters in h ſte 
be expreſs &'by Words they vill give this 91 de the F 


„On O zul! PEPIN l us ru e134 þ CANON. A 4 kay & 7 1 FR 3 1 2 a6 


neup d 30 


From the Quotient that ariſes by dividi the given Sum of the t two Cubes, b by the 
triple of the given Sum of theit Sides, ſubtree r of the Square of the laſt mentioned 
11 * 5 4 Sum, 


G HAPO16. . producing Quadratic Equation) ß, 


Sam and extract the Square Root of the Remainder ; then addingat he. G 
Root ro lt te ſaid Sum bf the Sides of the two Cubes, and alſo übe de the Kad 
Squate.Roox, from. the. 1 half ol 90 Sum and Remainder ſhall bei the Sides or 


a Numbers ſough b. 1214918 20 £12 m 22. 7 OW] to fc 303 CG) ISUP9 21 £1 $110 v7 
| — 0 2 1 
noch 0h road To MOHD BOIRTS ! V N RIIAW , 1 1 bio 
= ; 2 o E 5 7 to. 


the Numbers ? 4 > x i "$86 lore x : lo youdis or lap 
Z | [tbo 353 27 2 * E vo 7 9710 N ; - b- [ 290 (20220 32 1724 
T5 22 mA 10 1177. * Zh * 100 31 » 4 31201 DIE i + 74 / 
I. * For the greater Number ſought N {dye ning Tis Gs 4 own 
2+ Which ſubtracted from the given PR 40 10 
| (or b) leaves the leſſer Number — 10-4 . 4 mw 2 W 
] 3. Therefore the Difference ot the ewo Numbers! is 1 2 1% e - fo 
4. And from the firſt ſtep the Square of the | 8 * 5 1 
greater Number is — 5 * = RY 1 
5 And from the ſecond 7 the Square of the leſſer Number s . 
| 4 #1 200 2 204 * Ws 2 | aw) ve as 
1 . r, — 14 27 2 TE, 
6. And from the two laſt Reps the Sun of the Wa of u 17 rwo Numbers fought is 
| 1800 — 204 
| | N | N11 G9Q fs A - 1 5 , 
1 3 — 1 Joan £ 32 NA 


" This as to ha Queſtion, the Difference in the third ae miſt 45 to che 

Sum of the Squares in the fixth ſtep as 2 to 29, (or as # 455 Viz, . | 

2 $229" :: 22 10 7 100=Tok 

Or, "©. 8. ?3  S—-0 b41—4ba- 

8, Which Analogy may be converted-i into this blos 3 eee to * 
Theorem in Chap. 1. SefZ. 13.) wit, 


200—qoa +4as = 582290, — 


Or, rbb—2rba + 2raa = 114 — 66. 
9: Which Equation, after due gary according to che Rates in "os Chap. will 
r 1. 0 29 W Nai: B 
60 enter EL =, 3 Jede 
r, : am 


10. Therefore by reſolving the Equation i in \ the laſt ftep obo to „ $2. ro, Chap. 15. 
the two Values of a, or the two Roots of that Equation will be made known, viz. 


25 5 21 GY AS G0. bb 
* q 7 er E - On. K. e — 
Bug? = 2 
I e MAY 2am: 2 5 
— a 33 n 
2r 0 2 . 7 
Arr 


11. The leſſer of which two Roots or Numbers, to wit 7; is the greater Number ſought 
by this Queſtion; and conſequently, the ſaid 7 being lubtracted trom the given 
Sum 10, the Remainder 3 is the leſſer Number ſought,” © - e 
I ſay 7 and 3 will ſolve the Queſtion; for their Sum is 10 and their Difference 4 

is to the Sum of their Squares 58, as 2 to 29 ; which was preſcribed- 

12. Note. Altho the Value of a in the Equation in the ninth ſtep may beeither 2 £ 


92. 2 


or 7, for that Equation may be expounded by ++ as well as 7,) yet y "Gly to wit, 
the leſſer Valde of a, ſhall be the greater Nane t ſoughe! — alin | 


bon. ar. 
For that the  grearer Value of a, to wit, £+2 . V * 13 can neyer be 


1 to pr of the two Numbers fought, 1 prove thus Fill it n manifeſt by each 


b 
of the Values of a expreſs'd by Letters in the tenth ſtep; that if — — ==, then con- 


ſequently - — — 7 „and the two Values of's ; | are equal one 46 Has AM „each 


nir 


* 
ait * i 1 being 


+ 5 4 * 7 o - ee 
CELL FRY OY G l tt 
ares” 2. 
* ab * % 
> - 4 
LY - 2 « 9 ** 2 
. 
| * * 
7 % 4 


— of Arieknnerieal \Nweſtions. B O O/K 1. 
— — — momma mn 


F | by ; 10 3 051 918 4 817142 
helug equit G= 125 1 : Z and therefore in aha fad. Cale, neither of 1 bn 
cooIfiluesat's din pony be kqual to either of the twd Numbers ſought for that 
which is equal to the Sum of two Numbets muſt needs be greater than either of them. 


| = — Pau Daft Wenn, 
"Secondly, Tt ; = PE which is a neceſlary Determination to make the Queſtion 


7 8 * f. A JJ V — u — 
14 bb 


pole, chen the greater Value. of a; that is; 2. £44 + . d eee 


gteater than h the given Sum of the two Numbets ſoügſt, and the reſote it cannot be 
— to either of them. Wherefore the ſaid greater Value of a cannot in afy Cafe 
equal to either of the two Numbers ſought. ,Which,was to be proved. 
Bur the faid leſſer Value of a is the greater of the two. Numbers une ano _ 
quently on are given ſevdrally by this fottowing - G! 
-4 s 01 C A N 5 25 | | 


13. From the Quorkpe that ariſes by dividi uare of the latter Term on the given 
Reaſon by the Quadruple of the Square me rſt Term, ſubtract a quarter of the 
Square of the given Sum or the two Numbers ſought, and extract the Square Root of 
the Remainder ; then ſubtract that Square | re Root from the Sum of the Quotient tha 
ariſes by dividing the latter Term of the given Reaſon by the double of the firſt, an 
the half of the given Sum of the two Numbers, ſo the — ſhall be the greater 

E . ſought; which ſuhtracted from t 15 ſaid given Sum leaves the leſſer Number 

4. From the premiſes this following on may eaſily be ſolved, viz. the Sum 
* two Numbers being given, fu — 5 AC r b,) and. * Difference being equal to 
the Sum of their Squares, to find the Numbers. 
© Firſt, ſuppoſe = 5s =1 3, (becauſe. the Terms of the Prop ortion. in this Queſtion 


are equal to one another,) then the two Values of a before S in the tenth ſtep 
will be converted «d theſ „ Vie \ 


LES 


The leſſer oi which Values 8; 0 Wit 30 — of the rwo Number 
ſought, and therefore the ſai e ſubtracted from + the given Sum, leaves + for 


the leſſer Number. I fay 3 dive thie Queſtion, for their Difference 5 is c- 
on to the Sum of their Shit r 


- = m 0 . 1 2 = 
* # 2 AA | wa + 5% o . 11 *. * * * - C 4 . * * * . ;*”* # 'F. * 
. ; 0 » } & : . 2 
# _—; „ . * o 9 © + ® © # 3, * 4 1 4 9 0 F & * SS 4 „ - * 


STEMS 2K 
There are two Numbers, the Produft bf whole Mulciplication is 48 (or p,) and 
the Difference of their Squatey is 28 (or d;) what are the Numbers? 


RESOLUTION... 
17885 ae 7 — 
4 or the | 
1 5 the leſſer tler Nane, to Al Boten 7 
Panter ue of the great: "2 -4 
r is 


= the ſecond ſiep the Square o 
125 Number is = . 


5- Therefore the Diflerence of the ſyidSquares is is — 1 


6. Which Difference muſt be 0 ual to the iven Didere 6 of the uares, he nee 
„ ö ; G I 181 Squ 2 when 
208g — 2 

M Ibis cgttt aa 23% — og. 234 Ve b ets 130 3% 


— 


2 
C 
< 
1 2 
4 
1 
* 
. 
4 
3 
£ 
* 
A 
3 
E . 
* 
8 
4 
2 
4 
3 
. 
* 
1 
2 
g 
A 
"© 


. From ibe Square of half the given Sum of the Squares of the twoNuthbets ſought, 


DS Os er; 


— __ 


CH A P. 16. 


producing Quadratic Equations. 105 


will produce this a4aaaa — 284 2304, 50 
bee Or, aaaa daa = eee, Zuge 07949 0 
8. Therefore by reſolving the laſt Equation according to the Canon in Self. 8. Chap. 
15. the Value of a, to wit, the greater Number {ought will be diſcovered, viz. 
g a =8 = (2) pp +4dd 4. 

Whence the greater Number is found 8, by which if the given Product 48 be divided 
the Quotient 6 is the leſſer Number ſought. en 1h, e, 1 : 
"Tay, the Numbers 8 and 6 will ſolve the Queſtion ; for the Product of their Mul- 
tiplication is 48, and the Difference ot their Squares 64and 36 is 28, as was preſcribed. 

Moreover, the Equation in the eighth ſtep gives a Canon to find the greater of the 
two Numbers ſought, by the help whereof and the given Product the lefſer Number 


7. Which Equation, after due Reduction according to the Rules of the twelfth Chap, 


| ſhall be alſo given, 


„% CAMES | 

9. To the Square of the given Product add the Square of halt the given Difference of 
the Squares, and extract the Square Root of that Sum; then to the ſaid Square 
Root add the ſaid half Difference, and extract the Square Root of this Sum, ſo 
ſhall the laſt Square Root be the greater of the two Numbers ſought ; laſtly by 


the ſaid greater Number divide the given Product of the Multiplication of both Num- 
bers, and the Quotient ſhall be the lefler Number: A 


11 


” 


3 ZF sn 92 2 Ho me ads ben 
There are two Numbers the Product of whoſe Multiplication is 48 (or p,) and the 


2 — 


Zum of their Squares is 100 (or c,) what are the Numbers? 


Sb 


1. For one of the Numbers ſought put a | 4 
2, Then dividing 48 (or p) by a, the Quotient Wy" | 7 

will give the other Number, to Wierer 4, = 2625 W 
3. From the firſt ſtep, the Square of one f: ð ͤ | 2 

the Numbers i: —— ity Ro, | 
4- And from the ſecond ſtep the Square of the * 2304 5 

other Number is ——— ꝛ⁊· “k 2 of 
de ID Ro Cont) of 1 Ae bz g 
5. Therefore the Sum of tlie ſaid Squares LNG — 32304 aaa Ly 

Pee , 0. 1 | 
6. Which Sum muſt be equal to the given Sum of the Squares; whence this 188 
516 21120) z C73 ail: a, bee I N23 | 
Or. | aaa T- _ : 


— | 
7. From which Equation, after due Reduction by the Rules in Chap. x2; this will ariſe; 
| ..2340 = 100aa:' — aaa, £6 : 

TP CREST A ILY OO, 
$. Which laſt Equation being reſolved by the Canon in Setz. 10, Chap- 15. the two 
i Values of a, which are the Numbers ſought, will be diſcovered, . viz- - 3 


f ; | : — — 
"24 Bieri a1”; S V (ze LA — pp: Loi ten 
93 2 — — 8 


W / fon 5 
9. I ſay,” Band 6 are the Numbers required; for the Product of their Multiplication | 
is 48, and the Sum of their Squares 64 and 36 is too, as was preſcribed. From 
dhe laſt ſtep allo ariſes bis 3 1 
Ng to ; Fa S1TENDC bc. C A 


- 


, 
0 Was „ " 4 
| ) Py : © i C1 5 4 #77 * 
7. NO N. F 10 
> » | * * 6 4 % , % + 7 , # © v 
* » ? N 219 ; 


10 


Tubtra& the Square of the given Product of their Multiplicati radi 
. „ . pneems given © roauct of their Multiplication, and extract the Square 
Root of the Remainder, then to half the Lid dum add the ſaid Square Root and Kom 


1 A 
"_ . 
. „ &YL 
1 Fr 
. 
* 4 \ 
4 a 
= 7 


* * 
YL 
* ; . 7 8 L 5 * of * | 
N * N 1 L - , b A * . 90 1 * x + 1 * by 
* 15 e 3 * 1 
„ . : , 


228 . % . 
* » * — * LE - ye (2 7 
T4 1 2 8 A [EPR _ # TO IO : OO". * = 
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"he ſaid half zum ſubtrabt the ſaid Square Root; laſtly, extract the Squate Roce ot 
the Sum of that Addition, and alſo of the Remainder of the latter Subtraction, ſo mall 
thelst two Le Roots be the Numbers fought by the Queltion propoſed: 


= 
* 
RRR ht. the. x 
* _— „ 
— — ͤ—U—ü—- ——_ — 4 = — — * „ 7 das td \ lk. — OS EET FEE ST LACK = — 
- N — G o 1 | 


There are two Numbers whoſe Sum is 14 rb,) and K the Sum of their 8 
be mkiphed by the Sum of their Cubes, the Fe is 72800 (or c) what To 


Numbers ? ſn 
2 RESOLUTION. | 
1+ Fox 8 the Numbers ſought 42 47 | | 
2. Then, that. their Sum may ET v4 857 6, * a «+1 
the other Number muſt be—— 4 7 —4 6 
3, The Square of the firſt Number is ———- a+ 144 1 49 | 
4 The Square of the latte Number 1 is at—14a-49 
« Therefore the Sum of Squares is 240 C98 
5 Again, the Cube of the firſt Number will be | 
BY  'anaÞ+2144 1474434 
Or, a4 - * 1 144%. 


7. And the cube of the latter Number w 
| E 3262, 


Or, —aaa|tbaa—ibba + ;bbb. 
8. Therefore the Sum of the Cubes in the two {aft ſteps is 
Ada sss, Or, 44 L108. 
9. Which Sum of the Cubes in the laſt ſtep being multiplied 6775 the Sum of the Squares 
in the fifth ſtep, produces 5 S 4a di 
Or, Saad + 2bbban TLZ 


10. Which Product in the at Queſtion muſt be equal to 728 the P 
given in the Queſtion, whence this Equation 2 vx. 72800 (or c) roduct 


84aazaÞ+5 488ga+67228 = 72800, 


1 Or, : _— — oy = E 
11. Apd from that Equazion, alter due Redu&ion gecording to the Rut 
twelfth Chapter, this will ariſe aaa _ es of che 


Or, * =; . 


12. Which Equation being reſolved by the Canon in & of 6: Chaps 15 the Value of 
a will ve diſcovered, viz. , 77 * 


* 


e, 


13. Therefore from the twelfth, firſt ang ſecond ſteps, the two Numbers ſought are 
made known : 


TEIN r Z 4 2 ee — b: 


— — 


owe: be (abs r BY 243: 


1 " e Nünbeg Wüste are Ay. for their Sum is x4, and if 100 the Sum 
of their Squares, be a5, wh by vas, the Sum of their Cubes, the Product will be 
77 as was preſcribe 


„eee cy Ake ce Hep gives a Canon to bad ontthe Numbers (aft, 
a ©2 CANON. 

Divide n given produc by ſix times the given Sum; rhen to theOnodient add 355 
of the Biquadrate of the given Sum, and exxract the Square Root of the Sum of that 
Addition; then from the ſaid Square Root. N x of che Square of the givendum and 
extract the Square Root of the Remainder ; Y. add this Square Root to half the 


given Sum, and 5 from the ſaid 56 hy = 4 Mall che Sum and Remainder 
,be the two Numbers ſought. 
f | 2 


— 


— — 


e r 


7 nn » LIE 


(e 62665 1D, + Dok 18 18 Ber. U dub 5 * ic W * 7%? i \ 


| There au fwd Numbers the!Product. of whoſe ie 26 Cor 3) and the 
Sum of their Vubes 18 189 (oro J hat re the Numbers (or 
I 2 Rn non) a7 yd RE: 50 5 ? kagd my E N doors, iT 8 


wee bee eee. 


a b 
* e oe x ; fig 61+: a 2452 20 od 
th * Ok eig n 3091 (+; iS i bo bib d 

30 ret 0 he? v N "airy {pL 5 * 2 

a e e Wunder is 35104 1013 — — eee oP mult ie 
7. Aud 00 . 88 ir Eibe Cube of eh A0 285 LI 4 bit 1 winds 

© other, Number. is » A 1 on 1.9 8 DU 1 4 3437 | 

5-Phibrefbr6 the Sum dk the nid Cubes c | a perl; 
6. Which Sum muſt be equal ro 189. (or F th the your oben in the Ka nine 


ef i 235 


this Equation ariſes, viz. a 

Sabo aw offs i040 eee kes ge 5d fed to b 4 oT 
DIRUVI GC. 3 8) 2113 bh Coe * Hohne 10 0: 189, $00.51 Et: D: ach 191 10 = {18 
ben G ave "br 2 A . bas JC na | CLIC on if „ 07 366 
197% mm fei v Lb nl DNA 20g 1H 6: 919 ei +6560 2 1 of 


77 Wtdich- Peuation being rtduchd according/to Sect, 3, 31 dd ien, 12. there 
_ 8000 = 189 — — aagtaa, 
Bb = "cana © — _—_ 7 
$. And by reſolving theEquation inthe laſt Rep by * Canon in Se. 10. Qhap, 15, the 
 gtwo, Values of a, which, are the Numbers ſought by this « veſtion will be made 


non, aue. » 14 8! bot of 5:8 v deb iee MB: 

| Nu 1 0 NF; NT OD. ee Yr 4 

9. Lay, the Numbers fought are 5 +5 9 Product of their Multiplication i is 
20, and the Sum of their Cubes 135, dt is 185 as was Preſcribed. 


— — 


© Moreover, trom the tho Values of e by: La in che eighth ſt „the 
following Canon iſes to Kg out th he diane ought," 150 Ae * * A Tel 4 


From the Sd e of Halb. the given EEG ſubtract the Cube Ke g wen duc 
ang Pnrac the Square, Rot of he Remainder ;. then add the ſaid $q ov Rot to 
the given” Sum, and alſo ſubtract it from the ald hal Af Sum; Tally. extract tlie 
Cubic Root of the Sum 6 that Addition, and like wile extract the Cubic Root ot the 
latter Remainder, ſo — tlieſ A. We Roots be the Numbers ſought. 


$4. 
4 . 8 2 0 
Rk * 
— ch gu Ez. IF* % v0; 


are two Sd the product of whoſe Multiplication ae I (or 8 * 
Bifltencs of elt Cubes is 91 ( * 45 43 Ne are rhe eons IQ IN, ma . 
$1] = FO 


2 < Neg? K T U 10 N. ab . | gold ono to !!g') | 

1 · For the greater of . e (Ghght put fn 20S. J 

u Then, by Wividing the given Product 20 T 429 wi d 
(or b) by a, thę leſſer Number will be — ern ene 5 i 

3. Therefore from rhe firſt ſtep the Cube of: * ee e eee 

© the ker Nombet ins fes nah watt 

4. And from the ſecond fop the Cube of the) b 
leſſer Number is aaa. 


Wk. £” 


Arncke fort trüm the duwey tat ſteps hd Dit; nn 
$; ference of the Cubes\of the 9 Ei " ee 


7 n b SELLS \£O 17 LoL tc 882 wo 

6. Which Difference muſt be equal to 61 (or d) the Difference given * in 
whence this Equation ariſes, viz. * 0 

We . aaaaaa — 80 A aanaaa — is „ 


aaa >= = 61, : Sy Or, N r Sd, 


O 2 | J̃. Which 


— Sx — — —ͤ—ñ—mäĩ— — — —ůꝛů ů —— — — — 
X 0 — . - * 
- — — 2 — 
— — 2 — - — — - = - - _ 
” — — — 


li 
i ; 
0 
| 
TH 
1 
j 


Au” 


» 
i — K , 
* 2 4 
"NAA 42 


: 
Sk FE, e 
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preſcribed. | 


ber is alſo e 


mn *—— EE * — 


— 

7. Which Equation, after due Redudton, (aecontng to cd. a, 3, and 5. of oo. 12 5 

will give this that follows, vin. eee 144 = 9720 
8. Therefore by Reſolving the Equarieh l the laſt Rep by the Canon in Sel 8. Chap. 
15. the Value of a, to wit, the greate? Ndmb r { twill be made known, wiz. 

| 1 


N = (3610 + ghd : e 


9 Whence the greiter Number ſought; found 2 By | which if the © girea Product: 20 
be divided, the Quotient will give 4 | 


or the leffer N umber 
I ay the Numbers 5 and 4 will ſolye the en, 3 for ihe Produ& of 
their Multiplication is 20, and the Difference ubes 125 and 64is 61, as was 


— — 2 0 


Moreover, the Equation in the nant a Canoii to find out the greater of ö 
the two Numbers ſought, 9 * LG * the jeive Num- 


"CANON. e 


To the Square of half the given Difference, add the Cabe of the given Produg, 
and extract the Square Root of the Sum of that Addition; then add the ſaid Square 
to half the given Difference, and extract the Cubic Root of this Sum, ſo ſhall 

the ſaid Cubic Root be the greater of the two Numbers ſought; by which greater 
Number it the „ n divided the ages ſhall be che leſſer Number ſought. 


—— 


— | — — 
QUEST. 16. 


A Merchant having bought certain Cloths, ſells them at e744 (or 6) the Cloth, 
and then found 5 cvery 100d, (or c) that he had laid out, ens 1 
Pounds as he paid for one Cloth , ues way the UE CONES Coe 

* X ESO ox | N 
1. For the firſt Coſt of one Cloth pur — 2 | 50 


2. Which firſt hs +: 2 dre _ the by 1k rs: 4 WL. 
for which the Merchant one , +107 
Man for e the . 1 tne Ao. E 
Qoth, to wit - 
8+ Then find what was gained in laying out 109. (or . ſay by th Rte of hee 
2 It a> » 174—a © 2 100 e 1 5 
| > —'ca 


Or. a: Ins r= _— 
Y . 1 4 —— — Fre 


- , Whence the Gain of non is found 2, or — 


4. But according to the Queſtion the Gain of 2 (or c) aſt fe equal to the GR 
4 Coſt of one Cloth, therefore from the firſt and third ſteps this Equation ariſes, viz. 


—- SENS r «=== | 
;. Which . ef Me 120 wil 
” give rag mm vix. — N 7 a. Wh. F 
- aa 0 


6. Therefore by reſolving the Equation in the laſt lep by che Canon ih . 6. Chap. 
15: the Value of a, to wit, the firſt Coſt of a Cloth e e 
a = 15 = ν n Y — 46 
1 vs the rt Caf of > Cuth wan 2 as will appear by the Proof : Peri a 
Cloth be bought for 15 J. and fold for 1741, the Gain is 241. Then if 15/- gain 23. 
it will follow that 1000. 1 bt which bake out wo the firſt Col ofa Cloth; as 
vas preſcribed: | . F. 


* 


. * | 


4 1 g 11. . * 
= $4 
413 8 A ot ber 
„ 0 „ 4g 0r 
* ” 


"2 "Cris 7 
* * 
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HAP. 16. 


producing Quadratic Equations. GY 


Se EEE Fee k q — —— — 
Way of reſolving "the preceding Queſt. 16. 
. 94797 | 433 8 | FS I 37354 » 
; 2: 8 ! 1 4 12 7 a 43:3 
2, Whi " LS 2 9 
Money | ; ks 171—4 | N b—a ; 
Jeave*the firſt Goth, to 6Þ. 1. ee e pol - 
z. Then find what was gained in laying out 1000 (or c,) and fay by the Ruleof Three, 
x " + 171— 4 LAWS 55 ee 1 
Nei us eee Its! Þ AND 4 dot E 2 
1 e e Fs 4 
” Y | g | | a 10a e a #44 iD : 
{ Whence the Gain of 120). is found rr Or, —=. 
4. Bur, according go the Queſtion, 8. a 1000. (or c) muſt be equal to the firſt 
+. Colt of one therefore from the ſecond and third ſteps this Equation atiſes, viz. 
9 2 n 11298 5 22 tn 1. ' ca $265 Bo. * hoy» 4 
i —a- „ ce Or, 4 — a2 PE 


5. Which Equation, after due Reduction according to Se#. 2, and 3, of Chap. 12. will 
49919 e 069) 232g ww gn: EST | > Or, ca + 2ba — 4a = bb, _ 
6. Therefore by reſolving the Equation in the laſt Rep by the Canon in Set. 10. Chap. 15. 
the two Values ot a, or the two Roots of that Equation will be made known, viz. 
F oy E Vixen 


„ 


e ;$ = ze vii + ©: AI Be. 

The leſſer of which two Roots or Numbers, to wit, * or 24/. is the Gain of a 

Cloth. which ſubtracted from 17; /- leaves 157. for the firſt,Coft of a Cloth, as before 
- Note, Although the Value of à in the Equation in the fifth ſtep may be either *** 
or 2, (for has e be expounded by : as well as 3% yet 3 only, to wit, 
the lefler Value of « ſhall be the Gain of a Cloth; for 41 is greater than x75, and 
conſequently the Gain of one Cloth would excced the Money tor whith one Cloth was 
ſold. Which Abſurdity appears alſo by the greater Value of à as tis expreſt by Letters 


in the fixth ſteps, for ze + 5 + ider + ck is manifellly greater than b | 


_ * . PP RY : 
— = * _ 
2 3 


— — 
1 — 


# 


1 


OR? 

2 - $44.$1 PE QUEST. I7: P 5 | 

Each of rwo Captains, whereof one had a lefſer Number of Soldiers in his Com- 

pany by 40 (or 5) than the other, diſtributed equally among the Soldiers of his own | 

Company 1200 (or c) Crowns, whereby it happened that the Soldiers of the leſſet 
Company had ; (or 4) Crowns a piece more than the Soldiers of the greater Com- 
pany ; the Queſtion is to ſind the Number of Soldiers in each Company, and how 

many Crowns each Soldier. received. | * * 


: | RESOLUTION. 1 In. 
1. For the Number of Soldiers in the lefler } | 
Company pur — —— ö 4 
2. To which adding 40 (or ) the Sum will . 1 
give the Number of Soldiers in the greater LC 2 E40 444 
Company to wit — — ' {8 4 
23. Then if 1200 (ot ] Crowns be equally ; - 
* a the 5 of the leſſei „ | WE 8 
ompany, the Quotient or Share ot every* , ” on. 
Soldier will be 2 Nen, q rt s 
4 Likewiſe, if 1200 (or c) Crowns be equally 8 Ns IEEE; 
divided among the Soldiers of the eater” ©2200 4 


. Company, the Quotient or Share of every( FI 
5- To which latter Quotient adding 5 (or 4) a + 14% 


<a 


N of Hihenttital (it 


— — 


— — , rp . 
= - - — — 


— 


— 
— 
— — > 


— ä 


6. But according to the Queſtton the Sum 4 init egen Ut fic 


* 


tient in the third ſtep, whence this Equation Af 
da 


54 1- 422 1200 


| _ 5 0 r oft 00 15 
11 ee 8 ais fled 
Of,” L. 4 beh. 


7. From 1 WL ester, agcorings 8 er 3 and; SY 
120 chi- will ariſe, W. 0 eee Ws! i 21 n 26d 4 Wan. : 


"©, "084 4a n = . * 


8. Therefore the Equation in the laſt ſtep being 9 by th "BS" in Sef. 6. 
Chap 15. the Vaſugof a, to wir, the 2 of Soldiers in che diler CompanpiII 
be diſcoveted, v, ' 


Pune 


Brook e e Io ond 5447 Song y 


35. 


| It | 3 84: 0 5552 ut 
Front che eighth” fill, 20d ſesond dleps dt⸗is apidene dat t delle, 5 
conſiſted of 80, and the-greater 120 Soldiers; which Numbers” will ſatisfie the Con- 
ditions in the Queſtion. For the Difference of the two Companies ig 40 Soldiers; al- 
fo “ = 15, and g = 105 hence it in manifeſt that the Soldiers t abb belle 


Company received 15 Crowns a piece, the Soldiers of . C ανn⁸ 
a piece, and conſequently the Soldiers of the leflef Company had 5 Crowns a piece 
more than the Soldiers ot cke Stencer N a as ras preſerbd.. 1 narnaedT' .> 
W Nd 1h 1 | 4 wy bis, 246 4 5 
Ke. 5 ie — — * A 0 i" Av #21 092 . 
— — 2 — n 7 C + 37 : 21 * 2h 


53 5 DVEST 8. 00 
_ | \ PF" 1 10.2300 7; 241 did 10 35 ar 
Tug Merchants fe 12555 Cioth ao this manner, vir. each ſelis go (or 40 18 
the firſt Merchant ſelling 2 (or c) Els læſs for one Pound than /the Second, recei 
his 68 Els 5 (or 4) Pounds more than che ſecond Merchant for bis Ells-; Thy ves 
nr to f find how Way Ells eactr Merchant nn FO 9 40 $4 7 15h! 951 


N — 2 242940 * UA. Q: * & * ats: N 29. ples, 
5 © " " kv ; 
19k Kd! . "SIS *ÞD Þ\ 2 RE SO LUT LON... . = — Wo”, 2 


* 


1. For the Number of Ells which the firſtr: ! Js 2} 3012 

-—Merchant-lold lors pur __—___—_—_—— ed 
2. To which Number of Ells adding 2 (or c, 5 þ | 

the Sum will be the Me * Elis which © a2 a ＋ 

the latter Merchant 11 to wit, 4. 0 lo; ima va 

. Than'fing bees ken rhe bull ee e e een, 

chant received for His 60 a 4s £ay bw n (> doe ! e 4 

Ihe un e 299-8 13 1070 ig 4 20609 7 3 10 Ne ve gr; 02 

| li wy 5 eb AP 4 216160 3 10 2 Me! 8 23:13 2 694: 21 gl. " 

: | boIrizzngoibilot fl. 


Or, « 141 Apensen 


whente the firltMerchants cotalMondy 1 holy of 221it! 
4. Find like wiſe how; much Money the latter by — 
Merchant receined lor, his 69 Els vis. Gy; „ 


| * | din. 
It a+2 S 121 a+2 | 


Oh ate | 1 57 'b : fl os 
wc ©: latter Merchants total 8 


* 212 Ci 


c—_— 


is found LOS Lan 

. To which latter Sum of Money addicg Wa ö 

* 4) Pounds, the Sum will be at {ich 
6. But according to the Queſtion the Sum of .Money. 5 * | 


- quatrgkheSun in the third ſtep, er 
. *- $5&ÞF70 1 0 ba 2 Or, Le g 5 


4 - 2,0 | 4 ' 
N MS G7 n . "abc 7. Which 


* 


2 — r — 


f | 1 BM 
© H A p. 16. ace Quadratic Equations 3 vv 


o . Whigh Equation, after due Reduction according da St. 2, 3, and ;. 8 8 
n W.. 70S 40 Fa = 24, 


L 
o «kh a5 3 


8. Which Equation i in the laſt ſtep bei ng reſbl vod by the Canon in Sec. 8. Chap. 15. the 
Value of a, to wit the Number of Els — the firſt Merchant fold will be made 


known, 22 = + . 


4 

I ſay the firſt 3 ſald 4 = * Pound, and the ſecond 6 Ells for x Pound, 
28 will appear by the Proof. For if 4 Ells give 1 Pound, then 60 Ells will give 15 
Pounds Again, if 6 Ells give one Pound, then 66 Ells will give 10 Pounds, whence it 
is manifeſt, that the firſt Merchant ſold his 60 Ells for 5 Pounds more than the lecond 
ſold his 60 Ells, and fold 2 Ells leſs for x Pound than * ſecond Merchant ſold for 
one Pound. | 


- 
—_ 2 = —— — 
r 


= © © - 


QUEST. 19 · 


Two Societies, whereof one exceeds the other by 4 (orb) men, divide two equalSums 
of Crowns; the Men of the leſſer Society have 8 (or c) Crowns a piece more rhan thoſe 
of the greater : And the Number of Crowns which each Society receives exceeds the 
Number of Men of both Societies by 172 (or 4) The Queſtion is, to find the Number 
of Men in each Spciety, and the Number of Crowns which each Society had 


RE SOL TIO 2 
1. For the Number of Meg of the leflerSocjery — a a 
2. To which Number adding 4 (ar 6,) $0 FP 
_ 


| 
Sum will be the Number of Men 'of 4-2" | 
greater Society, to wit, = 
3- Then, accor ing to the Queſtion, if 172 | 5 
for 4d) be added to the dum of the Men © 
bock Societies, it will give the Number 
Crowns ſhared hy each Society, to wit, 
4. Which Number of Crowns being divided by 
(a) the Number of Men of the Tefſer Soci- 
- ety, the Quotient or Share of every Man in 
that Society will be.. 
5. Likewiſe ws the _ Neg of C be- ” 
fore expreſt in the thitd ſtep be divided for * 
424, (ar ad, the Number of Nen of the Ip" oF e - 
- greatay Society,) the Quotjent will give the +7! $; "x 
ſhare of every Man in this Society to wit, 4 | 
6. To which Quotient in the laſt ſtep p agding Þ. I | agel 
8 (or e the Sum will be 0 | . 
7 But, according to che Queſtion, the Sum in 5 = ſtep muſt — ar 
Quotient in the fourth ſtep, whence this Equation ariſes, Fn 4% 9 — 
10 C08 24 + 126. ©, D 242 + þ 4-4 
7 = © lions P as 3 aA 


* | 
8. From which Equation, after due Reduction accordin to Sekt. 2, 3, and 5. of Ch 


«Den Wy baer 3 ee in Sl C. hap: Th 


Value of a, to wit, the Numer of Men in gbe "oder ety W 
ee 5 


10. Lally from the 9th, iſt, 2d, and i endet 8 155 t the N t 
in the leſſer Sociaty 12 chat of the greater. 12 q my 8 855 der 28 Men 


4 by each Sofiety 191 — 6... Numbers we 0 We e Condit 1 Too BY 


„ 
| . 
= 
= © 
= 
—_— 
oe * 
N 
. 
— — 


2a+b+4 


F *- ; | . 
2aþ176 2a+b+d 
$7: 57 WP] «© "Re 


* 
„ 


199 
OT o 


| ax, WO 
i , \ * Go - 
* BS wh Le as: 


— 


11 * i | _ Refolution; of bene Queſtions 0 'B OO K -1. 


- 


w_—_— _ 


+ -- 


Quellion 1 as n appear by the Proof: For "ITY = 24, and 53 16; Wiketice'ie it 
is evident, that the Men of the leſler Society had 8-Crowns a piece more than thoſe of 
the greater; alſo 192, the Number ot Crowns which each Society divided, exceeded 
20 the Number of Men in both Societies by 172, and 12 the Number of Me in the 
e Society exceeded $ the Number: of 2 in the leſſer by 45 ; as was pre * 


— 1 1 MSA 4 „ r a. : 4 4 1 W = I> 5 %S -& * 


—— =_ 


2 ES 20 · 


A Grafier having * certain Oxeti for 270 (or b) Pounds, ids that if he had 
paid that Sum for j (or c) Oxen fewer, evety Ox would have coſt him #4. or: 4) more 
OT he Paid for an Wan What was the Number of Oxen 1 1 


RE SOLUTION. | 1 | 
1 4 por the Number of 8.8 boi ht put 4 n 
2. Then find out the Coſt of an Ox, and lay, . Fg 
— — — a 270 (| 
1 WEE 1 270 LF 
; Wc ME YO EOS ' & f 
. hs Price o6 a0 die ee | i FR 


- Subtract g (or c) from the Number of Ox-1 * x 
en bought, and then find what the reſt 


would coſt a piece, ſaying, n 
eb 
If. Gg==Y i. "IIS--61 3: a 20 | 1 0 126 32 
| I "8—=5. F — a 3 
891 a | g b . , 5 17. | oh 4 — Cc 
Or, @—c . b 2 11 — 0:17:42 208 1 


: ff 


Whence the Price of an Ox is found —— 0 


4 Then according to the : Queſtion, the laſt mentioned Price of an Ox muſt exceed 8 
in the ſec6nd ſtep by 1 L. (ot 4) thereſote it the former Price be ſubtracted from 
the latter, the Remainder muſt be equal to Zor d; whence this Equation __ Viz, 

| b 


2750, 270 , £4 lo ipriiedtr 76 | 
DEE. 1 fs... r 
Which Equation, after due Reduction according to the Rules in _ 12. will give 
"this that follows, | — 2 — 5. 2 1800 %/ĩ; ige 

Or, KY aq ca * . Mal ear Sl'v/2 a; t .7 


6. 7 WE the Equation in if laſt lep being — by th Cinon h. in $8. 12. . Chap. 
15, the Value of a, to wit the 1 7. of Oxen ps. pr yon be diſcoreted, Vie 

4 Bigg Jt cc d 

ta ate =: Fob 7, Funk O idw oT > 
I ſay the 8 of Oxen bought was 45, and every 0 colt & Pounds, as will 
appear by the Proof: For ficſt, 45 ; then from 43 Oxen ſubtracting 5, the te- 
maining 40 Oxen valued at 2700. will yield 6 4l. a piece, Woes exceeds _ former 
Price 64: 3 i. as was 3 N 


\ * . | 


milo 2 bas ee ee Nb 01 | 38 Nt + aaidw No 8 
$2 QUE 52 1 51: Aan 2ids 61 
A Merchant buſes. Lünen 8. of two ſorts, Viz) 90 (or b) Ells of © one for, 


together with 40 (or c) Ells of of a worſer fort for 42 (or d) Pounds; and he finds 
chat in laying cut 1 Pound upon each ſort he has (or n) of an Ell mote 6f of the wot- 


. OO Er On Oi GOO OO” ag OO On ER Q 


JA. — 


ſer ſort that? che other ouch was the Price of an Ell of each ſort - AE "20? 
3 * RESOLUTION. — I» 2 2 
1. Fo the Nu amber of Ells of che re pkg 1 
Cloth 2258 hd Mer abt ught f. of 5 "3 = 2 1 - gi nn. 
2. hen accord 005 to the Ck the erer n 4 I wb 5 
Kugel the worker ſo1 'boight for 1/. will be 14 2 dau-: 3 8 
TI 4 | 3. Fin 


E A e ed 


"Ry 


whence the ſai 


4. Find like wiſe the Coſt of all 05 1 


better ſort, and 
E 


Org « 8 "0 


hende the ſaid full Colt is | 


5. Then the two Sums of Money found ut in 
the third and fourth ſteps being adde 


ther will give t 
_ Cloth, to wit, — 


6. Which total Coſt pte! in be jaft bey, maſt (according eo a. Gelee 5 de 
equal to 42 (or d;) whence this 3 ariſes, £ K y 


7. Which Equation; after due Redubion (ac 
give * _ e N.. 


—— 


— 


1 — n H — 


CH A P- 17 Tue - producing. Tara Equations. | 
. Find the Cot gf al the Ell of — 0 8 vg! E 
Tore! and ſay | el Rene 
| do 
If - a+} 3 183% A”. » 40 f 
oe | C09 - a+ 
Or, 24 ine N 


ö 
f 


full Coſt is has 


ſay, nol ons 
| | E 1 BER Jo 
1 : 28 90 * 4 oe . 
| ; ; '$:5 | , . 5 
11 $207 h . a 
i I Ss IT : 


R * 


et N ; e437 


KT .2 
1 f 
"I 1 1 
-% 4? 
14 pf c 4 
: 
4 7,2 
* „ 
4 WW 1 3 
. "51 "1 ; 
M6 * 
c PR th ' — 
„ 5 * a 3 ** 
Le 5 


he full Coſt of both ſorts of io 277 


——— 


dul. 


da 30 "« © Or, PE LIM 


ed 


424a— 43 = , 


an ma 


cording to the anche. gk Op 


5 . 


. Or, Q c+b — dn 
Or, 7 


"In Wii 1a Benin. if inftead} of the known 3 we take f, 


that Equation ma 
ut D 21971 


d.. 
* Therefore by reſolving the laſt Eten accord 


may k be expreis d thingy 


3 = . 
4 21 iS 0 & © S 1. 1 
. 


ing to the 


— "= * 1 F k + „ 
F*F3A . 89 1 . s * * 4 7 * 


Canon in Sect. 8. 70 


15. the Value of a, to wit, the Number of Ells of the woe 8 of Cloth 


were bought for 1/. will be n — 


cas V 


ty t El coſt +2 J 


Thus it is found that 3 Ells of 75 Ea 
quencly 1 Ell coſt 3/7. and go Ells 30 J. which: 
both forts,) leaves 124, tor the full Caſt of 40 


"=" o 
x w* 1 * 


„= 


at this Rate I. Will bay 35 Ells, which 


= && 4 , . - 


125 WY dl pl 17 . 
ſubtracted from 42 1. (the full Coſt of 
Ells of the worſt ſort; and conſeque 


by 4 of an El 


is more by 


than was baught of the better ſort of Cloth for 1 Therefore all itions 
the Queltion are ſatisfied. * 3 4 


<ae_ + + 


EIT Tony a —_— OOO) ˙ ——Ä—— ae; — 2 


— 


hw 4 
. P 


. 
r 


o . 
—_— 


A Merchant having 
W eight (or c) of 'Cloyes, 


2 U E52. 22. 


wag 7 


Spices, to wit, 8olb Weight * 4) of:Mace; jand_zoolb; 
ſells both Quantities for 65 (or 4) Pounds in Money; 


whereby it happened that he ſold a Quantity of Nee for 100. (or m,) and the like 
Quantity of Cloves with 5olb Weight (or #) more of Cloves ſor hb l. (or 7) The 
en is, to find how many Ib Weight of Mace he ſold tor 10 J. 


I. Lad 


N 


e Number of Ib Wei ght of Mace that be 


the Merchant ſold for 16“. be repreſented by 
2. To which Number adding 60, the Sum will „ 


give che Number of lb Weight of Qoves 
that he ſold for 200. to wit 


Al T TR 
+ 


#460. 


_—_ 


« . 1 \ 
ia Cl 4 g 9 
Abs 2911 | 
0. 3 (1 { #7:;owHl 
*. a 0 
vr «+» 
3- Then 


* 
* _ OY ” < F 
» — — — 3 - af —— — 


14 Reſolution of . _ BO 0 K a 
3. Then find how much Money 8olb weight]: TP Ness Js bne2 x 
of Mace was n for, and ſay, | | Ng 1 570 
%% © | | 
If. a + 10 22 80 F Ea J 
— ; * ; | 5 800 mb 
57. 2 2 . | IK © 18 Z nt v 22.9 
whence the Money for which the ſaid 8olb f E a 
_ of Mace was ſold 1 15 — 1 n n. hat em > 
4 Find likewiſe how much Money roalb) inn Dd 
; weight of Cloves was ſold * and ſay, | Mr | 
If : a4-60 . 20 T5 — 100 4 5 
| | | a-60\ \ 2000 6 
8 1.4 0 
„ LABS LET, <2 TP abi e. 
whence the Money for which the ſaid: . | 20 70 
ol QJoves was ſold is 40 Feng 
5. The Sum of both the laid Sums of Money 34 eee lese ma Lan Trca 


found out in the third and fourth ſteps is e 4 92 


6. Which Sum in the laſt Rep muſt (accordin to the veſt be 
(or d,) hence this Equation ariſes, : viz. = 12165 2 ig en to ot 4 h 


e = Sinn 
7: Which Equation, afrer due Reduction (according to Set. 2, 
give this IS ag wit... aa a = 2528, 


mm d —_— 5 


| | dn— 
1 . = Or, 5 aa + d 


In vhich laſt Equarioh'if we take 7 inſlead of the known Co-efficient = 


and g inſtead of the known Number La , thatEquation niay be expreſe'd thus, 


* fa = = . 

8. Therefore by reſolving the laſt Equation according to the Canon in Se, 6: Chap, 
15- the Value of a, to wit, che Number of b weight of Mace that was fold for 
* will be made known, viz, : 

a.=20 = 75 — 
5 is food. that ꝛolb weight of Mace was fold ot! 10 L and conſequently dolb 

we ht for 49 U 9 2 
Moreover, adding 60 to 20 (before found J the Sum do is the Number of lb weight 

of Cloves that was ſold for 20 and conſequently roolb of Cloves was ſold for 251. 

which added to 40. (the Price of 80 * ern — _ the nen — 

ot Money for both ä of Spices ſold. 


as * * 2 + 1 * ” © £ 
— ic. it. E "OI" 1 
— 2 — — . 
N (1 
Roc + ©. 4 
* * . * 0 


8 QUEST. 23. 


Two Merchants entred into Partnerſhip ; the firſt brought in a certain Sum of 
Pounds. which continued in 3 12 (or b) Months, and the ſecond put in 301. 
(or c) for 17 (or d) Months 3 they gained r 1814, (or m), whereof the firſt 
Merchant had 261:(or'n) for his Principal and Gain. It is: Nen to find how many 
Pounds the firſt Merchant bronght i into the common Rack © F 


+ "RESOLUTION: 


1. For the firſt Merchants Stock put 5 

2- Which Stock heing multiplied by the Time 
it continued in Company, produces 10 

3. The ſecond Merchant's Stock being multi-??? 
plied dy the Time 1 it remained in 1 


rod uces 


„PP ——— . rr — ITY l 
—> —— 2 — = — — l 
— be A hy _ N — 2 — 2 
- — — 2 2 — a 2 A 
CY 


Cr —— — — —  —— — — — —ũ— 
2 2 1 = - 


= oy —— — — — = 
— — —— — — ͤuu — —  —— — — * 
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wu * — CO —— — — 
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2 
O 


— 


F 


» 


1 * 
*. * 7 *y 
* * — hay ** s 4 


SN 16. producing. \ Quadratic "Equations., 1 , 15 4 


. 
4. Then pcceding Te thoſe tw roducts according fo the * Fellowyſir > 
* Time, ſind the. Gain of — mak Merchant, and fa. * 
11 24 x 2 7% 
al (a) 03 ISP 3 31K! 4 51% Lal 15 h . | | Wo ö | 
Or, , batid * N 1 Am 
rr 7 871 | 
a 2 
— — „ 
1. W to the 1 MerchantsStock a, gives for theSum © of! hisStodk andC ain, 
ne . 0 Jaa daa. edge 
od li © 1204321607 | 33% 5% „* ry : ae Q 
* Which Som muſt be equa) to the 26k! i (ox na) endende Queſtion, whence this E 
quation ariſes, vi. , n 
240 SIUICT BA 2 ., | Ot, 0 | baa-t-cdad-m whe 
1244510 #3, la rcd 


| 7. Then by reducing that Equation zcovrding to the Rules i in . 12. che 25 lade, 
aa + 354a = 105, 
Or. aa + hi 4 = . 
8. Which laſt Equation bein „ by the Canon in Se&. 6. of the 15 Chap. * 


Value of a, to wir, the firſt Merchants Stock will be found 20 Pounds, viz. 


ned of thy gen Co efficient © 2 we take j and g inſtead of the gi- 


4-2 EE ot Aww gfve. Wr þ 
8 wp s thep by the Jald Canon, e eee re 


3 


* 


0 0. e 0 = 410 = Vs 4 — . on 2325 
Whence the firſt Merchants Stock is — 20 J. The prot þ ma dg 0 
Rule of Fellowſhip with Time, in manner x following. . y be made y the 

20 * 12 = 240 


* 30 17 +510 e iet lt en 
— — a #44 — 7 5 . ; 1 
2 YE, 5 _750 1 | | : 510 Wy | 121. „ 
82 | — 


doc QUEST. . 
Two Maas ee into Partnerſhip, the firſt put in a certain . ot Pounds 
for 3 (or 6) Months ; the ſecond put in 30. (or c) more than the firſt for 5 (or 4) 
Months : They $2. together 140. or n,) whereof the firſt Merchant had ſuch 
part, that if 60/. (or 1) be added to it, the Sum will be equal to the Stock where with 
he enxred Feral What was the Stock and Gain of each Merchant EO 
* RESOLUTION. 1 Sas 2642 
1. For the Stock of the firſt Merchant purrr,: a Ti 
2. To which adding 501 (or c,) the 2 | Sf PLOT TE! 
will give the PIES. erchant” Stock to wit 2 2 12 4 e 
3. Then moltiply ing the firſt Merchant's Stock fon: 
by the time it remained in Company, the 
Product is — 
4: * by 9 the ſecond Mer- | | 
chant 's St y the Time it continued ink a as, | 
Company, the Product is. 5 1 _— 
5. Then proceedin; with thoſe” two Products pee to che Rule of Fellowſhi 
with Time, find the firſt Merchant $ Gain, and fay, | 


8 8. Eazo go ooh 12 


za | *.: 4; 


„Des a6. on, itt. Fa, 
ener the G; £4 = 
: hens ain of i661 Merchant i a E Or oy > TD + dark de. 
* 13 | 0 


0 : 9 
| 5 


' 


3 —— IE ID" — —ů — —— 1 
1 16, "ob . of 4 Arithmetic Deen, BOOK . 
' . 
6. To which Gain add C0 (ot #o the Sum wile be *'&'7 0327 going nd A 
_go0a+-I5000- Mr x ; Or, in * T itv⸗ 


ada 
7. Bot, accotding to the Queſtioh; the Sam i in the laſt ip i be equa to (a) the 

firſt Merchant ge hence this r ariſes ; _ + O 

ab 9904 T 15000 * 0 — 2 l Lada | . 
8. Which _— aft * Ri d A | 1 Xe 
ter due Reduction aeco to th $ 
"ns thi follow Equation, 'viz, a4 1844 = 2225 en a, 
82 11% 1 1. | Wy fs 1913 of 230480 "nb = i nd -— 00 II D 
een Or, a — b + g 1 2. - 

9. In which 3 the Value os. 4, to wit, the firſt Micehand's Srock, will be diſ- 
toveted by the Canon in Sell. 8, Chap. 157 viz. a . 100 l. And confequently 
from the Premiſes the ſecond Merchant's Stock was 150 þ the Gain of the firſt 461, 
and the Gain of the ſecond 100 1,. All which will be evident ey" _ followingProof 
,rought by the Rule of Fellowſhip with Time. 


| 
» 
; 
, 
; 
; 
1 
| 
| 


IX 42 100 * * 300 N "11 36 $4.5 7 fob! 7 vemirT. 
150 * 00 "i a6, er go, op 
5ox ]] + 
4 | © $i - 
1056 „ 14 * 1 929. 9% 
a of WT” "I wy | 750 100. * 
644 IQ 1 9 Gi. need | 10 8057 Ke ri Q 
4} Sr 4 * > of wir as Iii : © 
—— — — rn n — — —— 
eee by 4 4 10 34 * 
Q 207-29 al bug 0 U E $ Wy foo £3 wor n 343 10 AN 
A Citizen having E Houle for a certain Sum of Pounds, ſells it for 641. 


(or d,) and finds that his Loſs in 10 Pounds (or c) was equal to a fourth pait (or m) 
of the Money that he ai tot the Rane What Number of Pounds did the Citizen 


pay for the Houſe ? «7. acl \ nora bl d ads ä 
Cy "RESOLUT 10 N/ 4 (211 FEE 19% Lo VE 47 45.4 pe 
1. For the Number of Pounds which the Citizen 1 — ra „ Ig 
paid for the Houſe, put. : — r 
2, Then will the whole Loſs by Sale of the Houſe be a—64 1 — 
3. Find how much was loſt by 1007. (or c,) and ſay, A . 
If 22 4—64 :: loo . ee, 
© ; Or, 1 a—d * e 7 — 2 is 10 


0 K = 
Whence the Loſs yer Cen. is fond 12e tee, OF, Ef, 
4. But according to the Queſtion the Loſs per Cent. was equal to ; part of the "| RT 
which the Citizen paid for the Houſe, een from the firſt and third Reps this 


Equation ariſes, vix. | . Arty, 
. — ea —. | A. oY 
Or, 2 = ; 
5. Winch Equation, e So RetuRion according the Rulesin Chap 12. — eire 
4004—as = 256003 ꝗ᷑ ͥ l 3 2. 
m 


6. Therefoue by reſolving the ſaid Equation according to the Chinon in Sell. to: 
Chap." 15. both the Values of a will be diſcovered, . of which wall ſolve the 


Queſtion 3 which Values or DONS ars vs — 2 „ 
by 3 FY 5 4 en, 1 * 
WF; 80 — 2 R "ew, , 


am | 
1 fay ether nl the "i. 320 and 80 will fatiefic the Cotiditions i in the Quell ion, 
as will be evident by the Proof: For if a Houſe coſt 3200. and be ſold for 641: the Loſs 


is 2561. and 1001, at that Rate of Loſs oY loſe 80, which is} part of the — 320ʃ. 
gain, ; 


„ 


* 
» | 4 
— — ee EEE — — 85 ä — Wem . 
* HA , 16. 9 prodecitg  Quadraric Equatio 2 OS Fra 117 . 
— — | _ a 9 2 


Again, 
rate of 


Houle coſt; 8ol., and be fold or 64). the Loj is 164. and . at this 
1 70 loſe ce is roi W part of the Ke Colt 80 J. — 


LY 
Chi nne. Ann e 2 e 11 err o 


* 
4 


— — 


* | L * + 
Tails 1 8 01! HO 4 „ — 71. 9 "= 4 8 


| 
* * 0 — 
2 | * os ; 
L £ . Nor 1442 wy" L '$4%. ; 8 . : 
3.7 : *: 0 4 IT. nn # 4 


Pounds: the · fitſt Merctiant's Stock continued in Company 12 (or c) Monhs, and the 

0 | | , Which 
together with their Stocks they divided between themſelves in ſuch manner, that the firſt 
Merchant received 67 (or ) Poutids for hls Stock and Gain, and the ſecond 126 (or g) 


1. For the fiſt Mercharlfts WET, 


4 \ 1 
2. Then, by ſubtracting that Stock (a) from), 
165 (or ,) there remains the ſecond Mer- ? * 165—4 2 rug 
chant's Stock ; to wit, = 2 kid tg | 7 
3. ANT 8 "ge 7 the teſt diet = Be ca 
chant's Stock from 67 (or ) the Sum of his 7 
Stock and Gain, to wil remain his Gain 67—a | Fa ; 
only s te wi, — —— 2 BT F | 
4. Likewiſe; if you ſubrta&” the ſecond Met * 1 
chant's Stock (in the ſ&ond ſtep) ftom 126 SS STO 
(or g) rhe Sum of his Stock and Gain, there © - -- 39 | &Tg 
- will, remain his Gain only; to wit. f 


5. No according to the Nature of che Rule of Fellowſhip wich Time, the Gain of 
the firſt Merchant 67—a myſt be in ſuch Proportion, to a—39 the Gain of the ſe- 
cond, as the Product of the firſt Merchant's Stock à multiplied by irs Time 1 2 
Months, is to the Product of the ſecond Merchant's Stock 165 —a multiplied by its 
Time 8 Months: Hence this Analogy, . 

BE 67/— 3, d—39) 3: 122 +» .,13290—8a; 

5 That is, VI . 4 $3- 08... ,5. ; co 4 * 3 

6. Which Analogy, by comparing the Product made hy the Multiplication of the Means 
one into the other, t the Product of the Extreams, produces this Equation, vis. 

azad 68a = 8$aa—1856a+88440, ; 8 
That is, caa4-cga—cba = da tata 

7. From which Equation after due Reduction this ariſes, viz. 

Bb eto nnd” EFT d 

ati, eb SEES,  M_ 

8. Wherefore by reſolving the [aſt Equation according to the Canon in Sef. 6, Chap. 
15, the Value of a, that is, the Number of Pounds expreſſing the firſt Merchant's 

Stock will be found 55 , which ſubtracted from £657 the Sum of both their Stocks, 
aw 1100. for the ſecond Merchant's Stock: then each of their Stocks being ſub- 

tracted from their reſpe&ive Stock and Gain, viz.' 55h from 67 and 1101. from 

1264]. there remains 127. for the Gain of the firſt Merchant, and 160. for the Gain 

olf the ſecond ;/ hence the total Gain was 287: - Which Numbers will ſolve the 
Queſtion, as may eaſily be proved by the Rule of Fellowſhip with Time; thus, 
e THR: 7 -þ | 


110 Xx 8 =' 880, ? 1 — 
„ A RTP: ay i 66. 29.44% 12 | 1 
7 1340 28 ain 
0 134 in so „ 16. 

— 1 Po — | * * _ * r. * Wenn noi. LAs. 0 a 
„ 202) F niioons all e 5 * 
._ | St BY g's wb 4 4.4 #4 +5 wal 1 * . . . 7 8 1 . #: : 4 4 

A certain Foot-mar depgrrs from London towards Lincolr, and at the ſame time 


2 Foot-man B departs from Lincoln toward London, each keeping the ſame 
dad. When they mer, 4 ſays to B, 1 find that I have travelled 20 (or c) Miles 
more than you, and have gone as many Niles in 64 (ot 4) Days, as you have gone 

127 | N * | ' Miles 


= * 


„Miles in all iter. Tis true faith 8, I am not ſo 1 4 Footman as vou, but 1 

find that at the end of 1; (or f Days) hence, 1 mall de at pinoy th if 60 many 

Miles in every one of thoſe 13 Days, as. I have. done in Tha 
Queſtion is, to find how many ny Mikes thoſe two Cities are — one — another 
and how * each Footman had travelled when wa ewe one another. F 


PP OPT ON 010 65:46 ocnator- MF cr 7 
1. For the gelte Diſtance between the rwo er. * ** 425 . 20 
ccd pur e CO ORG ET 
2, Then. toraſmuch as the Number of Mijes reed 
leich Footman Had travelled when they met, <4 9991 ee 
being added "ropether make the Sum (a, e ele 
and the e between thoſe two Num? 4 ; 
bers was 20 (or c,) for A had travelled *20.>. 4 La. Era 
. more than B. ogy? ( by they + 26+ E 4 * = 
em at the end of Queſ?. f. Chap. 14) . r 
ee ct Miles which 4 had travel- | | 1 
led was n r 
3. And (by the ſame Theorem) the et 10 2 a 
of Mies. which B had travelled be Manner, | ben 
4. Then ſay, it in 63 Days 4 had travelled — _—_ bs het 
24—JO Miles, bow many Miles did he tra- 24—10 | „ 1 
ve] in one Day? ſo by the Rule of Three, 991 "= 
yo will Md — —— —— — 4 5 $ 10 1 1 
. Say again, if in x5 Days B muſt travel ia res i i | | 
Je Miles, (that is, all the Miles which. 2 2. | 
had travelled,) how many Miles gre B tra Pal * ap . 
| vel in one Day ?ſo you will find —. 1 ö 
| 10 be 
6. Say again, If * ua. — Miles were travelled — |-4 
by B in one Day in how many Days did. a f 10 | "= 
be travel 2 24—10 Miles? ſo you will find * 1 
7 Say again, if ES Miles were travelled 3504-68 | Tda 4c 
by Ain one Day, in how matly Days did 9 — 10 . 1 
he travel za C10 Miles? ſo you will find H 


8. But the Number of Days found out in the two laſt ſteps s muſt be equal to one ber; j 
for when 4 and B met, each had travelled the ſame * of Days, becauſe they 
began their ourney at one and the ſame Time: Hence this 05 ariſes, viz. 


ad 7” i; 33200663 t:a—15o . 


24—1I0 24 + 10 


Th 24 92 8 22 Y; S739 l 2 @ 
dt is, aa—20c a- ic 


9; n which Equation, if you double both the Numerators and F by and 
then reduce dhe Equation reſulting, to a common Denominator, and caſt away the 
common Denominator, the new Numerators being compared to one ee will 
give this following Equation, wiz. ** 
| 22 004423044222 = 15aa—600aþ6000;. s 
That 1s, daa , 2dcaÞ+ dec = faa—afea + jc. + 
10. Which laſt Equation duly reduced gives this that follows, viz. 
1044—ga' — 400, » 
_ Thats, - Fog =a, 


2 ko ug” Hee I 


11. We by reſolving the Equation in the laſt ſtep according t to the Canon in 
ld Set. 10. Chap, 43. che two Values of a will be found theſe, viz. 
| eee 


= 4 
. ” of wy < * 4 17 o * 
15 * 7 + : . ww” 2 6 * 4 
Y * 
— 
"IS. 4 
„ 4 * F , * * 
pn 1 4 4 1 1 


Wo 4223+ 1 4 O17 2. 


4 " 5 8 5 
1 Kei: a —= 100 = n 
a F 2 — 


e „ 22 


13. But the eee e given at random, for the Denomi- 
„ Ä . . 3 ts 5. Buy A : 
nator of the Fraction Fog, In the Equation in the tenth ſtep Thews that the 


14. 2 ſhew d that d muſt neceſſarily be leſs than f, I ſhall prove that the leſſer 
Value of. 


15. Suppoſe the lellet Value of a to exceed t; viz. — ... 7 . 


Then by multiply ing each part by -d, it n 
216. en by multiply ing each part — 4, iT 6 * 3 
- follows thar- 5 < 2 — & 1 Vadfet L Te- de 
17. And by adding dec to each Part, ——<—- de L fe — de +v 4dfe 
18. And by adding de ro each P art — . — — zd fc LC feÞ4/ qdfee 

19. And by ſubtracting fc. from each Part. 2c [ Vadſce 

20. Aud by ſquaring each Part — ꝗ44dec L adfcc 

21. And dividing each part by 4d — > "7 wi 


22. Thus from a Suppoſition that the leſſer Value of à in the eleventh ſtep is greater 
than c, it follows by juſt Conſequence that 4 is greater than F, which is impoſſible, 
for it has before been proved that d muſt be leſs than . And becauſe the Series 
of Inferences deduced from the ſaid Suppoſition ends in an Impoſlibility, therefore 
that which was ſuppoſed cannot be true ; viz. The lefler Value of 4 is not great- 

cet than c, and conlequently it cannot be equal to the Diſtance between the two Ci- 
ties. Which was to be proved. _ n 122 

23+ Again, by ſuppoſing d to be leſs than f, as it ought to be, to the end the Queſti- 
on may be poſſible, we may prove the leſſer Value of à to be leſſer than c, by re- 
turning backwards from the 21 ſtep to the 15, in this manner, viz. 

24. Suppole ————- . 

25. Then by multiplying each part by dec. qaddec J qdfee 

26. And by extracting the Square Root out of ; | 

| My — ö 1 | 3 RO . 

27: And by adding fc to each Part ——— —— 24 Efe fe y/adfce 

8 And by ſubtracting dc from each part ac 2 IT 4 1 Vadſec 

29. And by ſubtracting VAdfec from each part de + fe — Nad, "1 fe de 

20. Wherefore by dividing each part by f=4> d 1 e 4 

it is manifeſt that the leſſer Value of a is leis 1 R © Fo 

than c, VIZ. —— — 1 3 

Which was to be proved. Wherefore the leſſer Value of a cannot poſſihly be equal 
to the Diſtance between the two Cities, for the faid Diſtance muſt ueceſſarily be 
greater than part of it ſelf. 31. Bur 


„ 
— 


110 


— 
r r 


—— ——ͤ—— — 
of Arithmetical Pragreſſtan. 


31. But it may be objected, That altho be greatet than FX yer 
4 that dc +#c is greater 'than * Adec, to the end that this may be ſub treRtca fil — 


as the leſſer Value of a requires, ro make it ſelf a poffibſe Noot of the Equation in 
21 ſtep? In Anſwer to this Objection, I ſhall in the next place prove that 


1 


dc fe is greater than y/qdfec 3 ts þ 10} 
32. Foraſmuch as theſe Quantities are Propor-) 


33. Therefore (per) 25 Prop. 3. Elem. Euclid.) dd ft 24f 


 tionals, (for the Product of the Extreams is dd - d,: 4 \. 7 2 
Equal to the Product of the Means E 5 Vol 


34. And by multiplying all in the laſt ſtep by cc, ddce4Ffec= 2dfec _ 7 ! | 
35- And by adding 22 to each part . adde fee Cꝛdſec L die 


36. Wherefore by extract ing the uare 1 1 + L va fee! it. * 


out of each part in the laſt ſtep - 


"IT. 
. ” - 


Which was to be proved. 
oY 
1 o - ” . * 4 Ss 5 * 
* 1. FE 1 * 4 r 11 n Ne - — — * I — = A " a 
anne; *** — wy * E n T „% n — 3 3 * p = 
„* 
a. g , A , 
a 4 
9 98 
TY 70 i * * 
N - - N 4 * - * LY Hof © 1 
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| | Concerning * Arithmetical P R 0 G R ES 8 I ON. = 


p 74 Rithmetical Progreſſion is, when many Numbers or Sther Quantities of one and 


L theſane Kind) proceed by a common Difference or Exceſs; as in theſe, 2, 
4, 6, 8, 10, 12; 14, Cc. here 2 is the common Difference betwixt 2 and 4; 4 and 6, 


6 and 8, 8 and 10, Cc. So 1, 2, 3, 4, 5, 6, Oc. are in Arichmetical Progteſſion, 


1 being the common Difference: Like wiſe 3, 7, 11, 15, 19, Cc. or 19, 15, 11, 7, and 


3, where 4 is the common Difference. f 

II. Arithmetical Progreſſion is either continued, as in the Examples above expreſs d, 
where every two Terms that ſtand next to one another, have one common Difference; 
or elſe diſcontinued or interrupted, as in theſe Numbers, 3, 5, 9, 11; where 5 exceeds 
3 by 2, and ſo does 11 exceed 9; but 9 does not exceed 5 by 3, for the Exceſs of g 
above 5 is 4. In like manner 18,1 4:2 1,17, are in Arithmetical Progreſſion: diſcontinued. 

III. For the better Manifeſtation of the following Propoſitions concerning Arithme- 
tical Progreſſion, let there be à Rank of Numbers in à continued Arithmetical Pro- 
greſſion, as, 3,7, 11,15, 19,23, 27, Cc. which Numbers may be repreſented by à, bc, 
d, e, g, Cc. Allo, let 105 the Sum of all the Terms of the Progreſſion be repreſented 
by Z; the common Exceſs or Difference hy X; and the Number of Terms 7 by T.: 
all which are here orderly expreſs'd underneath. KI ING 1 OROLH e 


e e 
e It = c 
Quantities inArithmetical ).. — , 
- 15 E 7 

Progreſſion continued. ) 


The Sum of all }. 
. the Termss | 
The common Difference is 4 =X = Xx © 
| The Number of Terms is 7 =T = T. FB} Fertil 
IV. Whence it is maniteſt, that if a be put for the firſt and leaſt Term of an Arithme- 
tical Progreſſion continued, and X for the common Difference, then (accordipe to rhe 
Definition in SefF. 1.) the ſecond Term ſhall be a + X, the third a EAN, the fourth 
a +3X, the fitth' a EAN, Cc. Moreover, according to the Suppoſitions in Sect. 3. 
a a. b=a+X. c=a EX. d=a+3X. e=a+-4X, Cc. ene | 
V. Therefore it follows, that the laſt and greateſt Term of every Arithmetical 
Progreſſion continued is compos'd of the firſt (co wit, the leaſt) Tetm, and of thePro- 


duct of the common Difference multiplied by a Number leſs by 1 (or Unity) than the 
—_ þ Number 


o 
x 
as 


- 


CHAP. 17. Arithmetical Progreſſion. 


Number of Terms; as g, or a HCG is-compos'd of the firſt Term @ and the Product 
of X- multiplied by 6, which is leſs by t than 7 the Number of Terms. 
VI. Theretore the firſt and laſt Terms, as allo the Number of Terms being ſeverally 
given, the common Difference ſhall be alſo given; for it the firſt, (to wit, the ſmalleſt) 
Term: be ſubtracted from the laſt, and the Remainder be divided by a Number leſs by 
1 (or Unity) than the Number of Terms, the Quotient is the common Difterence; 


2. X. 


VII. It is alſo maniſeſt from Sect. 3. That if the firſt (to wit, the leaſt) Term be 
equal to the common Difference, then the laſt Term is equal to the Product of the 
common Difference (or firſt Term) multipſied hy the Number of Terms, viz. If a = 
X. then g X + 6X = 7X. ST To QC: 16% 9 \ 7. 

VIII. Therefore in an Arithmetical Progrefon continued whoſe firſt or leaſt Term 
is equal ro the common Difference, if the laſt Term and the Number of Terms be ſe- 
verally given, the firſt Term (or the common Difference) ſhall alſo be given: For if 
the laſt Term be divided by the Number of Terms, the Quotient is the firſt Term or 


common Difference ; as, if a, then 2=X + EX=7R ; therefore A x = a. 


IX. It is alſo manifeſt from Scr. 7. That when the common Difference divides any 
Term juſt without any Remainder, then the common Difference is the ſame with the 
leaſt Term in that Progteſſion, and the Quotient is the Number of Terms; bur if any 
Number remain after the Diviſion is finiſhed, then that Remainder is the leaſt Term, 
and the Quotient increaſed with x (or Unity) gives the Number of Terms (per Sect. 4, 
@ 5.) Therefore if any Term greater than the leaſt be given, as alſo the common Dif- 
ference, the leaſt Term, as alſo the Number of Terms in that Progrefſon ſhall alſo be 
given; as if 25 be ſome Term greater than the leaſt, and 3 the common Difference, by 
dividing 27 by 3, the Quotient g is the Number of Terms, and the leaſt Term is e- 
qual to the common Difference 3; as in this Progreſſion, 3, 6,9, 12, 15,18, 21,24, 2). 
But if 27 be given as before, and 4 be preſcribed for the common Difference, then 
27 divided by 4 gives 6 in the Quotient, and there remains 3 for the leaſt Term, and 
7 (to wit 61) is the Number of Terms; as in this Progreſſion, 3, 7, rt, 15, 19, 
P | 2 | =—_ 

X. it three Numbers, ſuppoſe a, h, e, be in a_ continued Arithmetical Progreſſion, 
vix. If the Exceſs of c above 6 be equal to the Exceſs of þ above a, the Sum of the 
Extreams, that is, of the firſt and laſt Terms ſhall be equal to the double of the Mean 
or middle Term; viz. ae ='26. For, ; MA bd | 
1. By Suppoſitios,. - «c—b = b—a, 

2. Therefore by adding 6 to each part, it gives ——— c= 2b—a, 
3- And by adding a to each part of the laſt Equation ac = 26. 
Which was to be proved. | 

XI. It tout Numbers; ſuppoſe a, l, e, d, be in Arithmetical Progreſſion whether 
continued or interrupted, viz, If the Exceſs of 6 above à be equal to the Exceſs of d 
wo c, * Sum of the Extreams ſhall be equal to the Sum of the Means, viz, a+d 
Ac. For | _ 


1. By Suppoſition, — R —— —d— = b—a, 

2: Therefore by equal Addition of 4 — — 424d -c , 

3. Therefore by equal Addition of , . ———— d = bþc. 
Which was to be proved 


XII. If there be as many Numbers as you pleaſe in a continued Arithmetical Pro- 
greſſion, the Sum of the Extreams is equal to the Sum of any two Means equally diſtant 
from the Extreams, and alſo to the double of the Mean when the Number of Terms is odd. 

Let a, b c, d e f. be in Arithmetical Progreſſion continued, and increafing from a; I (ay, 
the Sum of the Extreams à and f is equal to the Sum of any two Terms equally diſt int 
from the Extreamis, that is, to the Sum of & and e, and to the Sum of c and d. Fot, 


1. By Suppoſition, in regard of the continued Progreſſion. fe = b—a, 

2+ Therefore by equal Addition of e and a to each part, ————=a+f = b+e, 

3. Again, by Suppoſition . — 4 = ed, 
2 


2 — 
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4, Therefore by equal Addition of d and h, to each part + d = 14 N 1 
5. Therefore from the ſecond and fourth ſteps (er? Lf = 4 + py 6 
1. Axiom. 1. Elem. Euclid.) —— — awoke . = Ie. 


Which was to be proved. 19 7: 234299 1 | 
And if more Numbers were propos d the Demonſtration would not be otherwiſe ; 
therefore the firſt part of the Theorem is manifeſt. = C 
But it the Number ot Terms be odd as in this continued Progreſſion, a, 6, c, d, e, f. 
then the Sum of the Extreams a and g is equal to the double of the middle Term 7 
og ah > nog fe thus: =» 0 tic d''s 1 2 
1. By Suppoſition, in regard of the continued Pro- e -: 
greſſion, e n e A — 8 oY d—c ="e—d, 
2: And conſequently by equal Addition of e and d, 2d ce, 
3. But by what has been proved concerning the — 2 Wo > eh; 


* 


- \ 


part of the Theorem in this tweltth Set. 
4. Therefore from the two laſt ſteps, (per Axiom 1. 2 
Elem. 1. Euclid.) 42 2 JS, 119 
Which was to be demonſtrated. Therefore the Theorem is every way manifeſt. 
XIII. In every Arithmetical Progreſſion continued, the Sum of the Extreams mul- 


PLL 


— — 


tiplied by the Number of Terms produces the double of all the Terms. 


The Number of terms is either even or odd: Firſt, let there be an even number of terms, 
viz. ſuppoſe theſe fix numbers a,b,c,d,e,f, to be in Arithmetical Progreſſion continued; 


1 ſay, OY * N pork ver: 6a--6f = ? > nd St 


| DEMONSTRATION. 
x. Ir is evident'that—— —_— SER WT ELF I ES 24427 — 24 T2, 


2. And by Ses. 12.— = — 
3. Likewiſe, by the ſame Sect. — — — 24 E27 2 2e 2d, 


* 


4. Therefore by adding tlie three laſt Equations together, 6a CC = + wy - + 


Which was to be demonſtrated. And ſo of others when the Number of Terms is even: 


Secondly, let there be an Arithmetical Progreſſion conſiſting of an odd Number of 
Terms, ſuppoſe theſe five, a, &, c, d, e. f | 


I ſay, - ——a+5e = 2+ 26 Tac Tzd Tze: 
DEMONSTRATION. 
1. It is manifeſt that- — 22 ze - 24 Pze, 
3 Likewiſe by Se. ] 2 —— Cry a+ i == zc, 


Therefore by adding the three laſt | 
? Equations e — F 5 Ege = aaa T 264-2020. 

And ſo of others when the Number of Terms is odd. | 
XIV. Therefore from the laſt Sec. the firſt and laſt Terms, as alſo the Number of 
terms in an Arithmetical Progreffion continued, being given, the Sum of all the terms 
' ſhall be alſo given: For it the Sum of the firſt and laſt terms be multiplied by the num- 
ber of terms the Product is the double Sum of all the terms, and conſequently the half 
of that product is the Sum it ſelf. For Example, If a, , c, d, e, f, g, be in Arithme- 
tical Progreſſion continued, and T be put for the Number of terms, alſo Z tor their 
Sum (as before ;) Then Ta Tg = 2Z, and conſequently 1 TaÞ3Tsg = Z. | 
XV. Mr. William Oughtred in Prob. 4. Chap. 19, of his incomparable Clavis Mathe- 
mat. has very elegantly handled 20 Propofitions about Arithmetical Progreſſion con- 
tinued, which (for the more ample Illuſtration of the preceeding Rules in this Book,) 

I ſhall explain in this Section, uſing his own Symbols, which are theſe, vu. 


8 N Theleaſt (or firſt) term. 


- a The greateſt (or laſt) term · 
| $ Stands for & The Number of terms. 


= 


The common Difference of the terms. | 
22 | The Sum of all the terms: 


* ST 4 

5 r 

0 r K* - 
6 


e * 
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—_— rat. 


Any three of theſe five things being given, the other two ſhall be alſo given, by the 
reſpective Canons of the following 20 Propolitions, which Mr. Oughtred ſtates thus: 


ON 
2 
— 
Yo 
= 
&? 


Given, By Propoſ. 
| «a. „ Z. and X 1 and 2 
4, © X T and Z 3 and 4 
4, » 2 T and X 5 and 6 
4, T, X „ and 2 7 and 8 
4 T, Z „ and X 9 and 10 
© £ „ and T 11 and 12 
PRT, 2 1-1, ad Z 13 and 14 
31195 WS 2 and X 15 and 16 
W „ 4 « and T 17 and 18 | 
L130 A © „ and e 19 and 20 


PR O P. I. 


— 2, ©, T are given ſeverally; 
wm l Z is ſought, ; 


RESOLUTION. 


2. By Sef. 14. of this Chap. 
Which Equarion, if expreſs'd by Words, gives this 
CANDON. - - 
Multiply the Sum of the firſt and laſt terms by the Number of terms, the Product 
ſhall be the double of the Sum of all the terms, and conſequently the half of that Pro- 
duct is the required Sum of all the terms. | 


Which. Canon may be exemplified by the following (or any other) Rank of Num- 
bers in Arithmetical Progreſſion, continued viz, | 


3» 7, 11, 15, 19, 23, 27. 


——To + Te = 22. 


— 


. 
' 4, a, T are given ſeverally; 
e I X is ſought. 30) 7344 
RESOLUTION. | 
2. By Sect. 6. of this ſeventeenth Chap. —  -X. 
Which Equation gives this following 


CANON. 


Divide the Exceſs of the greateſt (or laſt) term above the leaſt, by the Number of 
terms leſſened by 1 (or Unity,) and the Quotient is the common Difference required. 
Which Canon may be exemplified by the following (or any other Series) of Num- 
bers in Arithmetical Progreſſion continued, viz . 
„„ en | . 
From the Equation in the ſecond ſtep of Prop. r. and the Equation in the ſecond ſtep 
of Prop. 2. the Canons of all the following 18 Propoſitions are deduced. 


ꝶ—„»— 


a. a; —_—_—— a 4 . 2 * * 
—_— 


| | \ AD 
| PROP. III. 
- 1 a, o, X are given ſeverally; 
7 T is ſoughr. 4 
ES RESOLUTION. _ 1 
2: The Letters put for the things given and ſought, without any other Letter, ate 
contained in the Equation in the ſecond ſtep of Prop. 2. therefore the Work here is 
only to ſet T alone in that Equation, which may be done thus, viz. © 
. Q. 2 | 3 By 


„ f 


124 Reſolution of Queſtions B O OK 1 
3. By the Canon of „ — — 1 : 
Therefore by multiplying each part of that Equation, T „ 
Y by T — 1, this ariles, viz. — 2 TX —X, 
5. And by Addition of X to each part of the laſt Equation, & „ IX TX 
this ariſes ; — —e—0 | 5 
6. Therefore each part of the laſt Equation being divided? *©—« et 
by X, the Number T will be made known, viz. —— X eo 
he laſt Equation gives this following | 


From the laſt, (to wit, the greateſt) term ſubtra& the firſt, and divide the Remain- 


der by the common Difference; then to the Quotient add 1 (or Unity) ſo ſhall the 
Sum be the required Number of Terms. * 


This Canon may be exemplified by the following ( or any other) Rank of Num- 
bers in Arithmetical Progreſſion continued: | 


3. 7, 11, 15, Ih 23, 27. 


P RO P. IV. 
2, , X are given ſeverally ; 
8 7 Z is required. 


RESOLUTION. 
2 By the Canon: of Prop. 1 ————— 


3. Atid by the Canon of Prop: 3. — — > 2 ＋ 1 T, 


4. Now if inſtead of T in the firſt part of the Equation in the ſecond ſtep, you mul- 


tiply into «+ that which in the laſt Equation is found equal to T, the former E- 
quation will be converted into this, viz. 


= + o + a 2 1. 


Which in Words is this following 


CANON. 


From the Square of the greateſt (or laſt) Term ſubtract the Square of the leaſt (or 
firſt,) then dividing the Remainder by the common Difference, and to the Quotient 


adding the Sum of the firſt and laſt terms, the half of the Sum of this Addition ſhall 
be the required Sum of all the terms - | CIO 


The Canon may be exemp!ificd by the following (or any other) Rank of Numbers 
in Arithmetical Progreſſion continued: 


35 75 11, Is, 19, 23, 27 


s 5 38 | 
1111 1 ＋ 29699 7 in 
1 , 4, ©, Z, are given ſeverally; 
Ee CINCH © oP F ils 1 

505 2 RESOLUTION. ' 


- 


2. By the Canon of Prop. 1,——= 8 T. ＋ T. = 22, 
3. There fore by dividing each part of that Equation by 22 
» + «, this ariſes, v1. 3 =>» 


Which Equation gives this following 


CANON. 


Divide the double of the Sum of all the terms by the Sum of the firſt and laſt 
terms, the Quotient is the Number of terms ſought ; as may be proved by this follow- 
ing (or any other) Rank of Numbers in Arithmetical Progreſſion: 


8 | 3, 7, 11, 15, 19, 23, 27. 


PROP, 


N , f 4 Wo 


——— — * 


as. * 
—— — 8 
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? R O P. VI. 
F, „ Z are given ſeverally ; 
* 8 N is required, 
RESOLUTION. 
2. By the Canon of Prop. 4. — — * = =22; 


3. Which Equation — by X rb ts, — - ⁰ EAN 2L&N. 
And by ſubtracting „ X + « X from each part of TREE 2+ 1 . 
bi the laſt Equation, this ariſes, viz, * EA -&. 


5. Theretore by dividing each part of the laſt Equa- We 
tion by the Co- efficients that are drawn into X, 0 ISLES = X. 
you will find - — — — — | 
Which laſt Equation gives this 
CANON. 


From the Square of the laſt term ſwbtra& the Square of the firſt (to wit, the leaſt) 
term ; divide the Remainder by the Exceſs whereby the double Sum of all the terms 
exceeds the the Sum of the firſt and laſt terms, ſo ſhall the Quotient be the common 
Difference required. 

This Canon may be exemplified by the following (or any other) Series of Numbers 
in Arithmetical Progreſſion : a 


3» 7, II, I5, 19, 23, 27. 


PROP. VII. 
— 3 T, I are given ſeverally; 
„ 5 5 is ſought. 
RESOLUTION. : 
2. By the Canon of Prep. 2 — . 


3. Therefore by multiplying each part of the faid 25 
. by, T—-r, this will be produced * e Eco, =TX X, 
. And by adding ro each part of the laſt E . PS | 
* hb ariſes, Vit, — = q BE — TX = 


Which laſt Equation gives this wes | 
CANO Nino tot tops 1d T 


To the product made by the Multiplication ot the Wulhder of terms i into the com- 
mon Difference, add the fit ſt, (to wit, the leaſt) term, and from the Sum ſubtract the 
ſaid Difference, ſo ſhall the Remainder be the laſt term ſought. -- | 1 1; 

This Canon may be exemp!ified by the following (or wy _ Rank of Number 
in Arithmetical Frogrelfion continued : 1p 10 


3. 7 11, 13, 19, 23, 27: 


* 
* — — * * 93 1 * 4 4 * dl. 


— þ Mt 


— \. * — — * — * — 


x * * © — * . ol 2 5 


e R 0 P. VIII. 
3 . 8 N are given ſeverally; ; 
Ku (ought, 
. "RESOLUTION — — 
2, By the Canon of Prop, 1. ——————Ts- + T- = 2Z, | 


3. And by the Canon of Prop, 7. ———— TXT. — X = 
No to find an Equation that ma 2 ſt only of the Things giren And ſought. in 
this Prop. 8. wry; each part of the Nate! in the third 5 of T., and there 


will be produced 
5 TTA Ta — TN T., 9 
i ,- | 5 Then 


1 * 


Ry 
— P 4 — 
© —_— l | ah " : 
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— 
—_—_ ⁵ðò „% „ 


5. Then if inſtead of T in the ſecond ſtep, you take that which in the fourth is found 
equal to Tz, the Fquation in the ſecond ſtep will be reduced to this, to wit, 


TX-LaTe—TX.— 2 
That is, IIX ZI TX = 22, 


TX 2 a — N into 2. 
Which laſt Equation gives this 
CAN O N. 
6. To the Product of the Multiplication of the Number of Terms by the common 
Ditference, add the double of the hrit (to wit, the leaſt) term, and from the Sum ot 
that Addition ſubtract the common Diticrence; then multiply the Remainder by che 
Number of terms; fo ſhall the Product be the double Sum of all the terms, and 
conſequently the hait of that Product is the required Sum of all the term. 
This Canon may be exemplified by the following (or any other) Rank of Numbers 
in Arithmetical Progreſſion continued: 


3» 7, II, I5, 19, 23, 27. 


P RO P. IK 


_ 4, T, Z are given ſeverally ; 
a „ is ſought. 
RESOLUTION. 

2. By the Canon of Prop. 1. — —  To-+ Ta = 22, 
3. Therefore by equal ſubtraction of Ta, To = 3Z — Ta, 
4. Therefore by dividing each part of they 22 — I's 

laſt Equation by T, this ariſes; «—— 1 5: 

Which laſt Equaticn gives this 
CANON, 

From the double of the Sum of all the terms ſubtra& the Product of the Multipli- 
cation of the Number of terms by the firſt (to wit, the leaſt) term, and divide the Re- 
mainder by the Number of terms; ſo ſhall the Quotient be the laſt term ſought. 


This Canon may be exemplified by the following (or any other) Rank of Numbers 
in Arithmertical Progreſſion continued. 


35, 7, II, 15, 19, 23, 27. 


8 


— 7 P R O P. X. 
. I, 2 are given ſeverally; 
E 1 EIT X48 fought. 
RESOLUTION. ry” 
. By the Canon of . 8.— * TTXTCZzT—TX = 22, 
a tore b | Subtraction of 
Therefore by equal Subtraction ds TIX—TX= 2Z — 2Te, 


- 


* 


2 


- from each Part, this will ariſe; to wit, 
4. And by dividing each part of the laſt E- 


quation by TT—T, the common Difer- X = F N 
- ence X will be made known, viz. TT—' 
Which laſt Equation gives this CAN O N. 


From the double Sum of all the terms ſubtract the double Product made by the 
Multiplication of the Number of Terms by the leaſt Term, and divide the Remainder 
by the Exceſs of the Square ot the Number of terms above the number of terms, fo 
ſhall the Quotient be the common Difference ſought. 


This Canon may be exemplified by the following (or any other) Series of Numbers 
in Arithmetical Progreſſion continued: 7 | 


3» 7, 11, 15, 19, 23, 27. 


— — 


_— * —— 


3 144 
TO: a, X, Z are given ſeverally; 
5 — 1 "os is ſought, * * I 
2. By the Canon of Prop, 4.-- . ——+ „. = 122, 
PR, | . | 3 


14 4 


: | 3. There- 


4 'S 
. 5 
* 
8 
bt 
© "4 ; . 


8 * — — — — | | , TEES IPTG 5 HOES WOO NA OO — 
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herefore by multiplying that Equation by X, 1 _ _.. wo. 
1 1 be Predugel to wit a+; 17 | N X f Re ＋ 22K, 
4 And by tranſpoſition of a, this ariſes; N X= 3ZX|2c; 
5. And from the laſt Equation by tranſpoſition oft_. 3 
X 2 this ariſeskꝛuũüũłẽ,Cꝗ — 7 — Wks e 
6. Which laſt Equation falling under the firſt of the three Forms in SH. 1. Chap. 1 
of this Book, the Value ot“ ſhall be given by the Canon in Sgt. 6. of the ſame 
Chap. viz, D l 1 BILE $3 colds. ex 5 
| ü #156 368 Pane Kor bo "ou 
Which Equation gives this Fail: * am 
From the Sum ot theſe three Numbers, to wit, the Square cf half the common Dif- 
ference the double Product ot the Multiplication of the Sum of all the terms by the 
common Difference; and the Square ot the firſt, (fo wit, the leaſt) term, ſubtract the 
Product of the firſt term multiꝑlied hy the common Difterence, and extract theSquare 
Root of che Remainder ; then from the ſaid Square Root ſubtract half the common 
Difference, ſo ſhall this laſt Remainder be rhe laſt and greateſt term ſought. 
This Cannon may be exemplified by the following (or any other) Rank of Numbers 
in Arithmetica! Progreſſion continued: Nee e 1 
„ % 1 19, 235 27. 


= 4 a LS 245 i484 12 
df 


F | wes PR O p. XII. 5 11 6 

, X, Z are given ſeverally; 
1. T is ſougür :. . 
RESOLUTION. 


2. The Canon of Prop. 8. gives this Fquation —— XTT--2.T—XT = 22, 

3. Where in regard X is drawn into TT (which 
is the higheſt Degree of the Quantity ſought, ) ( : 
let every term of the Equation be divided by — ION - 
X, whence this Equation will arife ; - 

4. Now it muſt be diſcovered from the things given, whether 22 exceeds X, or is leſs, 


or equal to X. Firſt then ſuppoſe 242 L X, and then the laſt Equation may be ex- 
preſs d thus: 4 | 


by © X * 8 „ 
TIT + ra- 
5. Which Equation falling under the firſt of the three Forms in Sch. 1. _Chap, 15. the 
Value of I ſhall be given by the Canon in Se&. 6. of the ſame Chap. viz. 
: T = F* a4 — 2X+EXX+ 22K 2a—X, | 
— o X y * 2 — — — 


6. Secondly, If 2. IX, then the Equation in the third ſtep ſhall be expreſs d thus; 


7. Which Equation falling under the ſecond of the three Forms in Se&. » Chap. 15. 
the Value of T ſhall be given by the Canon in S 3.” of the ſame Chap. viz. 


1 {XX—aX paz +22X X— 24 
| * v: 2 XX 9 : * „ 
8. Laſtly, If 2» =X, then the Equation in the third ſtep will be expreſs d thus; 
TT ==; Whence, T =} 5 
The three Equations in the 5,7,and $ ſteps give a threefold Canon to ſolve this x 2Prop.viz 
Canon I. hen the double of the leaſt Term exceeds the common Difference. | 


9. To the Square of the Excels ot the leaſt; Term above halt the common Ditterence add 
the double Product of the Multiplication of the Sum of all the Terms by the com- 
mon Difference, divide the Sum of that Addition by the Square of the common Dif- 
ference, and extract the Square Root of the Quotient; then from the double ot the 
| leaſt term ſubtra& the common Difference, and divide the Remainder by the double 
of the common Difference: laſtly, ſubtracting this Quotient from the Square Root 
before found, the Remainder ſhall be the Number of terms ſought. 7 
| L | | 4 


i 


* 


— 
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This Canon may be exemplified by the following or tb like Series of Numbers in 
Arithmetical Progreſſion continued, n double of the leaſt Term rene che 
comtnon Difference of the Terms. | * 


1 3» 5, 7, 9, 11, 13, 155 Ge. 5 1 . 
Cznon II. When the double of the leaſt. Term is leſs than the common Difference of * ns. 


10. To the Square of the Exceſs of half the common Difference above the leaſt Term, 
add the double Product of the Multiplication of the Sum of all the Terms by the 
common Difference; divide the Sum of that Addition by the Square ot the com- 
mon Difference, and extract the Square Root of the Quotient; then from the com- 
mon Difference ſubtract the double of the leaſt Term, and divide che Remainder by 

the double of the common Difference; laſtly, adding this 4 to the Square 

Root before found, the Sum ſhall be the Number of Terms ſought. 

This Canon may be exemplified by the following or the like Rank of Numbers in 


Avichiteticl Progreſſion continued, where the double of the leaſt Term js leſs than the 
common et | 


2, 7, 12, 17, 22, 27, 325 37» | 

Cation III. Men the double of the leaſt Term is equal to the common Difference f the Terms. 

11. Divide the double of the Sum of all the Terms by the common Difference, ſo 
ſhall the Square Root of the Quotient be the Number of Terms ſought, 

This Canon may be exemplified by the following Rank of Numbers in Arithmetical 


Progreſſion continued, where the double of the leaſt Term 8 to the common Dif- 
ference of the Terms: 


| 3» 9, IS, 21, 97. 33. 39. +. 25 2 — 


. "0 
_ 8 „ T, X are given ſeverally; 8 | 
3 4 is ſought. | 

RESOLUTION. | 
2. By the Canon of Prep. 7 —TNX—X A= = 


Therefore by tranſpoſition of TX—X, this ere n 
= tion will arile, which makes known the Value of « ; «= o + X—T%H> 
Which Equation gives this 295 
CANON. 


To the laſt, (that is the greateſt) Term add the common Difference aud "LA the 
Sum ſubtra& the Produ& of the Number of Terms multiplied by the common Diffe- 
| rence ; fo ſhall the Remainder be the firſt (or leaſt) Term ſought: 


This Canon may be exemplified by the following or any other Rank of Numbers in 
Arithmetical Progreſſion continued: 


3, 7, 11, 15, 19, 23, 27. 


—— —_ 


p R OP. XIV. 
, X are gixen ſeverally; 
* ** Z is ſought. 
RESOLUTION. * 
2. By the Canon of Prop. 1———— — T. TT. 2 22, 
3. And by the Canon of Prop. 13. = — N IR=s 


4. Which latter Equation if it be multiplied bn T, will produce To{IX—TTX= Te, 
5. Then if inſtead of Te in the Equation in the ſecond ſtep, 


you take that which in the tourth ſtep is found equal to T oy 2T=+TX—ETN= A 2, 
the Equation in the ſecond * will be converted into this; 
6. That 1 15, — — — — — — -20+ mere | 
o Which Equation gives this | FIR 
| "CANO NN. 


To the double of the laſt (to wit, the greateſt) Term, 2dd the common | Difference; ; 
from the Sum _— the Product of the Number ot Terms * by = — 
| L rence ; . 


* 


\ 
. 4 


*- 


" — — 2 _ * — 
2 18 1 - 
* *% 47 —# #7.» 
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Didereact; then multiply the Remainder by 1 the N Number of Terms, the Product ſhall 
be the double of the Sum of all the Terms, and conſequently the half of that Product 
is the. 2 Sum of all the Terms. 
anon may be exempliſied by the follow ing (or any othet Rank) of Numbers 
in Arichmerica 3 continued: 
2 7, Il, 15s I9, 23, 27, * 
1 4 — | ht — 1 4 — 


PROP. XV. 
A T, Z are given ſeverally 
. is ſought; 
RESOLUTION. 


2 


2. By the Canon of Prop. 9. 


3- Therefore multiplying each part of that 0h 
”W T. this will ariſe; — — 
4 And by tranſpoſition of —T<« in the laſt Equation | 
this will ariſe ; —* 
5. Like wiſe by tranſpoſition of To, this "nn ariſes, 
6. Therefore each part of the laſt Equation being di- 
vided by T, the Value of « will be made known, viz. 


Which Equation gives this 
CANON. 


- Divide the Jouble Sum of all the terms by the Number of terms, and from the 
Quotient fubtra& the laſt (ro wir ; the greateſt rerm ; ſo ſhall the Remainder be the 
firſt and leaſt term ſought. | 

This Canon may be exemplified by the following (or any other) Rank of Numbers 


in Arithmerical Progreſſion continued: 
* | | | 35 7, Il, I, I9, 23, 27. | 
— — nn ner rn — — mean 
P R r 
— , T, Z are given ſeverally ; 
2 . A is ſought. 
wr RESOLUTION. 
2 By the Canon of Prop. Lp n NR * T=2Z; 
3. That is.——— — — — — 2To+ TY—TTX=2Z, 


4- Therefore by due tranſpoſition this e will 5 211—2 =TTX-—TIX, , 


bf Therefore by dividing all in the laſt Equation oe. 2T ©—2Z, _ * 
TT—T, the Value of X will be made — 1 viz, TT © * 


Which Equation gives this 

IH CANON. | 

From the double Product of the Multiplication of the Number of terms by the 
greateſt term, ſubtract the double of the Sum ofall the terms; divide the Remainder b 
the Exceſs of the Square of the Number of terms above the Number of Terms, 8 

ſhall the Quotient be the common Difference ſought. 

This Canon may be exemplified by the following (or any other) Rank of Numbers 
in Arithmetical Progreſſion continued: 


3 75 Il, 25 197 232 27, 


2 


a —— 
71 * Ly 


— * wt. — — I 
* . — 


| X. 2 p R 0 2 XVII. 
| are iven everall 3 
1 · ꝙ—— 1 * e 4 1 8 3 ought Y3 
RES 0 L U T 10 *. 
4 
2. By the Canon of Prep. 2 ͤͥ —vuj“ £-— - en X. 
. Thiretore each part of that Equation bein mes | 
* by 2Z—*—e, there will arte, — 5 ” —62=2RZ—=X*—Xe, 


Now 


: 


4. Whence by * Addition ot N. ＋x⸗ ry will nd, * X. X. 425 2ZX, 


* 


5 2 1 _ = — 1 2 Af 3 
= 1 p Sw” AX Ao rt | 
- Ta 


— NNASENY 8 
130 1 Reſolution of Queſtions, Kc. | B OO 4. 
. eee Rm 


TY » 


— 


Now, before known Qvantities can be ſepatated from unknown in the laſt Equation. 
we muſt diſcover trom the things given in the Propoſition, whether „N be equal, 
e Y 4 o | . 


greater; or leſs than z ZX? Firſt therefore oy gd? 
FL CF THT UR107 2: 91 963 1d. oft ii mars Sch: IE 1 
5. Suppoſe — — ——— „r aZ JJ,, 
6. And then by ſetting EX in theplace of 1 i -: | . 
22K in the Eq̃uãtion in the fourth ſtep, L NR AN N. 
” » * N * 7 * 4 c 1 3 
there will ariſe, —— — » | 
7. Whence by ſubtracting #» + X from each part, and by S370 | 
tranſpoſition of , this Equation ariſes ;———F . K — 
8. Which laſt Equation being divided by e, gives X 444g. + 2 
From the Premifes ariſes this So EEE . * 
8 TY | * renn G ene * 
0 „ a CANON. 1. 8485 # td | 


9- When the Sum of the Square of the laſt (to wit the greateſt) term andthe product 
of the Multiplication of the ſaid laſt term by the common Difference of the terms is 
equal to the double of the Product made by the Multiplicat ion of theSum and common 
Difference of the terms, then the ſaid Difference is equal to the iſt or leaſt term ſought. 

This Canon may be exemplified by the followingSeries' of Numbers in Arithmetical 

Progreſſion continued: oy ef) REG PIG 10 30 OT, PAK... 

a 1 2, 4, 6, 8, 10% 12, 14. ha rs 1 
do, Secondly, e erg ae C Xx 
11. Then from the Equation in the fourth? „ X. „„ + 1 
-; ep, after due Reduction there will ariſe, 4 —N = NX, 1 


22, In which laſt Equation all things are known but æ, and the ſaid Equation falls 
under the ſecond of the three Forms in Sci. 1. Chap: 15. Therefore the Value of *, 
to wit, the firſt (or leaſt) term fought Hall be given by the Canon in Sect. 8. of the 

a =?X+ vw Xo SIX —27X Oo 
From the tenth and twelfth ſteps ariſes © * 5 


„ ren en 

-x3- If the Sum of the Square of the laſt (to wit, the greateſt) term, and the Product of 

the Multiplication of the ſaid laſt term by the common Difference of the terms,” ex- 

. ceeds the double of the Product made by the Multiplication of the Sum and common 
Difference of the terms; then to the Sum firſt mentioned add the Square of half the 
common Difference; from this Sum ſubtract the double Product above mentioned, and 
extract the Square Root of the Remainder : laſtly, add the ſaid Square Root to halt 
the common Difference, ſo ſhall the Sum be the firſt (or leaſt) term ſought. 

This Canon may exemplified, by the following Progrefſion : 

Faun unn TT: © * 

14; Thirdly, fippoſe . „. ZX,' 

_ But in this third Caſe, to the end a poſſi- Ne 53 
ble Equation may ariſe, this Determination ' £++X-+i{XYX, not 2 2ZYX; © 
is neceſlary, _ — IT : N e N ow 

16. Then from the Equation in the fourth pL De v2, Pf 
by tranſpoſition of +++ X”, this will ariſe ; A'% N = 22 an oo . 

17. In which laſt Equation all things are known but «, and the Equation falls under 
the laſt ot the three Forms in Sect᷑. x. Chap. 15. Therefore the two Values of in 
that Equation ſhall be given by the Canon in St. 10. of the fame Chap. vx. 

4 n EN T2222 


—— 


5 Or. A — + X—y :02ÞX.,$3XX—2ZX: 5 . FO | 

+8 Whenceir is manifeſt, that if in this third Caſe it happens that ο Þ XY +4 XX 
- 25 22 Ton « Az; chat is to ſay, the firſt (ot leaſt ) term ſought ſhall be e- 

equal to half the giren Difference of the Terms. But if in the ſaid third Caſe it happens 


rs 


— 


that 


42929 


| — CCEEEEEE————————_ — ee eS — r 
CHAN 17. concerning Ariihmetical Progreſſion. 13.1 
—— NE En nn InnaE: — — — — — — ——— 
that 49+ RoÞ INN LX, then there will be two unequal Roots or Values ot, 
to wir thoſe above enpreſs u, by either of which the Equation in the ſixteenth 
ſtep may be expounded” yet (as may caſily be apprehended) only one of thoſe 
Valies'6f”z can be ſuch a firſt (or Jeaſt) Term as will agree with the Things given 
im the Propoſſtion: But which of thoſe two Values of : is the leaſt Term ſoughr, 
du may diſcover by the Proof fotmed thus, vi. Firſt, by the help of one of thoſe 
unequal Values of = found out as above; together with the given laſt (to wit, the 
greateſt) Term and the given common Difference of the Terms, you may find out 
(by the Con of the chird Prop.) the Number ot Terms, (which muſt always be a 
© whale Number, ) and then by the ſame Value of a, together with the ſaid laſt Term 
and the Numbet of Terms you may by che Canon of Prep. 1 find out the Sum of 
11 the Terms; then if this Sum be equal to the Sum given in the Propeſe propos d, 
hat Value of by which the Proof was made, is theleaft Term ſougbt. But if that 
of will not ſuceced; then the other Value of «/ ſhall be the leaſt Term ſought, 
$5 will be evicent by the Proof made as before: 7 HEOT Sk! ern 


From the five laſt ſteps there will ariſe 19d mu $100 bun 

o v2 31 LOW 122 F100) 297: 1 8 12 412 

3 2 8 CANON II. mel n dots 
8 


19. When the Sum of the Square of the laſt (to wit, the greateſt) Term, and the Pro- 
duct aff che Multiplication: of the ſaid laſt Term hy the common Diference, is leſs 
that the double of the Product made hy the Multiplication of the Sum and common 
Difſesenoe of the Terms z but the Aggregate of the dum tirſt mentioned and theSquare 
of halt the common Diſierence is not leſs than the ſaid double Product; then — 
the ſaid: Aggregate ſubtract the ſaid double Product and extract the Square Root of 
theRemainder, that done, add the ſaid; Squate Root to halt che common Difference of 
the Teums, and alſo ſubtract the ſaid Square Root from the ſaid half Difference, fo 
hg Sum ov elſe the Remainder, (viz, ſuch of them, which by the Proof made ac- 
cording to che Direction in the preceding eighteenth ſtep, will be found to agree with 
the Things given in the Propoſition,) ſhall be the firſt (or leaſt) Term ſought. © 
This Canon may be exemplified by the two following Ranks of Numbers in A- 
rithmetital Progreſſion continued 0 | 7 8585 


I @ 25 5, 8, IT, 14, 17. 


II. 2 7, 12, 17, 22 27. 1 
. | CST (BE xOt en Cf IT r ITT 
* TE — DDR O P. XVIII. Shs na. 
me 5 „ X, Z are given ſeverally 5 4 

1. —— . . ; 

FE T is required. F 233 X14 
RESOLUTH#ON. 8 

2. By the Canon of Prop. 14. ——_T-xTT-: 


3. Therefore dividing every Member of the faidEquarion by X, (becauſe it is drawn into 
TT the bigheſt Degree of theNumber ſought,) this following Equation will ariſe, viz; | 


„ .2-T+XT eo Af 
4 £ 24 12 >. X * wag N 
2⁰0 X 22 


r- tie A TIED 


4. In which all Things are known but ; 8 and the ſaid Equation falls under the laſt of 
the three Forms in Se#. 1. Chap. 15. Therefore the two Values of I will be made 


* 


E * i ' 
34 * » 
as & 3 
, = 
124 DO f , : 1 
9 * f 
101 ' 1 (7 
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5. But 
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5. But altho the Equation, in the third ſtep may be expounded by cither of the mie | 


Roots or Values of T above expreſs d in the fourth ep, yet only one of them 

be the Number of Terms ſought ; bur which of the ſaid Numbers ox Values of T wilt 
ſolve the Propoſition you may diſcover thus: Firſt, if one of the two Numbers or 
Values of I before found out be a Fraction or a mixt Number, that Value cannot be 
the Number of Terms ſought ; for the Number of Terms in an Arithmetical Progreſſion 
isalways a whole Number. Secondly, If both the Values of T happen to be whole 


Numbers, then the true Number of Terms ſought may be diſcovered by this Proof ; 


viz. Firſt, by the help of one of thoſe Values of T in whole Numbers, together with 
the given laſt (or greateſt) Term, and the given common Difference, find out (by 
the Canon of Prop. 13.) the firſt (to wit, the leaſt) Term; and then by the ſame 
Number T, together with the firſt and laſt Terms, find out (by the Canon of Prop. x. 
the Sum ot all the terms; laſtly, if the Sum ſo found out be equal to the Sum given 
in the Propoſition propos d, then that Number or Value of I by which the Proof 
was made ſhall be the true Number of Terms ſought. But if the Proof will not ſuc- 
ceed to find out a Number equal to the Sum firſt given, then the other Value of T 
is the Number of Terms ſought; which will be evident by the Proof made there- 
with in the ſame manner as before. * | 
From the Premiſes there ariſes this , 


c A NO N. 5 


6. From the Square of the Sum of the laſt (to wit, the greateſt) Term, and half the 


common Difference, ſubtra& the double of the Product of the Multiplication of the 
Sum of all the Terms by the common Difference ; divide the Remainder. by the 
Square of the ſaid Difference, and extract the Square Root ot the Quotient. That 
done, add the {aid ſquare Root to the Quotient which ariſes by dividing the Sum of 
the laſt Term and half the common Difference by the Difference it ſelf, and alſo ſub- 
tract the ſaid Square Root from the ſaid Quotient; ſo the Sum, or elſe the Remain- 
der (viz. ſuch of them which according to the preceding fifth Rep will be found to 


agree with the things given in the Propoſ.) ſhall be the Number of Terms fought. 


This Canon may be exemplified by the three following Pr ons: in the firſt 


of which the greater of the two Values of T (in the fourth ſtep) is the Number of 
Terms ſought ; but in each of the two latter Progreſſions the leſſer Value of T is the 


Number of Terms ſought, bY ot, | 
L 1 2, 7, 12, 17, 22, 27, 32. 
II. 2, 5, 8, 11, 14, 17, 20. 
III. 12, 20, 28, 36, 44, 52, 60, 
AON XIX: 
I, X. 2 are given ſeverally ; 
1... 1 3 run * 


0 UTION 


2. By the Canon of Prop, 10— —— _ — r X. 
3. Therefore multiplying each part of that Equation 


by TT—T, this will be produced, to re > | 2Z—2Te=TTX—TX, 
In which laſt Equation all things are known but 4, 2 
whoſe Value after due Reduction of that Ea = =" #X—3TX, 
will be found out, 2... r ͤ;'—⸗ꝛ mn mmm vs, ; obs 

Which in Words gives this 


CANON. 


5. Divide the given Sum of all the terms by the giyen Number of terms, to the Quotient 


add half the given Difference of the terms, and from the Sum of that Addition fubtract 
half the Product of the Multiplication of the ſaid Number of Terms by the common 
Difference; ſo ſhall the Remainder be the firſt (to wit, the leaſt) term required. 

This Canon may be exemplified by the following (or any other) Series of Number: 


in Arithmetical Progreſſion continued: 


4 2, 7, 12, 17, 22, 27, The i: PROP, 


* 


8 
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—— 9 * * * * 


11 * PRO P. | XX. 
Fr, X, 2 are given ſeverally ; N 
RESOLUTION. p 7 I 
22 y FOE x | n 21.—22 — x 
2. By the Canon of Prop. 16. 5ĩ—fu TX = a; 


8. Therefore multiplying each part of that Equation * . a I * en i of 
_ by TT — T, this will be produced to wit, > 2T%—2Z=T TX—TX; 
4. In which laſt Equation all Things are known but ws a 
„ whoſe Value, after due Reduction of that 8 2 1 + TX —-IX. 
quation, will be diſcovered, via 
Which in Words gives this 


s 

CANON. MF. 3 

5+ Divide the given Sum of all the Terms by the given Number of Terms; to the Quo- 
tient add half the Product of the Multiplication of the Number of Terms by the 


common Difference given, and from the Sum of that Addition ſubtract half the ſaid 
Difference; the Remainder ſhall be the laſt (to wit, the greateſt) Term requited. 


This Canon may be exemplified by the following or any other Rank of Numbets 
in Arithmetical Progreſſion continued: W i Ro 

> 2» J, 8, 11, 14, 17, 20. 

2 e 1 


_ * A. — 


7 


—— 


Queſtions to exerciſe ſome of the Canons of the preceding Propoſitions. | 


Queſt. 1. Suppoſe 40 Stones be ſo placed in a ſtreight Line that the firſt is diſtant from 
a Basket one Yard, the ſecond two, the third three, and the reſt in the ſame Exceſs; now 
if ſome Footman undertakes to go from the Basket to fetch into it every Stone one after 
another, how many Yards muſt he go to perform that Work? Anſw. 1640 Yards. 

Foraſmuch as the Footman muſt go 2 Yards (to wit, one forwards, and the ſame 
backwards,) to fetch the firſt Stone into the Basket ; 4 Yards tor the ſecotid ; 6 for 
the third, &c. here is an Arithmetical Progreſſion continued, whoſe firſt (or leaſt) term 
is 2, the common Difference of the Terms is alſo 2, and the Number of Terms is 40 ; 
therefore the Sum of all the Terms, to wit, the Number of Yards ſought will be found 
1640, by the Canon ot the preceding eighth Prop. 

Queſt. 2- Two Footmen, 4 and B, depart at the ſame time from London towards 
Tork, and travel in this manner, viz. A travels 8 (or c) Miles every Day; B travels 
1 Mile the firſt Day, 2 Miles the ſecond Day, 3 Miles the third Day, and ſo for- 
ward ; travelling every Day one Mile more than in the Day next preceding: The 
Queſtion is, to find in how many Days B will overtake 4? Axſw. At the end of 13 
Days, found out by this following 

RESOLUTION. 


1. For the Number of Days that B had travelled when he overtook 4, put 4 

2. Then to find how many Miles B had travelled when he overtook 7 | 
A, there is an Arithmetical Progreſſion continued, wherein the firſt 
and leaſt Term is 1, (to wit, 1 Mile which B ttavelled the firſt Day,) 
alſo the common Difference is 1, (for the Queſtion ſaith that B cra- Ene 
velled every Day 1 Mile more than in the Day next preceding,) and » 40 FI 
the Number of Terms is a, (which we aſſumed for the Number of | 
Days that B had travelled when he overtook 4:) therefore the Sum | 


— T 
* 


of all the Terms (or Number of Miles that B had travelled) will by 
the Canon of the preceding Prop. 8. be found tobe — — 
3. And becauſe 4 travelled 8 ( or e) Miles daily, and had travelled 
the ſame Number of Days as B when B overtook 4, therefore 8 
(or e) multiplied by a produces the Number of Miles that 4 had then 
dravelled; to wit, ꝛꝗ⁊ywpyä y mmm enter 
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4. But when Bovertook, A each had travelled th 


will overtake A at the end of 15 Days, as will be 
* v OS Zo * 710 061! 


e lame Number of > : | 
Miles; theretore the Numbers found out in the td laſt ſteps muſt aa + 4a = © 
be equal the one to the other, viz ——————-Y ; 

5, Which + rm after due Reduction gives —— za = 2c— 1 * 

Which in Words is this „ . " 
dre CA V 
From the double of the Number of Miles that 4 travelled, daily, ſubtra& 1 (or 

Unity, ) ſo ſhall the Remainder be the Number of Days ſought, © © 
Whence the Number of Days required will be found 15 for the double of 8 is 16, 

from which ſubtracting 1, the Remainder 15 is the Number of Days ſought; uz. B 

evident by 16 80 Nel gin A ; 
1210 27 TIE 8 At 15437 
If 15 be the Number of terms, and 1 the firſt (or leaſt) term, as alſo the common 

Difference of the Terms of anArithmerical Progrefſion continued; theSum of all the terms 

will. (per, Canon of Prop. 8) be found 1 20, being the Number of Miles which B had tra- 

velled in 15 Days, (according to the Progreſſion of 1 Mile the firſt Day, 2 Miles the ſe- 
cond, 3 Miles the third, Oc.) Alſo, A travelling 8 Miles every Day, would in x5 

Days have travelled 120 Miles. Therefore the Conditions in the Queſtion ate ſatisfied. 


Queſt. 3. A Merchant diſcharged a Debt of 1370 1. by ſeveral Payments made in 
this manner, viz. the firſt Payment was 15. the ſecond Payment exceeded the firſt by 
> ]. the third exceeded the ſecond by the ſame Exceſs, and the reſt of the Payments in 
like manner. The Queſtion is, to find how many Payments the Merchant made in 
difcharging the ſaid-Debr ? Axſw. 120, found out thus: &, 

There is given in the Queſtion 15, to wit, the firſt and leaſt term of an Arithmeti- 
cal Progreſſion continued; alſo 5 the Difference of the Terms; and 1370 the Sum of 
all che Terms, to find the Number of Terms, (which by Canon 1. of the foregoing 


Prop. 12. of this Chap.) will be found 120. | Wy 
Queſt. 4. If a Debt of 13701. was diſcharged by ſeveral Payments made in ſuch 
manner, that the-ſecond Payment exceeded the firſt by + /.-the third the ſecond, the 
fourth the third, Cc, in the ſame Exceſs, via. every following Payment exceeded the 
next preceding by 2 / and that the laſt Payment was 21; /. What was the firſt (to 
wit, the leaſt) Payment, and how many ſeveral Payments did the Debitor make? 
Anſw. The firſt and leaſt Payment was 15 J. (found out by the Canon 2. of Prop. 17.) 


and the Number of Pay ments was 120, found out by the Canon of Prop, 18. 


Queſt. 5. A Footman travelled 124 Miles in 8 Days at this Rate, viz. The ſecond 
Days Journey exceeded the firſt by 3 Miles, the third the ſecond by 3 Miles, and fo 


forward in that Exceſs ; how many Miles was his firſt Days Journey, and how many 


his laſt ? Auſu. f and 26 Miles, found out by the Canons of Prop. 19 and 20, 
© Queſt. 6. A Draper bought 20 Cloths for 20 Crowns à piece, and fold the fitſt 


Cloth tor a certain Number ot Crowns ; the ſecond for two Crowns more than the firſt ; 


the third for two Crowns more than the ſecond; and ſo by increaſing the Price of 
every follow ing Cloth by two Crowns more than the nex preceding Cloth, he ſold 
the 12ſt Cloth tor 41 Crouns. It is deſired to find the Number of Crowns tor which 
he ſold the firſt Cloth, and What he gained or loſt by all the Cloths. "WY 

This Queſtion implies an Arithmetical Progreſſion, whoſe Number of Terms is 20; 
the common Difference of the Terms is 2: and the laſt Term is 41: Therefore by the 
Canon of Prop. 13. of this Map. the firſt and leaſt Term will be found 3 3 and then by 
the Canon of Prop. 1. (or by the Canon of Prep.) the Sum of all the Terms will 
be found 440. Whence it 1s manifelt that che Draper gained 40 Crowns by the 20 
Cloths ; tor he bought them for 400 Crowns, and. ſold them tor 440. 

: | 5 1 20011 0150 | gc * Ig , goes 

Oueſt. 7, One diſtributed: 456 Pence among a certain Number of poor Perſons 
in this manner, viz, To the firſt he gave 6 Pence, to the laſt 5 Pence; the Number 
of Pence given to the ſecond exceeded that given $0: the firſt, the third the ſecond, and 
ſo forward to the laſt-by an equal Exceſs... The. Queſtion. is, to find how. many-poor 
Ferfons there were; and how many Pence every one between the firſt and laſt received? 
þ To 
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: To ſolve this Qneſtion, an Arithmetical Progreſſion muſt be conceived, whoſe firſt 

tetm is 6; the laſt term is 51/; and the Sum ot all the terms 456: then by, the Ca- 

nan of Prop? S. the Number of terms will be found 16; and by the Canon of, Prop 6. 

the common Difference of che terms will be found 3 z wWherefore there were 16 poor 
Perſons; and if this Arithmetical Progreſſion, to wit, 6, 9, 12, c. be continued to 

the ſixteenth term influſive, it will ſne the Number of Pence which every one of 

the poor Perſons received ; and all thoſe 16 terms or Numbers being added together, 

make the given Sum 456. | tk aca 


_ * 
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Queſt. 8. A Stationer ſold 7 (or t) Reams of Paper, the particular Prices whereof 
were certain Numbers of Shillings in R rithmetical Progreſſion; the Price of the ſecond 
Ream, thar is, of that next above the cheapeſt, was 8 (or 5) Shillings; and the Price 
of the laſt ot deareſt Ram was 23 (or c) Shiltings : what was the Price of each Ream ? 
- OC BOTR TIT FIT. 4 "bay ; ; 


* 


1. For the Price of the cheapeſt or firſt Ream put 4 , 74 
2: Then becauſe the Price of the ſecond Ream was) 2 
8, (or b,) therefore by ſubtracting @ from 8, Ws * 2 


(or 6,) thete remains the common Difference off Peg 

the terms of the Progreſſion, vx. 

3. Then by the help of the leaſt term, the common 
difference ot the terms, and the Number of terms 
ſeek (by the Canon o 2 of this Chap. the 
laſt and greateſt term, which will be found | a 

4. Which greateſt term laſt found out muſt be equal to 23 (or c,) hence this Equation 

* 


ariſes, viz, 


485 ia—taſ-tb—h 


. . . 48 =; Or, z -f EI =c. 
5. From 5 Equacion after due Reduction this ariſes, viz. 
| EET. 
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PRE FAVES . 
From the Produtt of the Price of the ſecond Ream of Paper (to wit) of that next 
above the cheapeſt, multiplied by theNumber of Reams, ſubtract the Sum of the Prices 
of the ſecond and laſt Reams ; then divide the Remainder by theExceſs of the Number 
of Reams above 2: ſo ſhall the Quotient be the Price of the firſt (or cheapeſt) Ream. 
. Whence by the help of the Numbers given in the Queſtion, rheſe following Num- 
bers in Arithmetical Progreſſion will be diſcoverd, which ſolve the Queſtion, viz. 5, 
8, 11, 14; 17, 20, 23. | e . | | 
| Oueſt. 9, One being asked what were the ſeveral Ages of his five (or t) Children, 
aniwered, that the Age of the eldeſt exceedeſt that of the ſecond by 2 (or x) Years ; 
and by the ſame Exceſs the ſecond exceeded the third, the third the fourth, the fourth + 
the fifth or youngeſt Child's Age; and if the Age of the eldeſt Child were multiplied 
by the Age of the youngeſt it would produce 128 (or c) Years. It's defired to find 
out the Age of every one of the five Children: | 
he Numbers ſought by the Queſtion are in Arithmeticat Progreſſion. 
4 „gen, 
r. For the Age of the youngeſt Child (being they / | 


reh wg: Words is this 


leaſt Term of the Arithmetical Progreſſion ing © 4 2 2 0 
the Queſtion,) put —————— 1 gi | 
2. Then by the help of a, x and t, via the Age : 
of the youngeſt Child, the common Difference / * 
of theix Ages, and the Number of Children, ſeck ““ oy a 


(by the 78 of Prop. 7 ot this Chap.) the Age/ 
of the eldeſt, that is, the greateſt Term of thek _ 
Progreſſion, you will fad —— —— — —- | 
3- Therefore the Product of the Multiplication of 1 

the firſt and laſt terms of the Progreſſion is | 
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44 34 18 
9 0 . 

" + + y 
= on 
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4: Which Produzt muſt be equal to 128 (or e,). the ProduR given in the Ochs 
hence this Equation, viz. aa 82 = 128 Or, n 


5. Wherefore, by reſolving the laſt Equation according to the Canon in Sec l. 6, C | 
the Value of a, that is, the Age of the youngeſt Child will be diſcovered, — 15. 
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Which in Words is this hs.” 

4 CANON. | | 

From the Product of the Number of Children multiplied into the comm 
ence of their Ages ſubtract the ſaid Difference; then to the Square of ps 3 
add four times the Product of the Age of the eldeſt Child multiplied into the Age of 
the youngeſt, and extract the Square Root of the Sum of that Addition : then from the 
ſaid Square 3 * on 1 of fs 8 Difference of their Ages mul- 

tiplied into the Exceſs of the Number ol Children above Unity; fo the h 

mainder hal be bn Age = the youngeſt Child. 40 9 927 
Whence theſe five Numbers are diſcovered, viz: 8, 10, 12, 14, 16; whi 
Number of Years expreſſing the Age of every öne of the „Chüldren: 19 Ager 
the firſt and laſt Numbers is 128, and the common Difference is 2, as was required 
Queſt. x0: If the Sum of 6 (or t) Numbers or terms in Arithmetical Progreſſion be 
48 (or z,) and the Product of the common Diffetence multiplied into the leaſt Term 
be equal to the Number of terms; what are the Numbers of that Progreſſion? 


XE SOLEUTTON 
1. For the common Difference of the Terms pur,! : 7 


2+ Then according to the Condition in the Queſtion, > . 2 
if the Number of Terms be divided by the common > . — 
Difference, the Quotient is the leaſt Term, to wit, 1 r 
3. Now by the help of the common Difference, the) i 2 
leaſt Term, and the Number of Terms, ſeek (by 30 + — * — 3 


CC 
. ̃ —— rote a; 
yon = %, 

That is, tta _ — e Sax. 


5. Which Equation duly reduced gives 


& — AA , 


: | F tt. , ä 
6. Wherefore by reſolving laſt Equation according to the Canon i rk 
Chap. 15- the two Values of a will be tound theſe, viz- yi n 
— Lan- 
e 
ws 7 * 4 45 — — 
7. Each of which Values of a, to wit, 2 and © may be taken for the common Diſſer- 
ence ſought: Then becguſe 6 is preſcribed in the Queſtion for the Product of the 
leaſt Term multiplied into the common Difference, let 6 be divided by the aid 2 
and ? ſeverally, and the Quotients 3 and 5 ſhall be the two leaſt Terms of two 
Arithmetical Progreſſions, each of which'will ſolve the Queſtion : And therefore 
The ſix Numbers ſought may be either theſe, "3,5, 7, 9, 11, 13; 
Or theſe, | ren n 3. 67, 75» 8+, 97, 11. 
In each of which Progreſſions, the Number of Terms is 6; the Sum of all the Terms 
is 48 and the common Diflerence multiplied by the leaſt Term produces the Number 
C5 erms. Which was preſcribed in the Queſtion. '_ OM" TE 


The End of the H B OO K. 
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Shall take it for granted, that the Reader of this Second Book of Al- 
= gcbraical Elements is well exerciſed in the Firſt; and therefore 
without making any Repetition of what has been there explained at 

large, I ſhall proceed to the handling of new Matter in this Myſte- 
rous Art, Firſt then, foraſmuch as the Extraction of Roots is un- 
doubtedly the hardeſt Leſſon in Vulgar Arithmetic, and the Reaſon 
of the Rules delivered in moſt Treatiſes of Arithmetic tor extracting of the Square and 
Cubic Roots is known but to few practical Arithmerticians, I ſhall Explain what our 
learned Divine and famous Mathematician Mr. William Oughtred, hath ſuccinctly de- 
livered upon this Subje& in the twelfth, thirteenth, and fourreenth Chapters of his 
Incomparable Clavis Mathematicg ; to which end in this and the following ſecond 
Chapters I ſhall firſt ſhew the Genefis or Production of Powers from Roots Binomial, 
Trinomial. &'c. and then in the third ; and fourth Chapters their Analyſis, or the Ex- 
traction of the Root or Side out of any given Power, whether it be expreſs d by the 


Number or Letters. 
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II. If a Line or Number be divided into any two parts, ſuppoſe a the greater and 
e the leſſer, theſe connected by the Sigu + or — do conſtitute a Binomial Root, as 
ae or ae, the latter of which ſome call a Reſidual Root, becauſe it imports a Re- 
mainder, viz. the Difference of the two Names or Parts of the Root. In like manner theſe 
Compound (Quantities ; a - e, '@ +b— c and the like, may be called Trinomial 

Roots, becauſe each of them conſiſts of three Names or Parts; and a CA a 
Quadrinomial Root, that is, @ Root conſiſting of tour Parts: And fo of others. 


D ee OT TOS ͤ n | | 

III. From a Root Binomial; Trinomial, Ce. Algebraical Powers may be produced 
in like manner as from a ſimple Root, wiz: by a continued Multiplication of the Root 
into it ſelf. As fof Example : The Hinomial Root age being multiplied by it ſelf; 
that is, a te by 4 te, produces aa f- 24e Cee, the Square of Te. Again, it the 
Square 4 Caan be multiplied hy its Root a-þe, the Product will be 444 ＋ 3 
＋Tzatee.-Peee, which is the Cube of the Root ate; and if the ſaid Cube be multiplied 
by its Root ae, it will produce the fourth Power: and ſo you may proceed to find 


a fifth, ſixth, or what Power you pleaſe ſrom the Binomial Root ae. But fat the 
greater evidence viewy the following Operation. Sin | me 2J ern 
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— The Production of Powers. 
| Binomial Root, . 4. — 
| ae : 
. * gy. 74M xo. | £ 
> aa—ae : $ 
* aeTee * Fit 
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Ce 
aaa aee | 
20 ; 4 eq 9 5 p | ** | s« A " 7 +] 
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Cube,. 44 Tzaae Lzaee H eee 
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e 
aaa C3 aa. zan C acce : 
a T 2 1 zacee T eres 
Biquadrate, — + 6aare{-qaece + eve. 
After the ſame manner, if the Reſidual Root a—e be multiplied by it ſelf, the Pro- 
duct will be aa—aae + ee the Square of a—e. Again, if the Square of aa- 24e Lee 
be multiplied by its Root a—e, the Product will be aaa—3aae z ace — ere, which is 
the Cube of the Root a—e- And ſo you may proceed to find a fourth, fifth, or what 
Power you pleaſe from the Reſidual Root a—e ; view the following Work. a 
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Square, —— aa — ze ee | 
a—e | 
2 * — — 
444—2 ace 
, age F acee - _ 
cube. 444344. zace eee: 
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aaaa 3aaae z aaee acee 
— aaae f zaaee—z acer Ceeee 
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Biquadrate, aaaa - ꝗaaae f Gaaee qaece Ceeee. 


By thoſe two Examples it is manifeſt, that the Powers from the Reſidual Root a—e 
differ only in the Signs + and — from like Powers formed from the Binomial Roor 
a+e; tor in every Power of a Reſidual Root, the Signs prefix d before the Parts or 
Members of the Power are alternately ＋ and — ; viz. the greateſt or firſt Member 
is Affirmative, the ſecond Negative, the third Affirmative, the fourth Negative, and 
ſo forwards: as you may ſee in the Cube of a—e, where aaa the greateſt extreme Mem- 
ber is Affirmative; the next Number in order being —3aae is Negative; the third 
Member +3aee is Affirmative; and the laſt (to wit, the leaſt) Member cee is Ne- 
gative. But in every Power produced from a Binomial Root, whoſe Parts are con- 
nected by E, as a+ e, all the Members of the Power are Affirmative. 


V. If according to the Conſtruction in the laſt preceding Section a Scale or Rank of- 
Powers be formed from a Binomial Root, as from ae, the Members of each Power 
to the tenth incluſive, will be ſuch as you ſee in the following Table, where the two 
laſt Powers are compendiouſiy expreſs d according to Carteſus his Way. N 
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CHAP. 1. from 4 Binominal Root. 139 
A Table of Powers produced from the Binominal Root a Ie. 
WY The Root ha BEE 
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V. By the foregoing Table it is evident, that the Square of a Le conſiſts of aa 
2ae-Þee ; which ſhews, that if a Number be divided into any two Parts, the Square 
of that Number ſhall be, equal to the Squares of the Parts, and to twice the Product 
made by the Multiplication of the Parts one into the otlier; as if 12 be divided into 
10 and 2, which may be ſignified by à and e, tien 


= — 5 
— F 0 * | 1 . 9 . 81 


The Square of 10 is ———==——=r90 a 
The Product of 10 multiplied by 0 | 8 
is 20, which doubled makes 1 | 
a * 1 — * * A "Pp 4 C b F , 
The Square of 2 RE — 11 dee 375 L 4 014 114 
— 1 Re | 4 0 1 * FT) 4 FT. cata nts. a ap 4 SO > 


1 2 1 — | — — 880 ſn — FT -& 
Which three Numbers, to wit, 100, 40, and 4,7 Sil 44=aaPE3nebee, 901 
added together make the Square of 12, Li. f i ze ee. 
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la like manner the ſaid Table ſhews; that the Cube ot third Power, of the Binomi- 
val Root a-te conſiſts ot the Cubes of the Names or Parts ot the Ri t a and e,- toge- 
ther with the triple of the ſolid Product made by the Multiplicatiog ot the Square of 
the greater part a into the leſſer part e, and the triple of the ſolid Product made by the 
Multiplication of the greater part a into the Square of the leſſer part e. This may be 
illuſtrated by Numbers thus: Suppoſe 12 to be divided into 10 and 2, which may (as 

before) be repreſented by a and e; then the Cube of 12 or of a-þe, will be equal to 

the Sum of theſe four ſolid Numbers, viz. 1 Th 
| | 2 | ang 
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The Cube of to is — - — 1000 | aaa 
The Square of 10 is 100, Which mul- 504 In 
tiplied by 2 produces 200, this tri- 600 | 3aae 
pled makes —— — | . 8 
Again; 10 multiplied by 4 the Square) . 3 
bold 2 produces 40. the Triple where- 120 3aee 


. ' 
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The Cube of 2 is — * 8 | eee 
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Which four Numbers, viz. 1000, 600, y - | 50 

110, and 8, added together make the — 1728=ana+3aae+3aeeÞeee 

Cube of 12, (or 12x12x12) that is 
After the ſame manner the reſt of the Powers in the Table might be exprefs?d by 
Words. Whence tis evident, that this litetal Method diſcovers many Properties in 
Powers, which in Numeral Calculations do lie in Obſcurity. 

VI. Moreover, by a bare Inſpection into the ſaid Table it may be perceived, that 
the Number prefix d to every one of the Mean Members of every Power produced ſtom 
the Binominal Root a+e, is compoſed of the two Numbers prefix'd to the next ſuperi- 
our and inferiour Members of the next preceding Power, As for Example : If you 
conceive the Line upon which gaae is fet to be continued forth at length, it will paſs 
between aa, that is, taa, and 28, in the foregoing ſecond Power (or Square.) Now 
I ſay that the Number 3 prefix'd to aae is the Sum of 1 and 2 the Numbers prefix d to 
aa and ae. Likewiſe the Number 6 prefix d to aace, one of the Members of the fourth 
Power, is compoſed of 3 and 3, the Numbers prefix d to aa and aee in the third 
Power. Again, the Number 15 prefix d to aaaate is the Sum of 5 and ro, the Num- 
bers prefix d to aaaae and aaaee in the fitth Power. Hence a Table may be made to 
ſhew what Numbers are to be pteſix d to the Mean Numbers of every Power. 
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3 


4 6 24 an the fourth Power. 
— — — ä — — — f 
5 10 . Io. 5 For the fifth Power. 


— — 
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6 . 15 20 15 6 For the fixth Power. 

- I — — ———— — | 
"JT Fordern 
Rr rr ern mu uno wm . 

3 28 56. 7. 56. 28. 8 For the eighth Power. 

Dre * 

„ 936 84 126, 16 84, 36 + 9 For the ninth Power: 
1 e e ere Pegs ll 

IO - 45 . 120 - 210. 252. 210. 120 . 45 . 1o For the tenth Power. 
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In this Table the Numbers from 4 to B, and likewiſe from 4 to C, do proceed 
from 2 in an Arithmerieat Pregreſſion, having x (to wit, Unity) for a common Dif- 
ferenee; and every one of the mean Numbers ſtanding between the ſame Term of each 
Progreſſion, is compoſed of the two Numbers vrhich ſtand: next above: each Mean 
Number reſpe&ively : As 6, which ſtands between 4 and 4, is the Sum of 3 and 3, 
which ſtand above and on each ſide of 6: like wiſe 10, which is fer between 5 and 5, 
is the Sum of 6 and 4 which ſtands above 10 and ſo of the reſt. So that this Table 
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may. be eaſily continued further at pleaſure; / only 26 ain 38 0 
VII. Any Power of a Binominal or ReſidualRoot expreſs d by Letters, may without 
à continued Multiplication of the Root into it felf be cafily formed by the following 
Method, which is deduced from the err vin. Suppoſe” the fifth Power of = 
| | FF 971 i nr „ 4 un 6 vo! 4 0 n 1 


. . _ —  —  — 
CHAP. 2. from a Binominal Root. 44 
Binominal Root a+e be deſired ; Firſt, I write all the ſimple Powers of a, deſcending 
orderly from the fifth Power downwards to the Root a ; as agaaa, anna, aaa, ad, 
and a, as here you ſce in the firſt Columel : then to 


D * 


all thoſe Powers, except che uppermoſt aaagaa, I joyn (1) ONTO 
ſuch ſimple Powers of e, that the Sum of the Indi- 

ces of both Powers may make 5, viz, To aaa I aaa. A JP 
joyn e; to aaa, ee, to aa, eee; and to a, eece; then aaga | aaace Faaage 


1 write ezzee underneath; ſo that there are ſix di- aaa 
ſtinct Members or Terms, every one of which conſiſts aa ageee | 1oanzee 
ot five Dimenſions, as you {ce in the ſecond Columel. 4 acece J aecee 
That done, by the Table in the foregoing Self. 6. Tn aw 
I Tod hat the Numbers 5, 10, 10, and 5 are to be 1 
prefix d before the Mean Members of the fifth Power; and accordingly I ſet 5 befote 
aaaae, 10 before aaaze, likewiſe 10 before aaece, and 5 before decee; laſtly, by prefix- 
ing +, or ſuppoſing it to be prefix d before every one of the ſaid five Members, the 
fifth Power of theBinominal Root a Kc is compleated, as you ſee in the third Columel, 
and in every reſpeR agrees with the fifth Power in the Table in the foregoing Set. 4. 
But it the Signs + and — be alternately prefix'd before the Members of the ſaid fifth 
Power, according to what has been ſaid at the latter end of S. 3. ic will be the fitth 
Power ot the Reſidual Root a—e. | gr 


VIII. Laſtly, from a Root conſiſting of three, four, or any Nuniber of Parts, the 
Square, Cube, or any higher Power of the Root may be 25 44 a continued 


agaece t oaagee 


Multiplication of the Root into it ſelf: As the Trinomial Root a + þ + + being mul- 
tiplied by it ſelf, its Square will be found aa+2ab--2ac+bb abe cc; and this 
Square multiplied again by its Root a Ce produces the Cube of the ſame Root, 
that is, daa4-3aabÞ+3aac+3abb+6abc+3ac+bbb4+;bbe+3bi Kcec. After the 
ſame manner Powers may be produced from a Root conſiſting of four, or any Num- 
ber of Parts. And if the Conſtitution of Powers expreſs'd by Letters be ſeriouſly 
conſidered, it will be ſome help to diſcover whether an Algebraic Quantity conſiſting 
of more than three Members ot Terms be a perfect Power or not, and alfo give tome 
Light to diſcover its Root. * 
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Concerning the Compoſition of Powers in Numbers from 4 
| | Binommal Root. DA 
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Sect. I. Of the Compoſition 4 Szuare from « Number given for the 
| Sie or Root. oth, TR 
1. QUppoſe the Square. of che Root 28.bedeliced : Firſt, write dawn ie Root 28 in 


ſuch manner that there may be Space enough to fet one Figure between 2 and 


8, and let a Line be drawn under them; as 20 two downright Lines, theoge next after 


2 and the other after 8, to the end che Numbers which are to be found out may 
orderly placed for Addition: chen let the Root 28 be conceived to be divided 110 
theſe two parts 20 and 8, and * | 


_- 


| let a be fob? 100% | 
the greater part, and e ſon the leſſer. Now "rr i 
foraſmuch as the Square of arte is aa} 24e ,— 20 Ga 
Tee, therefore che Square of 28, or of 20 , 8 ae : 
Is may be compoſed thus, viz. The Square Faller 
of 291is 400, (or aa) the double ef 0 is r=, 
40, (or r e 8 eee Pal Square required. 
duces 3 20, (that is, aa and theSquatę of s 

os (ar aa) Laſtly, the laid three Numbers 400, 326, and 64, beg er under one 


Ti " "Ng . 
' Root propoled:, 
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another in ſuch Order, that Units may ſtand under Units, Tens under Tens, &c. and 
added together the Sum makes 784, the Square of the Root 28 ;. as may eaſily be 
proved by multiplying 28 into it ſel. 1 b be 
2. When the given Number or Root whoſe Square, is deſired conſiſts of three ot 
more Places, as 47803 ; firſt, the Square of the two toremoſt Figures towards the left 
Hand, that is, of 47, muſt be found out in like manner as before in the firſt Example, 
ſo there will be produced 2209 for the Square of 47, as you ſee in the following Exam- 
ple 2. Secondly, write 47 in a void Place, and annex a Cypher to it, ſo it makes 470, 
this Number muſt now be eſteemed a, and 8 the next following Character of the Root 
mult be taken for e; and then according to theſe Values of a and e the Numbers ſigni- 
fied by aa,2ae, and ee, being added 1 ace make 228484 for the Square of 478, (as 
you ſee here underneath-) Where obſerve, that to find the Square of 470 (that is, 
of a) you need only annex two Cyphers to 2209, which was before found for the 
Square of 47. Thirdly, annex a Cypher to 478 in a void Place, and it makes 4780 for 
a new Value of a, and the next following Character of the Root, to wit o, is the new 
Value of e, then according to theſe Values of à and e, the Value of aa T 24e Fee is 
22842400, to wit aa only; for e o, and conſequently 2ae+ee o: fo the ſaid 
22848400 is found for the Square of 4780. Laſtly, by annexing a Cypher to 4780 it 
makes 47800 for a new Value of a, and 3 the laſt Figure of the Root is the new Va- 
lue of e; then according to theſe Values of a and e the Sum of the Numbers ſignified 
by. aa, 2ae, and ee, makes 2285 126809, which is the Square of the ſaid given Root 
4 47803, as may eaſily be proved by multiplying the ſaid Root by it ſelf. Compare 
1 che following Example with the precedent Directions. n 


* = . 


= 1 
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«=» 4 
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'1 N „ ee eee ner 
=. | 42 = 49 rf 16]00| | 424 * 
N | e 7 7 2 5 60 5 240 F | oy 
TPH 404 Hl ls 5... 
| 8 = 470 2209 oo aa 
i | . - - — 8 — 75 201 24ae ——ů— 
'' : 644 12 
\\ a = 4780 2 [84 (84 |oo| | 
4 e = 2 oo 248 
1 | joo ee 
4 ad Nees 6 
a = 47800 22184484 ooo aa 
4 e = 3 2 8] 68] 00[24e 
| 22|85[12| 680g] Square required. 
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. Sec. II. Of the Compoſition" of a Cube frond Number given for the Side or Root- 
I are 4:2 a4 ot de v0 vie 2nd gets ent os. 


did 3 HIT WING JTUT | g "YA k a 1 : „ 3 4 
6 * 2 757. 3 a TY > \W- , „ © 8 Dire # 4 * 12 
: Let the Cube of the Root 28 be deſſted; Firſt, I wtire the Root 28 in ſuch 
mhanker; chat chere may be ſpace enough to ſet two Figures between 2 and 8; then ha- 
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„ ving drawh 2 Line under 28, and down- 
Root propoſed-. Fight Lines as befofe in the Square, I 
aaa conceive the Root 28 to be divided in- 
go zaae dt 20 r that is, à and e. Now 
zace cs poräfmüch as iche Cube of 4 Fe is 
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CH AP. 2. fr om a Binomial Root. 


multiplied by 8 produces 9600, (that is, 3aae;) thirdly, the triple of 20 being mul- 
tiplied by the Square ot 8 produces 3840, (that is, 3aee;) fourthly, the Cube of 8 
is 512» (that is, eee; ) laſtly, the ſaid four Numbers 8000, 9600, 3 840,5 12, being ſer 
under one another in ſuch order that Units may ſtand under Units, Tens under Tens, 
Cc. and added together make 2195 2, the Cube of the given Root 28. 

. When the given Number or Root whoſe Cube is deſired conſiſts of three or more 
Places, a8 28503 3 Firſt, the Cuhe of the two foremoſt Figures, that is, of 28, muſt / 
be found out in like manner as before in Example 1. ſo there will be produced 21952. 
Secbndly, Write 28 in a void Place, and annexing a Cypher to it, it makes 280, this 
Number muſt now be eſteemed a, and 5 the next following Character of the Root 
muſt be taken for e; then according to theſe Values of a and e the Numbers ſignified 
by aaa; zaae, goes and eee, being added together make 23149125 for the Cube of 
285, (as you ſee in Example 2.) where obſerve that to find the Cube of 280, that is, 
of a, you need only annex three Cyphers to 21952, which was before found for the 
Cube of 28. Thirdly, annex a Cypher to 285 after it is fet in a ſpare Place, and it 
makes 2850 for a new Value of a, and the next following Character of the Root, to 
wit, o, is the new Value of e: Then according to theſe Values of a and e, the Value 
of aaa Ez age zaee-Peee is 23149125000, that is, aa only; for e =o, and conſe- 
quently 3aae N-; ace & eee So, ſo the ſaid 231491250000 is found for the Cube of 
of 2850. Laſtly, by annexing a Cypher to 2850 ir makes 28500 for a new Value of 
a, and z the laſt Figure ot the Root is the new Value of e then according to theſe 
Values of à and e, the Sum of the Numbers ſignified by aaa, 3aae, zace, and eee, 
makes 231564360195 27, which is the Cube of the given Root 28503, as may eaſily 
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be proved by multiplying the aid Root into it ſelf Cubically. Compare the' following 
Example with the precedent Directions. Fort © e He 16 n 2 oc 
15 N 6 | | 
—_—— — 28 * Example 2. of Sect. | II. 
bang 2 40 Ira vi | 35 29. 
* 5201 1 281 — e Noot propoſed: 12 
= a 20 8 ooo Nee £33340 | 
tA x = $ 91600 $2: ene ir 
13 0 3 840 | - | 3aece 
3 ere E 
a = 280 21 [953|000 aa LIES | 
#' =": $ 1 176 000 -*. | T3048 f iv : 
_ 21000 „ %⏑ę 
Reer 
a — 2850 23 149 125 000 Ada 
668 1 OGO! 3aae 
| 000 3aee 
T eee 
'K = 28506 23 1491125 000] 000 208 
8g = 3 . | 7 310 250 900 | 2aae N 
| 769 500 3 aee 
rn 
231156 435J91 527. Cube deſired, 
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Sect. III. -Of the Compoſition: of 


1. Let the Root 28 be propoſed, and irs Biquadrate or fourth Power 
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4 Biquadrate, or the | fourth 1 
 Namber given for the Root. 
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av 
deſired. Firſt, 


I write the Root 28 in ſuch manner that thete may be ſpace enough ro fer three Figures 


between 2 and 8; then having drawn a Line under 28, and downr! 
mer Examples, I conceive the Root 28 to be divided into 20 and 8, that is 


ght Lines as in for- 
ande; 


now foraſmuch as the Biquadrate, or fourth Power produced from the Binomial Root 


a + e is aaaa 


gaaae + Ganee 


＋ 4a eee + ecee, (as appears by the Table in Seki. 4. 


Cbap. 1.) therefore the fourth Power of 20-8, (that is, ot 28) may be compoſed 
| | 1 öl | _ -> irſty the fourth 

Rug 2] $| Root propoſed. Tower of 20-18 'x60000, 

e Te|eanaſmms eee ee, fecondly, 

. 7 . four times che Cube of 20 

T 15 36d mare a being multiplied by 8 pro- 

4 0960 qaete duces 256, ( that» is, 

| » 4096 | ceree Is +, — 3 

577 & — 4 —— — the Square 20 ing 

5 17055 61 466 Biquadrate deſired. multiplied - by - the Square 
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$14 Das ms nt 821 1 of $ produces 153600, 
(chat is, 6aaee;) fourthly, four times 20 multiplied by the Cube of 8 produces 
40960, that is, 4&eee; fifthly, the fourth Power of 8 is 4996, (that is, cee ;) laſtly, 
the Sum of all the ſaid five Numbers, to wit, 166000, 256600; 15 3800 40960, and 
4096 makes 614656, which is the fourth Power of 28 the Root propoſed; as will 
eaſily appear by the Multiplication of 28 four times into it ſelf. 

2. When the given Number or Root whoſe fourth Power is deſired conſiſts of three 
Places, as 285 ; Firſt, the fourth Power of the two foremoſt Figures 28 muſt be found 
out, in like manner as in Example 1. of this Sec. ſo there will be produced 614656 
for the fourth Power of 28. Secondly, let 28 be ſet in a void Place, and annex 2 
Cypher to it, ſo it makes 280; which muſt now be eſteemed a, and 5 the next fol- 
lowing Character of the Root muſt be taken for ; and then according to theſe Values 
of a and e the Numbers ſignified by aaaa, 4aaae, Gaaee, 4atee, and eee being added 

together make 659750625, which is the fourth Power of the given Root 285, and 
the Work will ſtand as you ſee in the following Example 2. After the ſame manner 
the Work is to be continued when the given Root conſiſts of more than three Places, 
as is manifeſt by the following Example 3. ; 


Example 2. of Sect. III. 
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Example 3. of Sect. III. 


_3|__8]__0| __5]_ Root propoſed. 
2 2 20 160000 - | aaaa 
= 25 C0 4 4aaae 
1513600 Gaaee 
410960 4acee 
1 4096 16.88 E eeee 
&= 280 614656 [000d] I aaaa 
e= 0 | oe 4aaae 
| ooo 6aaee 
oo Iaaeee 
ee # © 
&=2800 6114656 [0000 | 0000] aaa 
eE= $ 4390 [4000 | 0000| 4aaae 
1-1 [7600 | 0000| Gaaee 
140 | 0000 AAaeee 
—— 1 — — | 625 + JT \ 
a 6119058 [1740 | 0625 ate deſired. 
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Sel. IV. Of the Compoſition of the fifth Power from 2 Number given for its Root, 


1. Let the Root 28 be propoled, and its fifth Power deſired : Firſt; let the Root 28 
be written in ſuch manner, that there may be Space enough to ſer 4 Figures between 
2 and 8; then having drawn a Line under 28, and downright Lines, as in the Exam- 
ples of the precedent Section, let 28 be conceived to be divided into 20 and 8, that is, 
a and e; now foraſmuch as the fitth Power produced from the Binominal Root a e is 
aanas+5aanat} 10aagee-Þ- 10aaeee + S aceee F eeceee, (as is maniteſt by the Table in 
Sect. 4. Chap. 1;) Therefore the fifth Power 3 
of 20+ 8 (that is, of 28) may be compo- 
ſed thus; Firſt, the fifth Power of 20 is à2 — 
3 200000, (that is, aaaaa ; ) ſecondly, five e = 8 
times the fourth Power of 20 being multi- | 
plied by 8 produces 6400000, ( that is, 
5aaace; (thirdly, ten times the Cube of 20 
being multiplied by the Square of 8 produ- 
ces 5120000, that is, roaaaee ; ) fourthly, 
ten times the Square of 20 multiplied by the 


Cube of 8 produces 2048000, (that is, roageee 3) fifthly, five times 20 multiplied | 


by the fourth Power of 8 produces 409600, (that is, 5aeee 3) ſixthly, the fifth 
Power of 8 is 32768, (that is, eceee;) laſtly, che Sum of all thoſe ſix Numbers, viz. 
3200000, 6400000, 5120000, 2048000, 409600, and 32768 makes 17210368, 
which is the fifth Power of 28 the Root propoſed, as will eaſily appear by multiplying 
28 five times into it ſelf. | | | 

2+ When the given Number or Root, whoſe fifth Power is deſired, conſiſts of three 


places, as 285 ; Firſt, the fifth Power of the two foremoſt Figures 28 muſt be found out 


in like manner as in Example 1. of this Sect. ſo there will be produced 17210368 for 
the fifth Power of 28. Secondly, let 28 be ſet in a void place, and annex a Cypher 
to it, ſo it makes 280. which muſt now be eſteemed a, and 5 the next ; followingCha- 


racter of the Root muſt be taken for e; then according to theſe Values of 4 and e the 


Numbers ſignified by aaaaa, 5aaaae, I oaaaee, loaneee, 5aceee, and eceee, being added 
together make 1880287678125, which is the fifth Power of the given Root 285 and 
the Work will ſtand as you ſee in the following Example 2. Nor will the Operation 
be more difficult (though more laborious) to find the fifth Power of a Number (or 
Root) conſiſting of tour or more Places. wh 
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+68 4 PO. GI hats he 4 hi 2k 2 — * — . . A 
Example” 2. of Sect. IV. 
111 por ml ad 
4s = 20 "T6 32 00000 | r 
e= 8 64 OO 5 aaaae 
11 20000 | IOaaare 
200 48000 l oaaeee 
4 09600| eee 
| 32768| © eccee 
a = 280 172 10368 '/00000] aaaaa 
. 15 36640 | 00000| Jaa%hr 
| 54880 ooOοσ loaaaee 
980 |00000[ roαELee 
8 750 %s 5aeeee 
; At © bat #5} 7 1 PO... 4 
188 | 20876 78125 Fifth Power deſired, 


By the Precedent Rules and Examples of this Chapter, the Ingenious Reader will 
eaſily apprehend how to compoſe the ſixth, ſeventh, or any higher Power, from a 
Root given in Number, and conſidered as a Binomin al a+e, as before hath been di- 
reted. The main Buſineſs confiſting in a right undetſtanding of the Number ſignified 
by a and e, and in finding out the Numbers anſwering to the Members of 'the deſired 
Power of aÞe, according to the Table in Se 4. ot the precedent Chap. 1 
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CHAP. III. 


Concerning the Reſolution - of Powers expreſt by Numbers, or the Ex- 
traction of all kinds of Roots out of Pawers given in Numbers. 


Set. I. Of the Extraction of the Square Root but of a Number given. 


1. T ET it be obſerved in General, that the Reſolution of every Power given in 

Numbers conſiſts in a regular Subtraction of thoſe Numbers which are ſup- 
poſed to be added together in the Compoſition of each Power reſpectively, according 
to the Rules of the laſt preceding Chapter, wherein I preſuppoſe the Reader ro be 
well exerciſed. And for the more ready Extraction of any Root, it will be conveni- 
ent to have in a readine(s the reſpective Powers of the nine ſingle Figures ; as if the 
Square Root be defired, then the Squares of 1, 2, 3, 4, 5,6, 7, 8, 9, will be uſeful, 
which Roots and Squares are expreſt in the following Tabuler, Fe £1 © 's 2IWGT 


do ” — = „ 
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ROOTS. | 2\ 3] 4| 5| E | vl 8: 


s uA E . £428 | 4] 9 | 16 25 | 36 | 49 64| 8 ig . C 


2. When a Whole Number is propoſed, and its Square Root deſired; the Number 
propoſed muſt be prepared tor Extraction, by diſtriburing it into Parts or Members al- 
ter this manner, viz. Firſt, ſet a point over the firſt or Units place of the given Num- 
ber, then paſſing over the ſecond Place ſet another Point over the third; alſo paſſing 

over the fourth Place ſet another Point over the fifth; and in that order it there be more 
8 Places in the given Number, Points are to be ſet, ſo that between every two Points: 
*,, Which ſtand next to one another," there will be one Place without any 

119025 Point over it. As for Example: If the Square Root of 119025 be deſi- 

red, I ſet Points as here you ſee, whereby the ſaid Number is diſtributed 

into 3 Members, to wit 11,90, 25. In like manner if he Square Root of 785 be deſired, 
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the Points will ſtand as you ſee here, whereby the ſaid 784 is diſtributed into tio 
Members 7 and 34. The Points ſet as aforeſaid ſhew the Number of 415 
places that will be found in the root; for if there be two Points ee! 
there will be two places in the root; if three Points, then the root | 
will conſiſt of three places, Oc. The Points alſo ſhew what Member of the Number gi- 
ven belongs to the finding. out of every ſingle Character of the root ſought, as is evi- 
de.it by the Rules in Se. 1. of the precedent Chap, 2. Theſe Things being pre miſed as 
preparatory to the Extraction of the Square Root, I ſhall proceed to Examples. 
| FR? + . ade 
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Example I. 61a; a 


3. Let it be required to extract the Square Root of 784. By the preceding Rule 2; 
it is evident that the deſired Root conſiſts of two places, viz. of ſome Number of Tens 
under 100, and of ſome Number of Units under 10 ; which two Numbers (agreeable 
to the Compoſition of a Square in Sec. j- of the precedent Chap. 2.) may be repreſented 
by a and e, ſo that @ and e ſigniſie the Root ſought; and conſequently the Square of 
4 Ce, that is, aa + 2a fee is equal to the propoſed Number 784. Now to find out 
the Number of Tens, (that is, a) in the Root; (after a crooked Line is drawn on the 
right Hand of the given Number, that the Root, like the Quotient RE. ö 
in Diviſion, may be ſet next after the ſaid crooked Line, as alſo 784 (2 
a downright Line next after each of the Points, as here you ſee,, 
the firſt Work in the Extraction is always to ſubtract the greateſt . \/ 
Square whole Number contained in the firſt Member towards the 384 
left hand from the ſaid Member, and to write the Root of the laid 0 1 
ſquare Number in the Quotient for the firſt ſingle Figure of the deſired Root: ſo 4 be- 
ing the greateſt Square contained in the firſt Member 7, I ſubſcribe 4 under 7, and ſet 
2 the Root of the ſaid 4 in the Quotient, then after a Line is drawn under 4, I f be 
tract 4 from 7, or 400 from 784, and there remains the Reſolvend 384. that is, that 
part of the given Number 784, which is yet to be reſolved. Now obſerve that the. 
ſaid 2 in the Quotient, in reſpe& of the next following unknown Character of the 
Root, is really 20, which is the Number ſignified by à in the Compoſition; and the 
Square of 20, to wit 400, is aa, which being the firſt Number found in the Compoſi- 
tion, is the firſt Number to be ſubtracted in the Reſolution, Obſerve alſo, that the 
next ſingle Character of the Root, whither it happen to be a Figure or a Cypher, is 


” F * 


called e, which is ye t nnknown. --- TIS . 

4 Then I proceed to find the Value of e, that is, the greateſt ſingle Character with 
this Condition, that the Sum of the Numbers fignified by 2ae and ee may not exceed the 
Reſolvend 384 ; for from this Number that Sum muſt be ſubtracted. Now becauſe (for 
the reaſon aforeſaid) a is 20, therefore 2a is 40, which miſt be eſteemed a Diviſor, and ſet 
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under the Reæſolvend; then I divide the faid Reſol·!k 
vend 384 by 40, and find the Quotient 9 for tige 
Number e, provided it will anſwer the Condition Subtract 
before mentioned; and therefore I make Tryal 
(in à waſt Paper) to ſee whether 9 will ſatisfie 
the ſaid Condition or not, in this manner, viz, lt 
e be 9. and na 40, then conſequently 2ae is 360, — $ 
and ee is 81; therefore 2e + ee = 441, this 
ought to be ſubtracted from the Reſolvend 384; Subtract 
but 441 excceds 384, and therefore cannot be * 
ſubtracted from it, ſo as to leave a real Remain- . 
der ; whence I conclude, that e muſt be leſs than 9: and therefore I make tryal with 
8 in like manner as before with 9, viz. If e=8 and 2a=4o, then conſequently 
24e=320+ and ee 64; therefore ꝛ Cee 384, which may be ſubtracted from 
the Reſolvend 384; whe efore I conclude that e, (that is the Figure which muſt 
follow 2 in the Quotient) is 8, which I ſer in the Quotient: then I ſubſcribe 320 
and 64 (before tound) under the Reſolvend 384, (in ſuch Order that Units may ſtand 
under Units, and Tens under Tens) and adding the {aid 320 and 64 together, 
Sum is 384, (which ſome Authors call the Gnomen, others, the Ablatitium) which 
ſubtracted from the Reſolvend 384 A o; ſo the whole Extraction is g's, 
nn a 2 | and 
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and the Square Root of the given Number 784 is found 28, which is the true Root 
ſought, tor 38 multiplicd by 28 produces 784, 

: | | NOTE xv | 

'The firſt Operation in the Extraction of the Square Root is always to ſubtra& the 
greateſt Square Whole Number, (that is, aa) contained in the firſt Member (towards 
the Left hand) ot the given Number from the ſaid Member, and to fer the Root of 
the ſaid Square in the Quotient, (as has been ſhewn in the third ſtep) which Root is 
the firſt Figure of the Root ſought, This Work is no more repeated in the whole Ex- 


traction, but the Work in the fourth ſtep is to be renewed for the finding out of every 
following Character in the Root- 


rl NOTE 2. 

After the firſt Figure of the Root ſought is known, and ſet in the Quotient, let it be 
written in @ void place, and multiplied by 10, (by annexing to the ſaid firſt Figure a Cy- 
phet towards the Right-hand) then is the Product to be taken for the Value of a, in 
order to the finding out of the-firſt Diviſor.. Alſo when the firſt and ſecond Characters 

of the Root are ſet in the Quotient, and there be yet another to come forth, then the 
Number conſiſting of thoſe two Characters with a Cypher annexed to them, is to be 
taken for a new Value of a, in Order to the finding out of the ſecond Diuiſor. Likewiſe, 
when the firſt, ſecond, and third Characters of the Root are ſet in the 8 and 
there be yet another to come fotth, then the Number conſiſting of thoſe three Cha- 
raters with a Cypher annexed to them, is to be taken for a new Value of a ; and fo 
forwards; when there be more Characters in the Root. The Reaſon of which Work 
is manifeſt, from the Compoſition of Powers in the precedent Chap. 2. 

Put the Letter e tepreſencs every ſiugle unknown Figure or Cypher next following 
that part of the Root which is already diſcovered and fer in the Quotient. This Note 
cdticerning the Eſtimation of à and e is to be obſerved not only in the Extraction of the 
Square Root, but of any Root whatever. | 


Sis tad ls arid 1 NOTE 3: 
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After the Number fignified by a is found out by Note 2. the Diviſer, which ſhews 

ko ro begin the Tryal in ſearching out the unknown ſingle Character repreſented by - 

&:lis>conſequently-known : for in the Reſolution of every Power produced from the 
Bimominal Root 4 Ce, the Diviſor conſiſts of ſuch Powers of à as are multiplicd into 

, the Powers.of 2 x: and becauſe the Square Root of a+e is as f za Cee, therefore in 
the Extractiog of the Square Root the Diviſor is 243 ſo that when the Number a is 
known, the Didiſor 24 is conſequently known. 88 11 


92 00 . "I | | 
Du A | 8 : K N 0 TE 4. 12 eln 
When the Diviſer is found out by Note 3. as alſo the Ablatitium, (that is; the Num- 
ber to be ſubtracted) which in the ExtaaGtion of the Square Root is compos'd of 2ae 
and ee, the. two Numbers ſignified by aae and ee muſt each ot them be ſer in ſuch order 
under r Reſolvend, (that is, the Number remaining to be reſolved, ) that U- 


nits may ſtand- under Units, Tens under Tens, Cc. to the end that the Ablatitium 
may be rightly compoſed and ſubtracted from the preſent Reſolvend. 

Ane of Tm ' Fe | S | | 
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„e 1 4 T | 
When the Diviſor is not contained once in the particular or preſent Reſolvend, a 
Cypher (to wi, o) muſt be ſer in the Quotient; and then the Reſolvend muſt be aug- 
mented with the next Member (towards the Right-hand) of the Power propoſed, tor 
a new particular Refolvend. Alſo a new Diviſor muſt be found out by Note 3, and the 
like is to be done as often as the Diviſor is not contamed once in the particular Reſol- 
vend. The Practice of theſe Notes will be ſhewn in the following Example. 
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out of 4 Number given. i 


— 4 232 9 0 a - 
* — | 
n 


. If 
precedent 


leaves 6, to which the 
nent Reſolvend + Or to cauſe the ſame Effect, ſup 
re of the Root, and ir makes 40, 
d from 2285 the two firſt Members o 
fore) the Reſolvend 68 . 
Then, the firſt Figure of the Root being found 4, | 
| ives 80 for a Diviſor to the Reſalvend 685 (by Note 3. 

making Tryal as is directed in the precedent fourth ft 
iber e will de found 7 for the ſecond Figure of the Root, and conſequently the 
Numbers ſignified by 2ae and ee are 560 and 49; theſe being ſer orderly and added to- 
Note 4.) make the Ablatitium 609, which lara, d fre . 
{aid Reſolvend 685, there remains 76, to which annexing.1+ the third Member of the 
ſcd, it makes 7612 for anew Refolvends, ooo 
Again, the two formoſt Figures of the Root being found 47, the new Value of a 
| 2.) which doubled gives 940 for a Diviſor to the ſaid Refoluend 
then by dividing and making Tryal as is directed in the fourth 
found 8 for the firſt Figure of the Root; whence the Num ber 
theſe being ſet orderly and 


rigu 
tracte 


2.) which doubled 
| . by dividing a 
um 
gether (according to 
Number firſt propo 


is 470, (by Note 
7612, (by Note 3 

ep, the Value of e is 
ſignified by 24e and es are 75 20 and 64; d her, 
(according to Note 4.) make the Ablatitium 75 84; which ſubtracted trom the Reſol- 
| d, leaves 28, to which annexing 68 the fourth Member of 


wend 7612 before mentione 
it makes £868 for 4 new Reſolvend. 


the Number firſt propoſed, 


V.. 


Example 2. 


Rules, and the Work will ſtand as here 


rc 


che Square Root of 2285126809 be deſired, it will be Sund 5067 by 1 | 


you ſee underneath, 


ſubtracted from 22 the firſt Member towards the 
ſecond Member 85 being annexed, there ariſes 685 f 


(that is, a, aa) ſub: 
f the Number firft propoſed, leaves (as be- 


 þ 5] | 1. 2 
EY | 22085126 WY OE 
Subtrat 16 * (47803 1 
e 
22% — ee, 
E 7 5160 
Sabtract 8 _ Ablatitium. 
1 W I. Keſolvend 
a — 470 j -- fa Diviſor 
e 245 
Subtract 30 — Ablatitium 
8=4780 — |= [24 Droifer. 
=» e="0 [| 55| Aims 
a= 47800 .- b 00 2 Diviſor, 
e= 3 28168 oO ade 
45 1 E: 2 tas 9 4 5-14 
Subtract — | [=8|68|09|4blantium- 
„„ 
5668 o 
Explication of Example 2. | 
The firſt Figure of the Root is 4, (by the foregoing Note 1.) whoſe Square #6. 


Lefr-hand of the Dae * 
* 


ſe o to be annexed to 4 the firſt. 
whoſe Square 1600 (or aa) ſub- 


| the Value ot ais 40, (by Nope 
and 


urch ſtep, rhe 
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ed from the 


ed togethet 


Again, 
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Again, the three foremoſt Figures of the Root being 478, the Value ot à is 4780, (by 
Note 2.) which doubled gives 9560 tor a Diviſor to the ſaid Ræeſolvend 2868, by Note 3. 
then by diyiding as aforeſaid the Value of & is found o; therefore, (according to Note 
5.) I ſet o in the Quotient, and becauſe in this Caſe the Ablatitium is alſo o, the Re- 
ſoluend 2868, from which the ſaid Ab/atitium' ought to be ſubtracted remains the ſame 
without Alteration ; therefore by annexiog og the laſt Member of the Number. firſt. 
propoſed, ro the faid 2868 it makes 286809 for a new (and the laſt) Reſolvend. 
Laſtiy, by proceeding as before, the laſt Figure of the Root will be found 3; fo that 
the Square Root ſought is 47803 ; for this multiplied by it ſelf produces 2285 12680, 
the Number whoſe Square Root was deſired. n 
The Premiſes may ſuffice to ſhew a perfect Method of exttacting the Square Root 
of a whole Number having an exact Square Root, which I have explain' d at large, that 
the Reaſon and certainty of the Rules might be apparent. But this Method may be 
contracted into more practical and compendious Rules, as I have ſhewn in the 32 
Chap. of Mr · Wiygate's common Arithmetic. 5 
6. But when a whole Number has not a Square Root exactly expreſſible by any ra- 
tional or true Number, then to approach infinitely near the exact Root, firſt, pairs of 
Cyphers, as oo, 0000, ooo, or 00009000, Cc. are to be annexed to the Number 
given; then eſteeming the Number given with the Cyphers annexed to be one whole 
Number, let its Square Root be extracted according to the precedent (or other practi- 
cal) Rules; that done, look how many points were ſet over the Number firſt given, for 
ſo many of the foremoſt places in the Quotient are to be taken for the Integers in the 
Root, and the reſt following thoſe Integers expreſs the Fractional part of the Root in 
Decimal parts. As for Example: if the Square Root of 12 be deſired, I annex fix Cy- 


hers to 12, thus 12.000000, and then the Square Root of x 2.000000 being extracted, 
it will be found 3.464, that is, 3;***. But becauſe after the Extraction is finiſhed, 
there happens to be a Remainder I conclude that 3 568 is leſs than the true Root, but 
31885 is greater than it. So that by annexing three pairs of Cyphers you will not 
miſs 7-57 part of an Unit of the true Root, and by annexing eight Cyphers you will 
not want 55375 part: and in that order you may approach as near as you pleaſe, when 
you cannot obtain the exact Square Root of a whole Number given. 
7. The Square Root of a Vulgar Fraction is found out thus, viz. Firſt, if the Fract- 
ion be not in its leaſt Terms, let it be reduced to the leaſt Terms; then extract the 
Square Root of the Numerator for a new. Numerator, and the Square Root of the 
Denominator tor a new Denominator, ſo ſhall this new Fraction be the Square root 
of the Fraction propoſed.” As for Example: The Square. Root of. 3 is 4 ; likewiſe 
the Square Root of à is . ebe e Gord ee 5 Pe 
But when either the Numerator or Denominator of a Vulgar Fraction has not a 
perfect Square Root, then to find the Square Root of that Fraction very near; firſt 
reduce the Fraction to a Decimal Fraction, whoſe Numerator may conſiſt of an even 
Number of places, viz. of two, four, or fix places, &c. then extract the Square Root of 
that Decimal as if it were a whole Number, and the Root that comes forth ſhall be 


The Extracti 
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. a Decimal Fraction, expreſſing nearly the Square Root of the Fraction propoled, As 
for Example: If the Square Root of +3 be deſired, I firſt reduce it to this Decimal 
Fraction, 8 1250000; (for as 16. x3 : : 100000000 . $1250000) then by extracting 
the Square Root of. 8 125000 as if it were a whole Number, I find . 9013, that is, 
73+ 759. Which is near the Square Root of 13, for it wants not +3545 part of an Unit 
of the exact Square Root of .. ee e OR rn e 

8: Laſtly, if the Square Root of a mixt Number be deſired, firſt reduce it to an im- 
proper Fraction, and then extract the Square root of that improper F raction as before; 
ut if it has not an exact Square root, then reduce the Fractional Part of the mixt 
Number firſt propoſed to a Decimal Fraction of an even Number of Places, andafter 
this Decimal is annexed to the Integers of this mixt Number, extra& the Square root 
out of the whole, then ſo many points as were ſet over the Integers, ſo many of the 
Foremoſt places in the Quotient are to be taken for the Integers in the root, and the 
reſt expreſs the Fractional Part of the root in Decimal Parts. As for Example: The 
Square root of 3434, that is, of **34, will be found * or 53 : and the Square root 

of 75, that is, 7.666666, Ce. is 2.708, Cc. that is, 27735, Ce. = 
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lowing Tabuler will be uſeful, which ſhews at firſt fight the Cubic Root of any Cu- 
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2, When a Whole Number is propoſed, and its Cubic Root deſired, the Number 
given, mult he prepared for Extraction, by diſtributing it into Parts or Members after 
this manner, viz. Firſt, a point is to ſer over the Units place of the given Number; 
then paſling over the ſecond and third places towards the left hand, another point is to 
be ſer over the fourth place; allo paſſing over the fifth and ſixth places another point 
is to be ſer. over the ſeventh place: and in that Ordet as many Points are to be ſer as the 
Number propos'd will admit, and conſequently between every | 
two adjacent Points there will be two Places without Points. 133 1 
So if che Cubic Root of 1331. be deſired, after Points Chan 
are let as is above directed, the ſaid 1331 will be diſtri- 21952 
buted into 2 Members, to wit, 1, and 33 1. In like manner 94192 
if the Cubic Root of 21952 be required, the Points wilt 2356436019527 
ſtand as you ſee in the Example, and the ſaid 21952 
will be diſtributed into two Members 21 and 952; likewiſe this Number 941192 bein 
inted. in the ſame Order will be diſtributed into the two Members 941 and 192; — 


- 


this Number 231564360195 27 into theſe five Members, 23, 156, 436, 019, 527, The 
pointsſhew the Number of Places that will be found in the Root; for ſo many points as 


© e - N 


there. bs, ſo many places will the Root conſiſt of; they likewiſe ſhew what Member 
of che Number propos d belongs to the Extraction of every ſingle Character of the 
Roor ſabghit, Au ora ah ants at. hon nds en [no Nad ed ea 
3, The given Number whoſe Cubic Root is deſired may be conceived to be pro- 
duced from the Cubical Multiplication of the Binominal Root a þe, and then the ſaid 
Numbtx will be campos'd.of theſe four Members or ſolid Numbers, viz. aaa, 3aae, zace, 
and eey, (25 appears by the third Power in the Table in Ses. 4. Chap. 1) Now becauſe 
t. e Rotation of the Cubic Number, viz. the Extraction of the Cubic Root, is de- 
oY fe from the ſteps of the Compoſition of a Cubic Number from its Root, (for 
ſuch 1 as are added in the Compoſition are to be ſubtracted in the Reſolution, ) 
reſpec muſt be had to Sci. 2. Chap. 2. of this Box. Segel 


Example 1. 


4. Let it be required to extract the Cubic Root of 2195 2. By the precedent {econd 
Rule it is evident that the deſired Root conſiſts of two places, v. of ſome Number of 
Tens under oo, and of ſome Number of Units under 10, which. two Numbers, (agree- 
able to the Compoſi: ion of a Cube in Se. 2. of the precedent Chap. 2) may be repreſen- 
ted by a and e, ſo that a Ce ſignifies the Root ſought, and conſequently the Cube of 
art eg that is, aaa E; aα᷑ = ace H eee is equal to the given Number 21952. Now to 
find out the Number of Tens, (that is, a) in the Root, (after a crooked Line is drawn on 
the Right · hand of the given Number, that the K oot, like the Quotient in Diviſion may 
be ſet next after the ſaid crooked Line, as alſo a dowuright Line 

next after each of the Points, as here you ſee.) The firſt Work 
in the Extraction is al ways to ſubtract the greateſt Cubic 21 | 9521 (2 
Whole Number contained in the firſt Member towards the Left g 
hand, from the ſaid Member, and to write the Root of the ſaid ——————— 
Cube Number in the Quotient for the firſt ſingle Figure of the 13 | 957 [ | 
deſired Cubic Root: So 8 being the greateſt Cube contained inn? n 
the firſt Member 21, 1 ſubſcribe 8 undet 21, and ſet 2 the Cubic Root of the ſaid 8 in 
the Quotient, then after a Line is drawn under 8, T ſubtract 8 from 21, or $#00 from 
21952, ang there remains the Ręſolvend 1395 2, that is, that part of the propoſed Num- 
ber 21952 which is yet to be reſolved: Now obſerve, that the ſaid 2 in the Quotient, 


in 
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in reſpe t of the next following unknown Character of the Root, is really 20, which is 
the Number ſignified by a in the Compoſition, and the Cube of 20, to wit, 8000, is aaa, 
which being. the firſt Number found in the Compoſition, is fitſt to be ſubtracted in 
the Reſolution. Obſerve alſo, that the next fingle Character of the Root, whether ir 
happen to be a Figure or a Cypher is called e, which is yer unknown. | 

5. Then I proceed to find the Value of e, that is, the greateſt ſingle Character with 
this Condition, that the Sum of the Numbers ſignified by 3aae, 3aee, and eee, may not 
exceed the remainingReſolvend 1395 2,for from this Number that Sum muſt be ſubtracted. 
Nou becauſe (for the Reaſon atoreſaid) a is 20, therefere 3aa=1200, and 3a=60 ; 
then ſubſcribing the ſaid 1200 and 60 under the Reſolvend 13952, (in ſuch Order that 
Units may ſtand under Units, and Tens under Tens, &c) and adding them together 
the Sum is 1260, which muſt be eſteemed a Diviſor, and ſet under the Reſolvend. 
Then by ſuppoſing I were to divide the ſaid Reſolvend 1395 2 by 1260, I find the Quo- 
tient exceeds 9, but e always repreſents a ſingle Figure or a Cypher, and therefore it 
cannot exceed 9 ; wherefore I make tryal with 9 (in a void place) to ſee whether it will 
Anſwer the be fore mentionedCondition, to which e is ſubject, in this manner, viz. For- 
aſmuch as it was before found that 3aa=1200 and 3a co, it will follow, if we ſuppoſe 
eq, that 3aae = Io800, alſo zaece = 


| ay 952 (28 | 4860, and eee = 729 ; therefore 3aae 
Subtra& 8 ans +3aee-+eee—=16389: this ought to be 
F ſubtracted from the Reſolvend 13952 

— 122 — but 16389 exceeds 1395 22 and there- 

a 8 „ fore cannot be really ſubtracted from 
n it; whence I conclude that e muſt be 

14280 Diviſor leſs than 9 ; and therefore I make tryal 
e= 8 9|600| 3aae with 8 in like manner as before with g, 
Mew 3840 3aee viz, having before found that 3 aa 
512 cee 1209, and 3a Go, it will follow if we 

— 05 2| Ablatitium. ſuppoſe e—=8, that 3 aae=9600, alſo 

we > 3aee—3840, and eee 25 12; therefore 


| 4: | 3aae + 3aee Þ+ eee = 13952 , which 
may be ſubtracted from the Reſol uend 139523 wherefore I conclude that e (that is, 
the Figure which muſt follow 2 in the Quotient) is 8, which I ſet in the Quotient : 
then I ſubſcribe the three Numbers before found, to wit, 9600, 3840, and 512, under 
the Reſolvend 13942, (in ſuch Order that the Units may ſtand under Units, Tens under 
Tens, &c.) and adding together the faid three Numbers ſo ſubſcribed, their Sum makes 
13952, (the Ablatitium) which ſubtracted from the Reſolvend 13952, leaves o. So 
the Extraction is finiſh'd, and, 28 is found to be the Cubic Root of the propoſed, 
Number 21952 ; for 28 multiplied into it ſelf cubically, viz. 28x28x28 produc 


21952. 8 
NOTE Ii. 


The firſt Operation in the Extraction of the Cubic Root is always to ſubtract rhe 
greateſt Cubic whole Number, (that is, aaa) contained in the firſt Member (towards 
the left Hand) of the given Number; from the ſaid Member, and to ſet the Root 
of the ſaid Cube Number in the Quotient; which Root is the fitſt Figure of the 
Root ſought, as hath been ſhewn in the fourth ſtep. This Work is no more repeated 
in the whole Extraction, but the Work in the fifth ſtep is to be renewed for the finding 
our of every following Character in the Root. WR N 


NOTE 2. 


The Number ſigniſied by a is to be found out by Note 2 in Se&, 1. of this Ch. and 
then the Diviſor for the finding of the unknown ſingle Character repreſented by e is 
conſequently known: For in the Reſolution of every Power produced from the Bino- 
minal Root ae, the Diviſor conſiſts of ſuch Powers of a as are multiplied into the 
Powers of e, and becauſe the Cube of a+e is aaa Ez aae Ez ace E eee, therefore in the 
Extraction of the Cubic Root the Diviſor is compoſed of aa and 3a; fo that when 
the Number a is known, the Diviſor. 3aa 3a is conſequently known. 
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out of a Number given. 
| 2 2 


NOTE 3. 


When the Diviſor is found out by the precedent Note 2. as alſo the 4batitium, 
which in the Extraction of the Cubic Root is compos'd of 3aae, 3aee, and eve : the 
Numbers ſignified by the ſaid zaae, 3aee, and eee, mult each of them be ſet in ſuch 
order under the particular or preſent Reſolvend, that Units may ſtand under Units, 
Tens under Tens, Cc. to the end the Ablatitium may be rightly compoſed and ſub- 


tracted from the Reſolvend. 


When the Diviſor is not contained once in the particular or preſent Reſolved, a Cy- 


NOTE 


pher (to wit, o) muſt be ſet in the Quotient; and then the Reſolvend muſt be aug- 

mented with the next Member (towards the Right-hand) of the Power propoſed, for 

a new particvlar Reſolvend. Alſo a new Diviſor mult be found out by Note 2. of this 
Sef. and the like is to be done as often as the Diviſor is leſs than the Reſolvend. 
The Practice of theſe Notes will be ſhewn in the following Example. | 


Example 2. 


6. If the Cubic Root of 23 156436019527 be defired, it will be found 28503 by 
the precedent Rules, and the Work will ſand as you ſee here underneath. 


23156 0 327 
Subtract n WAY AEM 
| 2 .' _ "AB DH 0 
a = 20 11200 
. 
„ 
e 8 9 500 
3 | 840 
e 
Subtra& 1393— - 
— 2 1 —— 
a = 280 235 | 200 
De 
2 (— — 
211000 
n 
Subtract 1119222 4— 
Seien 
4 = 2850 24 | 367 500 
= _0 e 4620 4 |. 1 
E 
31 619527 
= 2837000 2436 750| 000 
e 
_ [2 |435, 8351509 
1 731270 000 
769 500 
e ear 
Subtract 7091019527 
o [000] oo 000} 
* | Explication of Example 2. 
The firſt Figure of the R 4 4 


ropos'd leaves x 5, to which the ſecond Member 156 being 


(28503. Root 


aaa 


| Reſotvend. 
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24 


Diviſor 

3 aae 3 
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firſt Member ofthe n is 2 (by Note 1.) whole Cube 8 ſubtracted from 23, the 
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annexed there ariſes 15156 for the next Reſoluend. Or to cauſe the ſame Effect, ſup- 

ole o to be annexed to 2, the firſt Figure of the Root, and it makes 20, (that is, a) 
whoſe Cube is 8000 (or aaa) ſubtracted from 23156, the two foremoſt Members 
of the Number firſt propoſed, leaves (as before) the Reſolvend 15 156, 

Then the nclt Figure of the Root being found 2, the Value of a is 20, and the Divi- 
ſor is 1260 (by Note 2) and then by dividing and making tryal, as is directed in the 
foregoing fifth ſtep, the Number e will be found 8 for the ſecond Figure of the Root, 
and conſequently the Numbers ſignified, by 3gae, 3aee, and eee, are 9600, 3840, and 
512 ; theſe being ſer orderly. and added together (according to Note 3.) make the 
Ablatitium 13952, which ſrnbtracted from the Reſolvend 15156 leaves 1204, to which 
annexing 436, the third Member of the Number firſt propoſed, it makes 1204436 
for a new Refolvend, The reſt of the Qperation in Example 3. being but a Repetirion 
of what has bgen directed for finding out the ſecond Figure of the Root, I ſhall leave 
it to the Learner's Practice, 

The precedent Rules and Notes in this Sz. 2. for extracting the Cubic Root of a 
whole Number, having an exact Cubic Root, are expreſs d at large, that the Reaſon of the 
Work might be apparent; but this Method may be contracted into more practical and 
compendious Rules, as I have ſhewn in the 33 Ch. of Mr. Wingate's common Atithmetic. 

7. But when a whole Number has not a- Cubic Root exactly expreſſible by any ra- 
tional or true Number, then to approach infinitely near the exact Root, firſt, Ternaries 
ot Cyphers, viz. three, or ſix, nine, or twelve, Cc. Cyphers are to be annexed to the 
whole Number given; then eſteeming the Number given with the Cy phers annexed to 
be one whole Number, let its Cubic Root be extracted by the precedent (or other pra- 
ctical) Rules. That done, look how many points were ſet over the Number firſt given, 
for ſo many of the foremoſt places in the Quotient are to be taken for the Integers in the 
Root, and the reſt following thoſe Integers expreſs rhe Fractional Part of the Root in 
Decimal Parts. As for Example : If the Cubic Root of 8302348 be deſired, I annex 
ſix Cyphers to 8302348 thus, 8302348.000900, and then the Cubic Root of 
$30234$020000 being extracted, it will be found 202-48, that is, 20 2, 45; but becauſe 
after the Extraction is finiſh'd there happens to be a Remainder, I conclude that 202733 
is leſs than the true Cubic Root ſought, but 2022 is greater than it, ſo that by annex- 
ing ſix Cyphers you will not miſs r 5 part of an Unit of the true Root, and by annexing 
9 Cyphers you will not want +3; part; and in that order you may approach as near 
as you pleaſe when you cannot obtain the exact Cubic Root of a whole Number given. 

8. The Cubic Root ofa Vulgar Fraction is found out thus, vu. firſt, if the Fraction 
be not in its leaſt Terms, let it be reduced to the leaſt Terms; then extract the Cubic 
Root of the Numerator for a new Numerator, and the Cubic Root of the Denomi- 
nator for a new Denominator, ſo ſhall this new Fraction be the Cubic Root of the 
ge propoſed. * As for Example: The Cubic Root of ,* is 3, and the Cubic 
Root of; is 5. | 

9 But when either the Numerator or Denominator of a Vulgar Fraction has not a 
perfect Cubic Roar, then to find the Cubic Root of that Fraction very near, firſt re- 
duce the Fraction to aDecimal Fraction, whoſeNumerator may conſiſt of Ternaries of 
places, viz. either of three, fix, nine, or twelve, &c. places, and then extract the Cubic 
Root of that Decimal as if it were a wpoje n and the Root that comes forth ſhall 
be a Decimal F rack us nearly the Cubic Root of the Vulgar Fraction propo- 
ſed. As for Example: If the Cubic Root of 5 be deſired. I firſt reduce it to this Decimal 
Fraction, 666666666666, and then by extracting the Cubic Root of the ſaid Decimal 
as if it were a whole Number, I find+.8735, that is, 185358; which is near the Cu- 
bic Root of 3, for it wants dot 15755 Part of an Unit of the exact CubicRoot of +. 

10. Laſtly, it ate Roar of amixt Number, that is, of a whole Number with a 
Fraction in its leaſt Terms, he deſired; firſt reduce it to an improper Fraction, and then 
extract the Cubic Root of that improper Fraction in like manner as before in the eighth 
ſtep ; but if it has not an exact Cubic Root, then reduce the Fractional Part of the mixt 
Number firſt propoled.toaDycimal Fraction, whoſe Nuinerator may conſiſt of Ternaries 
of places, and afterthisDecimal is. annexed to the Integers of the mixt Number, extract the 
Cubic root out of the whole, then ſo many Points as were ſet over the Integers, ſo many 
of the foremoſt places in the Quotient are to be taken for the Integers in the root, and 
the reſt expreſs the Fractional patt of the root in Decimal parts. As tor Example L box 
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. out of a Number given. 


Cabic Root of 123, that is, of 27, will be found ; or 2+ ; and the Cubic Root of 
2+, that is, of 3.375000000, Cc. will be found 1.334, c. that is, 11533, Ge. 


— 


Scct. HI. Of the Extraction of the Biquadratic Root out of a Number given. 


1. The briefeſt way to extract the Root of a Biquadratic Number, that is of a 


Number produced by the Multiplication of ſome Number or Root four times into it 


ſelf, is firſt to extract the Square Root of the Number propoſed, and then to extract 
the Square Root of that Rout. As for Example: If the Root of the Biquadratic 
Number or fourthPower 256 be deſired ; firſt, the Square Root of 256 being extracted 
is 16, and then the Square Root of 16 is 4, which is the Root of the fourth Power 
256 ; for 4x4*+4x4 produces 256. But my Purpoſe being to explain the general Me- 
thod for the Extraction of all kinds of Roots, I ſhall upon that Foundation ſhew how 
to extract the Root of a Biquadratic Number. 

2. For the more ready Extraction of the Biquadratic Root, the followiug Tabulet 


will be ufetal, which ſhews ar firſt ſight the Root of any Biquadratic Whole Number 
under 10000, 


Roots | r || > | 3 | 4 | 5 | BO. Wy 
I 16 E | 256 | 625 | 1295| 2401 4096 [6561 


3. When a Whole Number is propoſed, and it is deſired to extract the Biquadratic 
Root of that: Number, ſets points over the given Number in this manner, viz firſt, 
ſer a point over the Units p!ace, then paſſing over the three next places rowards the 
lett Hand ſer another Point over the fifth Place, and in that order as many points are 
to be ſet as the given Number will admit, that there may be three places between 
every two adjicert points. So if the Biquadratic Root of 614656 43 
be deſired, after points are ſet as is above directed, the ſaid 614656 614656 
will be diſtributed into two Members, to wit, 61 and- 4656. In 9 
like manner this Number 67975625 being pointed in the ſame 6597500625 
order will be diſtributed into theſe three Members, 65, 9750, and 
0625. The Points ſhew the Number of Places that will be found in the root, as alſo 
what Member of the Number propos d belongs to the Extraction of every ſingle Cha- 
racter of the root ſoughr. 5 * 

4. The given Number whoſe Biquadratic root is deſired may be conceived to be 
produced from the Multiplication of the Binominal root a + e four times into it ſelf, 
and then the ſaid Number will be compoſed of theſe five Members or Numbers, viz. 
aaaa, 4aaae, Gaaee, 4acee, eee, (as is manifeſt by the fourth Power in the Table in 
Sect. 4. Chap. 1 of this Book) Now becauſe the Reſolution of a BiquadraticNum- 
ber, viz. the Extraction of the Biquadratic root is deducible from the ſteps of the 
Compoſition of a Biquadratic Number from its root, (tor ſuch Numbers as are ad- 
ded in the Compoſition are to be ſubtracted in the Reſolution) reſpe& muſt be had 
to Sc. 3, Chap. 2. of this Book. | 


Fourth Powers 


Example 


5. Let it be required to extract the Biquadratic root of 614656. After the Num- 
ber given is prepared by Punctations as before is directed, I ſeek in the Tabulet in the 
precedent ſecond ſtep of this Se 3. for the greateſt Biquadratic | . 
whole Number contained in 61, the firſt Member (towards the 61]4656| (2 
lefr Hand) of the Number propoſed, and finding it to be 16, I 16 
ſubſcribe 16 under 61, and write 2 the root of the ſaid fourth 
Power 16 in the Quotient, for the firſt Figure of the root . 
ſought; then after a Line is drawn under 16 1 ſubtract 16 from 4514656 
G1, or 160090 from 614656, and there remains to be reſolyed 454656. 
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| * and 4a, for theſe are all the Powers of a 
0 6146560 (28. Root that are drawn into the Powers of e in the 
Subtract 16 Ada fourth Power of a+e ; (as is evident by 
4514656] Reſolvend the Table in Sect. 4. Chap Hand becauſe 
n 3 Jaan the firſt Figute of the Root is found: 2, 
2400 Ca and conſequently (by Note 2 in Sec. 1 of 
800 4a this Chap.) the Number ſignified by u. is 
* — — . 20, therefore the Sum of the- Numbers 
0 344800 Diviſor ſigaified by 4aaa, 6aa, and 4a, is 34480, 
72 8 25 6000 44ane which is the D:viſor ; then ſuppoſing I 
5 | 3600| Gaaee vi . 

1513 were to divide the Reſolvead 454656 b 
0960 4aeee 201 1 
4| 0960] 44 the Drvifor 34480, I find the Quotient ex- 
var 4096 wn ER ceeds 9; but in regard e always repreſents 
Subtract - 45] 4656] _ Ablatitium either a ſingle Figure or a Cypher, it can- 
o 0000 not exceed 9: and theretore I make tryal 


(ina wait Paper) with 9, to ſee whether it 
will conſtitute an Ablatitium that does not exceed the Reſolvend 454656, viz. I ſuppoſe 
e; then becauſe a was before found 20, the Ablatitium, which in the Extraction of 
the Biquadratic Root is always compos'd of 4aaae, 6aaee 4aree, and ceee, will exceed 
che Reſolvend, from which it ought to be ſubtracted. But if e=8, then the Ablatitium 
will be equal to the Reſolvend, and conſequently that being ſubtracted from this, there 
will remain o, wherefore I ſet 8 in the Quotient, and conclude that the Biquadratic 
Root of the given Number 614656 is 28 ; for 28X28x28x28 produces 614656. 


Sect. IV. The Extraction of the Root of the fifth Power given in Number. 


1. For the more ready Extraction of the Root of any fifth Power given in Num- 
ber, this Tabulet will be uſeful, which ſhews at firſt ſight the fifth Powers of every 
ſingle Figure, and conſequently any fifth Power in Number under 100000»being gi- 
ven, its Root is hereby diſcovered. ' 


Rods. |5th Powers.| 


I 
32 
243 
1024 

- F Xo 
7776 
16807 
32768 
59049 


ö 


oo sn 


2. When a whole Number is given for a fifth Power, and its Root deſired, that is, 
ſuch a Number which being multiplied five times into it ſelf will produce the given 
Number, it muſt be prepared for Extraction by Punctations in this manner, vix Firſt, 
let a point be ſet over the Units place of the given Number, then paſſing over the four 
gext places towards the left Hand, ſet another Point over the ſixth Place; and in that 
Order as many Points are to be ſet as the given Number will admit, that there may be 
i , four Places between every two adjacent Points. So it the Root of 

17210368 the fifth Power 17210368 be deſired, after Points are ſet as is 
as above directed, as the ſaid 17210368 will be diſtributed into two 
Members, to wit, 172 and 10368. In like manner this Number 
188028767$125 will be diſtributed into theſe three Members, 
188, 02876, and 78125, The Points (as before hath been ſaid) ſhew the Number of 
Places that will be found in the Root, as alſo what Member of the Number given be- 
longs to the Extraction of every ſingle Character of the Root ſought. _ 


1880287678125 


3+ Every 


2 
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3. Every Number conſidered as a fifth Power may be conceived to be produced from 
the Multiplication of the Binomual Root a-+e five times into it ſelf, and then the aid 
Number will be compoſed of theſe fix Members or Numbers, viz eazaa, 5anaae, 
roaanee, Loaaeee, 5aceee, and ceete, (as is maniteſt by the fitth Power in the Table in 
Seck. 4 Chap. 1. of this Book.) Now becauſe the Reſolution of the fifth Power, viz. 
the Extraction of v (5, out of a given Number, is deducible from the ſteps of the 
Compoſition of a fifch Power from its Root given in Number; (or ſuch Numbers 
as are added in the Compoſition are to be ſubtracted in the Reſolution ) the Learner 
muſt be exercis'd in Se. 4. Chap, 2. of this Book. "74 


Ex ample. 


Let it be required to extract Vj) out of 17215368, viz. to find a Root ot Number, 
which being multiplied five times into it felf will produce 172 10368. After the given 
Number is prepared by Punctations as before directed, I ſcek in the Tabulet in the 
firſt ſtep of this Sectien 4. ſor. the greateſt fifth Power contained a | 
in 172 the firſt Member (towards the lett Hand) of the given 1 [10365 (2 
Number; and finding it to be 3 2, I ſubfcribe 32 under 172, and 32 
write 2 the Root of the ſaid fifth Power 32 in the Quotient, tor 
the firſt Figure of the Root ſought ; then after having drawn a 
Line under 32, I ſubtract 32 from 172, or 3200000 from 
17210368: and there remains to be reſolved 14010368. | 

Then to dilcover the Diviſor, which ſhews how to begin the tryal in the finding 
out of e, that is, every Character (whether it be a Figure or Cypher) which is to 
follow the firſt Figure of the Root, I take ſuch Powers of a as arc multiplied into the 
Powers of e in the fifth Power produced from a-+e, viz. 5aaaa, Ioaaa, ioaa, and 5a; 

ſo the Sum of theſe four Numbers make the Diviſor. - 
of the Root is found 2, and conſequently (by Note 2, in Sef. 1. of this Chap. ) the 
Number ſignified by a is 20, therefore the Sum of the Numbers fignified by 5aaa, 
10aaa, 10aa, and 5a is 884350, which is the Diviſor; then ſuppoting I were to di- 
vide the Reſolvend 14010368 by the Diviſor 884100, I find the Quotient exceeds 9; 
but in regard e always repreſents a fingle Figure or Cypher, it cannot exceed 9 there⸗ 
fore I make tryal (in a void Plage) with 9, to ſee whether it will conſtitute an Alla- 
titium that does not exceed the Reſolvend 14010368, wiz. I ſuppoſe e:=g, then becauſe 
a was found 20, the Ablatitium 5aaaae f ioaaaee E Ioaaeee EF aceee exceeds the Reſol- 
vend from which it ought to be ſubtracted. But if e=8, then the Ablatitium will be 
equal to the Reſolvend, and conſequently that being ſubtracted from this, there will 
remain o, wherefore I ſet 8 in the Quotient; ſo 28 is found to be the (5) of the 
given Number 17210368, for 28x28X28x28x28,produces 17210368 Compare the 
following Work with the precedent Rules of Sect. 4. | 


— —— — 


140010368 


17210368 (28. Root. 
* 3 2 | 00000 aa 
14010368 Reſolvend. 
6 . ED z 8 [00000| Jaaa 
1 | | | $0000 | r0aaa 
| | 4000 | xoaa 
| 100 5a 
— -  2te 
8|84100| Diviſor. 
#00 64|00000| 5aaane = 5 
© 1 | 20000 | 10aaare 
20 | 48000 xoaatee 
4409500 Faceee 
32768| eeeee 
— 4 — Soo „. 
14010368 Ablatitium. 
> 000 100000 


* By the precedent Rules and Examples of this Chap. the Ingenious Reader will eaſily 
perceive how to extend this general Method to the ExtraGtion of the Roots of all 1 
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And becauſe the firſt Figure 
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of Powers in Numbers, viz. of the ſixth, ſeventh, eighth, Cc. Powers; as alſo to 
find out the Roots infinitely near of ſuch Powers as have not Roots exactiy expreſſible 
by any rational or true Number. | 


» 


C H A P . IV. » 
Concerning the Extraction of Roots out of Powers expreſs d 
| by Letters. „ 


I. TN a Series or Scale of Powers produced from a Root, ſuppoſe from a, as in 
| this Series, a, aa, aaa, aaaa, aaaua. a „ a Oc, thoſe Powers only whoſe Indices 
are even Numbers are Squares; as aa, aaaa, a“, a* Cc. (whoſe Indices are 2, 4, 6, 8, 
Ce) are Squares. And thoſe Powers only whoſe Indices are diviſible by 3, are 
Cubes, as. aaa,aaaaaa,a* Oc. (whoſe Indices are 3, 6, 9, Cc) are Cubes. There- 
fore every Power whoſe Index is a Prime Number greater than 3, as aaaaa, 4% , 
Cc. (whoſe Indices are 5, 7, it, Cc.) is neither a Square nor a Cube. But ever 


Power whoſe Index is deviſible by 6, 28 , a „ „Cc. is both a Square and a Cube, 


becauſe the Index is deviſible both by 2 and by 3, 


II. If a ſimple Quantity be expreſs by the ſame Letter repeated an even Number 
of times, the Square Root thetcof calily extracted , for the Root muſt be ſuch that 
its Index may be the halt of the Index of the Quaarity propoled: As, 4aa (that is, 
the Square Root of aa) is a; for 1, the Index ot the Root à is the half of 2, the In- 
dex of the Square aa, In like manner Vaaaa 15 aa, whoſe Index 2 is the half of 4, 


the Index of the Square aaaa. Again, y/aaaaaa is aaa, whole Index 3 is the half of 
6, the Index of the Square 40. 


III. And with the like facility you may extract the Cubic Root of a ſimple Quan- 
tity, which is expreſs'd by one and the ame Letter repeated ſuch a Number of times 
as is deviſible by 33; for the Cubic Root muſt be ſuch that its Index may be + of the 
Index of the Cube Propoſed : As V/(3)aaa (chat is, the Cubic Root ot the Quan- 
tity aaa) is a, whoſe Index 1 is 7 of 3 the Index of aaa. In like manner (3) a* 


is aa, whoſe, Index 2 is 7 of 6 the Index of the Cube 45. 


IV. I the Index of a ſimple Power expreſs'd by the ſame Letter be ſome Prime 
Number greater than 3, as 5, 7, 11, Cc. then neither / (2) nor / (30, nor any other 
Root, except that denoted by ſuch Index or Prime Number can be exactly extracted 
out of the ſaid Power: So no Root can be exactly extracted out of aaaaa or a, but 
60, which is a; nor any Root out of a but ), which is alſo a. But when the 
Root cannot be exaaly extracted, the Sign of the Root is to be prefix d to the Quan- 
tity ; as to expreſs the Square Root of aaaga or 4, I write /aaaaa,or Va. Like- 


wiſe I expre(s the Cubic Root of a* thus, / (3) a* ; and (04) of a” thus, „Ch; 
and ſo of others · | 


V. When ſome Power of an unknown Simple Root a is found equal to ſome known 
Number, and the Index of that unknown Power is not a Prime Number, then the 
value of the Root a in Number may oftentimes be diſcovered by two or more Extracti- 
ons, more cafily than by one ſingle Extraction of a root out of the ſaid unknown 


Number. As for Example: | ; 


If there be propoſed or found out- — 3 aaaaa 291 
Then to find out the value of a you need not extract the (6) of 


729, by the Gencral Method before delivered in Chap. 3. but firſt 


by that Method extract the Square root of 729, and then by Scr. 424 2 27 


2. of this Chap. the Square root of aaaaaa, ſo thoſe two roots 
compared gives this Equation, viz . -— 3 3 8 
_ Laſtly, by extracting the Cubic root of each part of the laſt E- 4 
quation, the value of a the root ſought is diſcovered,. viz. | 2 = 


_ 
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Or thus, * 


Firſt by extracting the Cubic root of each part of the Equation oy 
propoſed, there ariles—— — PI azo 


And then by extracting the Square root of each part of the laſtE- a 


quation, the ſame Value of the root a is found out as before, to wit, { a—3 
In like manner, if — 3 —— „ iss; 
Firſt by extracting the Cubic Root, it gives 4 27 
And again, by extracting the Cubic root ot that root the root 4 by 
is made known, viz. | 2 13 42 = 3 


VI. When two or more Square, Cubes, or other Powers expreſs'd by different 
Letters, be multiplied one into another, then if the root of each Power, viz; the 
Square root if they be Squares, or the Cubic root if they be Cubes, Tc. be extracted, 
the Product made by the Multiplication of theſe roots ore into another, ſhall be a 
like root of the Power or Product firſt given. As for Example : Vaabb is ab, which is 
the Product of the Square roots of aa and 6b. Likewiſe, / (3)aaabbs is ab, which 
zs the Product of the Cubic roots of aaa and bb. 

Again, y/aabbce is abe, which is the Product of the Square roots of aa, bb, and cc. 
In like manner, /(3)27aaabbb is 3ab, which is the Product of the Cubic roots of 27 
aaa and bbb ; and Gabe, is 4abe, which is the Product ot the Square roots of 16 
aa, bb, and cc. The like is to be underſtood of others. 

But if the Square root of 5aabb be delired, becauſe 5 is not a Square, the ſaid root 
is to be expteſs d either thus, / aabl; or thus, 5xab; or, thus, 46 03. In like 
manner, to denote the Square root of aaabbs I write Yai. And to ſignifie the 


either thus, / (3) 34 l; or thus, / (3) 3x or thus, a6 ö 303. 
Concerning the Extraction of Roots out of Compound Quawities expreſi d by Letters: 
VII. Before the Learner enters upon. the Extraction of roots out of Compound 


in the eighth and ninth Chapters of my firſt Book of Algebraical Elements; as allo in 
the foregoing, firſt, ſecond, and third Chapters of this Book, and in the precedent 
Rules, of this Chapter; all which well underſtood will render the following Rules and 
Examples of this Chapter very plain and eaſy. 8 | 


VIII. Rules for the Extraction of Square: Roots out of Compound Quantities 
expreſs'd by Letters. 8 


* 


Square root is required, in ſuch Order, that ons of the Simple Squares may ſtand 
outermoſt towards the Left-hand,; and next after the ſame; ſuch, other Member or 
Members, wherein you find the ſame Letter or Letters as are in the ſaid Simple Square. 
Then the ſaid Square root of the ſaid Simple Square is to be ſet in the Quotient for the 
firſt Number of the Compound root lought, and the. Square it ſelf is the firſt Quan- 
tity to be ſubtracted from the Compound Quantity propoſed: This is the firſt Work, 
which is no more to be repeated in the whole Extraction. ü | 

Rute 2. 9 EAN . for the firſt Diviſor; likewiſe 
to find every following Diuiſor e every Simple Quantity. that ſtands in the Ouo- 
tient, and take the Sum ot the Products for the * we oy 1 5 | A 

Rude 3. When the Diviſor is found out, divide only the firſt Simple Quantity (to- 
wards the Left- hand) in the Reſolvend, by the firſt Simple Quantity in the Drvifor, and 
ſer that which comes forth next after the Membet or Membets'of the root ſouglit that 
was before found out. | t onen f | 
Keule 4 After the firſt ſimple Squareieſubtraed (according to Rule 1.) then every 
following Ablatitium, that is, the Sum of the Quantities to be ſubtracted; from the 
reſpective Reſolvead, muſt be compoſed of theſe two Products, viz: the Hroduct made 
by the Multiplication. of the whole Diviſer by that particular Quanititgfji which was 
laſt ſer in the Quotient, and the Square of the ſame Simple Quadtity. 
The Practice of theſe Rules will be apparent in the following: Examples. 


Cubic root of aab L write / (3) aabb; but the Cubic root of 3 aaa may be written 


Squares, Cubes, or othet Powers expreſs d by Letters, he 7 be well exercis d 
E 


Rule 1. Set the particular Members of the Compound Algebraic Gantity, whoſe 


Example 


— 


Py 4 
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Example t. 


Let it be required to extract the Square Root of aa-2ab-+ bb. 
Firſt, I extract the Square Root ot aa, and it is a, which I ſet in the Quotient N 
then multiplying à by it ſelf, I ſet the Product aa under, and ſubtract it from the 


Quantity firſt propoſed, and there remains 2ab+ bb : This is the firſt Work which 
anſwers to Rule 1. and is no more to be repeated. 1 


The — 1 Þ+2ab+bb | (a+ b The Root. 
Remainder, E tag} 
Diviſor, | 24) 
Subtrakt,  —+2ab+bb 
Remainder, oO © 


Secondly, the Diviſor (according to Rule 2.) is 2a, which I ſet under 2ab. - 
"Thirdly, I divide ab by the Diviſor 2a, and the Quotient is E, which I ſet 
next after a, (the particular Root before found out) according to Rule 3. : 
Fourthly, I multiply the Diviſor + 2a by +6, (that was laſt ſet in the Quotient) 
and the Product is s 2 ry to which adding bb, (the Square of +6) the Sum is 
-+24b+bb, which (according to Rule 4.) I ſet under and ſubtract trom the Reſolvend 
+ 2ab+bb, and there remains o: So the Extraction being finiſh'd, the Root ſought is 
found 59 ; for if it be multiplied by it ſelf it produces aa C ,I, the Quantity 
firſt propoſed, 7 
Wie. 57 what I have ſaid in the eighth and ninth Chapters of my firſt Book of 
Algebraical Elements, tis eaſie to diſcover at firſt ſight whether a compound Algebraic 
Quantity conſiſting of three Terms be a perfect Square or not, and if a Square what 
its Root is. Nevertheleſs in this firſt Example I have expreſs'd the Work at large 
according to the four Rules before given, that the like Operation may the more ea- 
ſily be perceived in the following Examples. 


Example 2. 


If the Square Root of a2 — 2b +2ac—2bc+bb-þce be deſired, it will be found à 
b+c by the precedent Rules, and the Work ſtands as here you ſee underneath. 


The Square, aa—2abÞ2ac—2bcj-bb+cc \ (a- e The Root. 
Subtract aa ws 8 
Remainder, —2ab + 2ac—2bc+bb+cc 
Der, ＋ 2a) | | 
Subtract —2ab+bb 
"Remainder,  —2ac—2bc+cc 
Diviſor, . _ 224 —2b) 
Sub tract —+2ac—2bc+ci« 
— 1 0-90 - 


Fi N „ c 4: NT: 3... 


In like manner the Square Root of 64abb-þ-32akc—144ab-|-46—36cÞ8x will be 
found 8ab + 2C—9» 28 is manifeſt by the following Operation. WA | 2 


The Square, 64aabb +3 2abc—144ab+4cc—36c+8; | (8abþ2c—9g- 
Subtra& MY Pr, 004 21, 3 4 * 2 
Remainder, 32abc—144abÞ4c—364-8x | W 
Diviſor, ie Wk ws 
- Subtract. + 3.2abc 1 acc =. | 
1 Remainder, 55 —144ab ,—36c+8r... 
0614 2' ” Diviſor,, © © 2 +1606 ＋ 400 J 
Subtract 7117 2 1444b  —36c+81 | 
171 Remainder, 013 rt © 720 797% * e © d 


#4 
24 
- 


— 


: 


CHAP. 4. Powers expreſs d by. Letters 
2 Example 4. Lk 
Again, the Square Root of dad |24ddb {-3dd)b 24183-1383 will be found dd 1- 
db+bb ; and the Extraction ſtands thus: 175 „ orcs 
Tue Square, #-bed b+3#4 2% +6* | | (dd + 86-446. 
Subtract *. / Wt! l * ; | | 
Remainder, & ö ont | 
Diviſor, 4 -24* &. 34 . 
* p20 b+d*b7\ * 
.emainder, | =y 24 T 206 .5-þ+ 1 | 0 
Diviſor, 4 242 T2 _ , tid off 
Subtract: zd 246 *+b* 
Remainder, 0 0 3 
IX. Rules for the Extraction of Cubic Roots out of Compound Quantities 
5 exyreſꝰd by Letters. Tee 


Rule 1. Set the particular Members or Parts of the Compound Algebraic Quantity 
whole Cubic Root is required, in ſuch Order, that one of the Simple Cubes may ſtand 
outermoſt towards the Left- hand, and next after the ſame ſuch other Members wherein 

ou find the ſame Letter or Letters as are in the ſaid ſimple Cube; then the Cubic 
Root of the ſaid ſimple Cube is to be ſet in the Quotient for the firſt Member of the 

Root ſought, and the ſimple Cube it ſelf is the firſt Quantity to be ſubtracted from 
the Compound Quantity propoſed. This is the firſt Work, and no more to be repeated 
in the whole Extraction. | 

Rule 2. The firſt Diviſor muſt be compoſed of the Triple of the Square of the Root 
before ſet in the Quotient, (which Triple Square I call the ſirſt part of the Diviſor) 
and the Triple of the ſame Root. (which Triple Root I call the latter part ot the Di- 
viſor.) Likewiſe every following Diviſor mult be compoſed of the Triple of the Square 
of the Sum of all the ſingle Quantities or Parts of the Root already found out and ſet in 
the Quotient, and of the Triple of the ſame Sum. | | | 

Rule 3. When the Diviſor is found out, divide only the firſt ſimple Quantity (to- 
wards the Left-hand) in the Reſolvend, by the firſt ſimple Quantity in the Diviſor, and 
ſer that which comes forth in the Quotient next after the Member or Members of the 
Root ſought before found out. 

Rule 4. After the firſt fimple Cube is ſubtracted (according to Rule 1.) then every 
following Ablatitium, that is, the Sum of the Quantities to be ſubtracted from the Re- 
ſol vend muſt be compoſed of theſe three Products, viz Firſt, the Product made by 
the Multiplication of the firſt part of the Diviſor, (ro wit, the Triple Square mentioned 
in Rule 2.) by the ſimple Quantity laſt ſer ig the Quotient, Secondly, the Product 
made by the Multiplication of the latter part of the Diviſor, (to wit, the Triple Root 
or Sum mentioned in Rule 2.) by the Square of the ſame ſimple Quantity. And 
thirdly, the Cube of the ſaid ſimple Quantity laſt ſet in the Quotient. 

The Practice of theſe Rules will appear in the following Examples. 


Example 1. 


Let it be required to extract the Cubic Root out of aaa1-3ane-|-3ace{ere, 

Firſt, beginning at the Leſt- hand I extract the Cubic Root of aaa, and it is a, which 
I ſet in the Quotient, then multiplying the ſaid Root à Cubically it makes aaa, which 
I ſubtract trom the Compound Quantity firſt propoſed for Extraction, and there re- 


mains to be reſolved P-3zaae E zaece Cece This is the firſt Work, which anſwers to 


le 1. and is no more to be repeated in the whole Extraction. 
The Cube, aaa Ezaae + zate Pee (ate The Root. 


Subtract ana ; 
Remainder, —+— zaae +3aee-Þeee 
' Diviſor, -+ 34a 5-34) 
Subtract, / zaae 4-3aee+ eee 
Remainder, o 8 8 


* . 
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Secondly, I ſeek a Diviſor thus, viz. to 3a, which is the triple of aa the Square 
of the Root a, I add A za, the triple of the ſaid Root a, and the Sum 3a: 43a is the 
Diviſor, which I ſet underneath the remaining Reſolvend, according to Rule 2. 

Thirdly, according to Rule 3. I divide E za, by ＋ 3a, and it gives Fe, which 
I ſet in the Quotient next after a. | 2 A G 

Fourthiy, to find out the Ablatitium (or Quantity next to be ſubtracted) I make a 
threefold Multiplication, viz. Firſt, I multiply + 3aa (the firſt part of the Diviſor) 
by Te the Root laſt ſer in the Quotient, and the Product is +3aae. Secondly, I 
multiply ＋za, the latter part of the Diviſor by & ee, the Square of the ſaid Root e, 
and the Product is + z ace. Thirdly, I multiply the ſaid Root e Cubically, and the 
Product is ece. Laſtly, I ſubtra& the Sum of the ſaid three Products from the Reſol- 
vend, and there remains o. So the Extraction is finiſh'd, and ae is the true Cubic 


Root ſought ; for if, it be multiplied cubically, ir will produce aaa-j-3aat]-3aeeeee 
firſt propoſed. — — | 


Example 2. 


In like manner the Cubic Root extracted out of 12 aa Y 225aaeÞ 135aeeÞ-27ece 
is Ja- Tze, and the Work ſtands thus, 


The Cube, 125aaaÞ225aae]135ace{-27eee | (Ja Tze. Root, 
Subtract 125 4 a ä 
Remainder, TP 25aae + 13 Jae Ea eee 
Diviſor, E 75aa + 15a) 5 85 
Subtract 225, Iz ace Lz J eee 
Remainder, * - 0 o | 
Example 3 


So the Cubic Root of 27a®*—54a*Þ171a*—1889a) 285a2—150a-+125 will be 

found 3aa—2art 5, and the Operation ſtands thus: | 
Cube, 274*—544*+171a*—188a'+285aa—150a+125 | (3aa — 24 T5. Root 

Subtract 275 n ; 
Remainder, — 544 +1714*—188a* + 285aa—150a125 
Diviſor, ; +27a* + ga?) 


Subtrat * — 544 + 36a*— 82 F 
Remainder, 1354 — 18034 +285aa—1504aÞ+125 | 
4 1 + 27a — 364 ＋ 12aa 
Diviſor, : 2 6 
| —+1354*—180a*+ so 
Add theſe, 5 — 422541503 
3 TS. +125 
Subtra& —135a*—120a'+285aa—150a+125 
Remainder, © O ED 0” ws 


If there be occaſion-to extract the Root of the fourth, fifth, or other higher Com- 


pound Power, the Diviſors and Ablatitious Quantitics may be drawn out of the Ta- 
ble in Sect. 4. Chap, 1. of this Book, | | 


X. Concerning the Extraction of Roots out of Algebraical Fractions. 


1. Foraſmuch as in the Extraction of Roots out of Fractions, the Root of the 
Numerator and Denominator being ſeverally extracted gives the Root ſought; there- 


bb | 
fore if the Square Root of — be to be extracted, I write 5 for the Root ſought ; 


for the Square Root of the Numerator aadb is ab, and the Square Root of the Deno- 
minator cc is c. ho 38 


b 


* n actin E * 


r e 9 * 


R 


r r ® «4 


224 — — — 


—— & % — 5 . — 
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Fry * e 


— 


— 


| 11 4 178 Wt e | e bbbb 25: * 11 
: In like manner if the Square Root of — and — 1 abb be deſired, by extracting 


the Square Root out of the Numerator and Denominator, there ariſes £4. * 


| 24 25 tor 

the Root ſought. 3 | | 
And for the ſame Reaſon the Cubic Root of this Fraftion ——I 
274% —544) + 171a*—188a'Þ285aa—150a+125 i þ — N 
2 aaa 9a PC- 74-2 e a—3 2? which is 


found by extracting the Cubic Root out of the Numerator and Denominator of the 
Fraction propoſed. 


2. But if the Root ſought cannot be extracted out of the Numerator and Denomi : 
nator, then the Radical Sign / with the Index of the Power, it it exceed a Square, 
2 | cexæ 


4 be prefix'd to the. Fraction; as to denote the Square Root of 


— , —gabb N | . 
0 . I vrite / 7 or (becauſe the Square Root of the Denomi- 


nator is 2) the Square Root of the Quantity propoſed may be expreſs d thus 


— . 1 8. 
e ; likewiſe the Cubic Root 1 N may be deſigned either thus; 


4 3 . | - ab Ws | 
v(3) —— — (becauſe the Numerator ISA Cube) thus. > like is 
to be underſtood in expreſſing the irrational Roots of higher Powers. 


. Y 4 % of) FY 4 


ww 
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Concerning Geometrical Proportion. 0 


HE Difference of two Numbers is found out by Subtraction ; but the Ratio; 
| 404 or Habitude of one Number to another is diſcovered by dividing the 
Antecedent (or firſt Number) by the Conſequent (or ſecond Number ;) for the Quo- 
tient denominates the Ratio, Reaſon, or (as ſome call it) the Proportion which the 
Antecedent has to the Contequent. As if 6 be compared to 2, then £, that is 2, or 
3, ſhews that 6 has triple Reaſon to 2, viz: 6 contains 2 thrice, or 6 is in proportion 
to 2 as 3 to 1; but it 2 be compared to 6, then g or F ſhews, that à has ſubtriple 
Reaſon to 6, 'viz. 2 is 3 part of 6, or 2 is in proportion to 6 as 1 to 3. In like man- 


ner if the Quantity a be compared to the Quantity b, then 7 | expreſſes the Ratio or 


I, 


; | 
Reaſon of a to b, and ſhews the Reaſon of b to a. 


Note, that the Reaſon of twoNumbers or Quantities ought to be expreſs'd by the 
ſmalleſt Terms orQuantities that can poſſible be found to expreſs that Reaſon. So the 
Denominator of the Reaſon of 16 to 12 is F, where 16 and 12 are firſt reduced to the 


ſmalleſt Terms 4 and 3, (by dividing the 16 and 12 ſeverally by their greateſt common 
Diviſor q) and then dividing the Antecedent 4 by the Confequent 3, the Quotient? 
expreſſes the Reafon or Proportion of 16 to 12, viz. 16 is to 12 as 4 to 3. In like 


manner the Reaſon of bb to ba, or of bbb to bla is 2 


ol II. Quantities which proceed by equal Differences ate ſaid to be in a continued 
Arithmetical Progreſſion, (as has been ſhewn in Chap, 17. Book 1. of my Algebraical 


Elements ;) but Quantities which proceed by equal Reaſons (or Proportions) are ſaid 


tobeina continued Geometrical Re or Proportion, SQ theſe Numbers 2,6,18, 


2 | 54s 


thc... 


— 
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7 are ; continually propdjtionat becaule the Reakia 1 Pork) of the firſt 

5 Fee 6, are is equal to the Regſon af the ſecor d to the third, alſo of the third'to the 

fourth, and lo for ward; viz. f (or 10 t =+i=;5t , or backward, in= = 

23 þ (or 3) In like manner if theſe Quantities a, b, c, 4 , e, be "fu ch; thar 
d #8 — 

. — or backwards, if = , then thoſe Quantities ate con 


tinually proportional ; . as the firſt i is in * to the ſecond, ſo is the ſecond 
to the tHird, the third to the fourth, Cc. 

But if thete be four ſuch Quantities, that the Reaſon (or Proportion) of the fick 
to the ſecond, is equal to the Reaſon of the third to the fourth; but the Reaſon 
the ſecond to the third, is not equal to the Reaſon of the firlt to the ſecond, then 
thoſe Quantities are aid to be in Geometrical Proportion diſcontinued or or jnterrupred 
ſuch are thele four Numbers 1 „ 6 :: 12 . 36; for; (or 3) , but 1 (or N 
is not equal to or Fo In _ _— , 8, , be fach Quantities t at 
35 <, but — 1s not equal to — 7 T, (or- FE ;) then are a, b,c,d,diſcontinual Proportionals. 


III. It alas Quantities be WAIT I the Produ& made by the. mutval Multi- 
plication of the Extreams is equal to the Square of the Mean ; as, | 


p 


Ii there be propoſed ——=———— — ——— 1 18, 6, 2. 

| 5 | a, b, c. 2 * 
e mmaemmnme cnn ac bb= 36 
For ſince by Suppoſitiou „ß 4. 

„ 8 3 Ur, 
It follows (by Set. 1. and * EN 6 —2 —— Tf 
Whence by multiplying each Part by ,———— T 2 2 
And by multiplying each part of the laſt Equation by b, 6 1 
it produces — — 3 


Which was to be proved. 

IV. It tour Quantities be Proportionals, whether they be continual or diſcontinual, 
the Product made by the mutual Multiplication of the Extreams is equal to the Pro- 
duct of the Means; and conſequently if the Product of the Means be divided by either 
of the Extreams, che Quotient is the other Extream. As for Example: 


4. c:: K 
ler hour diſcontinul Proportionals be propoſed, 4 12 e. 2215 3 


| 1 
Then by the foregoing Sect. 2. 5 2 — — 4 ame: 
And by mulciplying each part of that Equation, by à this a 8.80 
"0 produceg, VIZ, — — — Wo ob W 15 
And by,multiplying each part of the laſk Equation by c, 1 
the rit part of the Propoſition 1 1s manifeſt, —— e. 
And by dividing each part by 4 there atiſes— — —4 a=" = 5 n 


Which laſt Equation being compared with the four Proportionals firſt 
does ſhew, that it three Quantities d. c, b, be given, to find{uch a fourth as ſhall have 
the ſame Proportion to bas c has to d, then the Product of the ſecond and third Terms 
ta wit ch being. divided by the firſt Term d will give the fourth Proportional ſought, 
which 45 the very Operation in the Rule of Three Direct. | 

V. It chres Quantities a, l, be Proportionals, and the firſt ard ſecond, to wit a and 
be given (everally, the third is alſo, given; for by Seti. 3. of this Chap, ac = bb 


whence by dividing each part by a there atiſes c > which ſue ws, that it the Square of 
the Mean or ſccoud Term be divided by the firſi, the Quotient is the third Froporti- 


| bb. 
oel hence a,b, an and are continual Proportiouals, . In like manner if three Quan- 


e continual Nopottial be given ſeverally, and a ſourth Proportional be deſired 
TY . the 


1 


8 8 * — — | - — * 2 — 
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the Square of the third Term divided by the ſecond gives the fourth: as if there be 


bbbb 

aa by b, the 
Quotient * ſhall be the fourth continual Proportional: Hence a, , I ue con- 
tinual Proportionals. Likewiſe if the Square of the fourth continual Proportional be 
divided by the third, the Quotient will be the fitth ; ſo to thoſe four continual Pro- 


| v9 , * | bh 
given theſe three, a, «hs, then by dividing the Square of 4 » to wit, 


| | Kull | 
portionals this fiſth will be found, to wit, 2 ; and ſo forwards infinirety- Therefore, 


VI. If Numbers, how many ſoever, be continual Proportionals, and the leaſt Term 
be eſteemed the firſt, that next greater than the leaſt the ſecond, and ſo forwards ; then 


ſecond Term to the firſt, the third Term is produced by the Multiplication of the firſt 
into the Squate of the ſame Reaſon, the fourth Term is produced by the Multiplication 
of the firit into the Cube of the ſame Reaſon ; and in like manner every following 
Term is produced by the Multiplication of the firſt into ſuch a Power of the Reaſo 

ob the ſecond, Term to the firſt, as has fewer Dimenſions by one than the Number of 
Terms has Units: as in theſe following ſix continual Proportionals, to wit, 


* * 
. * * 
* 4 


„ Wh ee ii 
% „ na? ana? aaa 
2, 6, 18, 4, 462, 486 — 


— 


* 
* . 


— 


Suppoſing : N the fclt and teat Term, the ſecond Term þ is equal tothe product 
of the firſt Term a into —, to wit, the Reaſon of the ſecond Term to the firlt; allo 


b 
the third T em is produced by the Multiplication of the firſt Term a into theSquare 


Fame OS —. 50³ | 
of the ſame Reaſon, that is, into 2; and the fourth Term 4 is produced by the 


Multiplication of the feſt em a into the Cube of the ſame Reaſon, that is, into 
4 and the fifth Term —— is produced by the Multiplication of the firſt Term 4 
into the fourth Power of the ſame Reaſon, that is, into : and ſo forwards,” 
But if the greateſt Term be eſteemed tlie firſt, that next leſs than the greateſt tlie 

ſecond, and ſo downwards ; then the ſecond Term is equal to the Quotient that atiles 
by dividing the firſt (or greateſt) Term by the Reaſon of the firſt to the ſęecond; the 
third is equal to the Quotient that ariſes by dividing the firſt Term by the Square of 
rhe ſame Reaſon; the fourth Term is equal to the Quotient that ariſes by dividing che 
firſt Term by the Cube of the ſame Reaſon ; and in like manner every Term beneath 
the greatelt js equal ro the Quotient that ariſes by dividing the firſt ( or greateſt) 
Term by ſuch a Power of the Reaſon of the greateſt to the greateſt but one (or ſe- 
cond) Term, as has fewer Dimenſions by one than the Number of Terms: as in theſe 
following ſix continual Proportionals, to wit, Fer Nen ** 


tt 54 4% Bhůůů 

aaa aaa aa 4 , 4, 708 

EE. 486 162, ES 

* * bbbbb | 0 ; 75 1 1 1 X 18 6e 

If we ſuppoſe £727 to be the firſt and greateſt; Term, then the ſecond Term is 
1 J Ed Þ 25000 3.07856 got 
equal to the Quotient of the firſt Term 2 divided by to wit, by the Reaſon of 
fun >" | | | 13G RF Gy ien: ny S217! 5! 


. = 224 


2 Th Pr} Den IEP 3 1 ' 3 2 Ae i ere „ 3 

the fixſt to the ſecond; alfo the the third Term = is equal to the Quotient of the 
„ 4 ee de ee, e -.. , : 

firſt Term divided by a chat is, by the Squate of the Reaſon I ; and the 


fourth 


the ſecond Term is produced by the Multiplication of the firſt into the Reaſon of the 


= 
1 
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bb . TY bal} YG: 1:40, bbbbb | 2 
fourth Term 1s equal to the Quotient of the firſt Term divided by the 
Cube of the ſame Reaſon. And ſo of the reſt. | NIELS 

VII. From the laſt preceding Section it follows, that if in a Series or Rank of Num- 
bers which are in continual proportion, the firſt Term, the ſecond Term, and the Num- 
ber of Terms be given ſeverally, the laſt Term ſhall be alſo given by this Rule, viz. 
firſt, (according to the Note in Se, 1. of this Chap) find out the ſmalleſt Numbers 
that may ſhew the Reaſon of the greacer of the two given Terms to the leſs ; then 
eſteeming the laid Reaſon as a Root, find ſuch a Power thereof whoſe Index may be 
equal to the given multitude of Terms leſs by Unity, which Power multiplied by the 
firſt Term, when the firit Term is leſs than the ſecond, gives the laſt, to wit, the 
greateſt Term. But when the firſt Term is greater than the ſecond, then the firſt Term 
divided by the ſaid Power gives the laſt Term. As if there be given a and &, the firſt 
and ſecond of fix Numbers in continual Proportion, and that b is greater than 3 ; 


f b 5 | 
then the Reaſon of O to à is rl (by ect. x. of this Chap.) and the fifth Power of 


7 


b Uh. | 
— is , this multiplied by the firſt Term a produces =—_ , Which is the ſixth 


a aaaaa? 


Proportional ſought, (as is evident by Se 6.) but if the firſt Term a be greater than 


the ſecond Term 6, then the Reaſon of a w# is. , whoſe fifth Power is . by 
bbbbh © 


which if you divide the firſt Term a, the Quotient is the ſixth Term * 


This Rule may be exemplified by the tour following Ranks of Numbers in conti- 
nual Proportion, 12 Ya fl | - 


2 6 5 16 3% 3 167 6 
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VIII. If there be given two Integers expreſſing a Reaſon in the leaſt Terms, and it 
be deſired to find out a given multitude of continual Proportionals in the ſame Rea- 
ſon, and that all the Terms may be Integers ; Firſt, to thoſe two Integers, or firſt and 
ſecond Proportionals given, find out (by Si. 5. or 6. ot this Chap ·) ſo many Propor- 
tionals as with thoſe given may make the defired multitude : then multiply every Term 
by the Denominator of the laſt Term, ſo ſhall the Products be continual Proportionals 
in Integers in the ſame Reaſon as the two Terms firſt given. As for Example: If a 
and & be given, and it be deſired to find three Proportionals in Integers in the Reaſon 


| bh, >. | Rena Wal 
of atob, firſt, to a and 5 1 find a third Proportional, which (by Set. 5.) is —- 


then, a, 6, 5 being multiplied ſeverally by the Denominator a, the Products aa, ab, 
4b, are Proportionals expreſs d by Integers, and in the Reaſon of a to b as was deſired · 
Hence if a=2, and b z; then aa, ab, and bb will give 4, 6, and 9, which are 
continual Proportionals in Integers in the given Reaſon of 2 to 3. 
So if four continual Proportionals in the Reaſons of a to h, be deſired ; firſt, (by 
S | | 3 
Sekt. 5. or 6.) theſe will be found continual Proportionals, to wit, a, , = = 
which multiplied ſeverally by aa, (the Denominator of the laſt Term) will produce 
aaa,aab,abb,bbb, which are four continual Proportionals in Integers in the given Rea- 
ſon of a to b Hence if a=2, and b=3, then aaa, aab, abb, and bbb, will give 8, 12,18, 
and 27, which are continual Proportionals in Integers in the given Reaſon of 2 to 3. 
In like manner theſe five Quantities aaa, aaab, aabb, abbb, and bbbb, will be found 
continual Proportionals in the Reaſon of ato'b ; ſo that if a, and bz, then thoſe 
five Proportionals will give theſe five, to wit, 16, 24 36, 54, and $1— in the Reaſon 
of 2 to 3: After the ſame manner you may proceed infinitely. 


IX, If 


—— 2 


* 
* 


- 
- 


— — 


0 81 A P. of Geometrical al Proportion 


8 3 


* 


— — — 


IX. If there be Quantities in continual Proportion how many ſoever, the Product 
made by the Multiplication of the Extremes is equal to the Product of any two Means 
equally diſtant from the Extremes; and alſo to the Square of the Mean Term, when 
the Number of Terms 1s odd. As for Example: If a,6,c,d,e.f, be continual Proporti- 
nals, I ſay, the Product of the Extremes a and 5, to wit af, is equal to the Product 
of any two Terms equally diſtant from the Extremes, viz. to the Product cd, and to 


the Product be: For, 
1. By Suppoſition, (and by Sec. 1. +: and 2.) — ä 


2. Therefore by multiply ing each part by f it produces 
3- And by multiplying each part of the laſt Equation by b, it gives 2 le 
. E _ all 


EY 0 8 4 
4. Again, by Suppoſitionu—·ü(qꝛꝙm⁵ͤͤͤͤͤͤ——ͤ—ͤ˙'ᷓ = | 
5: Therefore (by multiplying in like manner as before)— — cd e 


8. Therefore from the third and fifth Equation { (per 1. Axiom FL 
1 Elem. Eudlid) . af =cd=be 
Which was to be proved. And if more continual Proportibudls even in multitude 
were propoſed, the Demonſtration would not be otherwile. 
But if the multitude of Terms be odd, as in theſe ſeven Quantities which we may 
ſuppoſe to be continually proportional, a,b,c,d,e,f.g = ; then the Product made by the 
Multiplication of the two Extremes a and g is equal to the Square of tho middle Ter erm 


d, viz. ag=dd. For, | 8 
x. By Suppoſition, (and by Seck. x. 1 „ eee 25 — 
2. Therefore by multiplying each part of that | Equaric by d, == 
it makes — — 2 


3. And by multiplying each part of the lat Equation by « e, it it 2 5 
produces — e 
4. And by what has been already proved in the firſt part of this TOO 
Propoſition, ——— — dT tt 
Therefore from the two laſt Equations ( per 1 r Ax. 1 Elem. Excl ) ag=dd 
Which was to be proved. Therefore the Fropoſition is every way manifeſt; but for 
further Illuſtration : 
Ler there be propoſed theſe ſix continual 
Proportionals in Numbers, to wit, ——— 
Then according to the firſt part of the 2 
Propoſition, ———— 
Again, let there be propoſed theſe ſeven 
continual Proportionals, to wit 
Then according to the latter part of the b f 
Propoſition, — — ——— 6 Y 2X 1458 =54 * 54=2916, 
X. It four Quantities be Proportionals, a .b:: c . d. they ſhall be alſo Alternly,and 
Inverſly, and Compoſedly, and Dividedly, and Converlly, Proportionals, viz. 


y 
1 
q 


— . — — 
* — 


— 


2 „ 6 „ 18, 54 , 62, 486 7 
2 * 486 6 * 162 = 18 542972 


2 „ 6 „ 18 „54, 162, 486, 1458 


* 


—— * 22 ——— ws — — —y 
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R000 
Then Alternly, 4 * SE OY he f f D Per 16 Prop. 5 Elem. Eucl. 
And Inverſly, ? = 5 5 Ab Per Cor. of Prop. 4. Elem, 5 
And Compoſedly, 4 «+ : : 6; 7 Per 18 Prop. 5. Elem. 
And Dividedly, 2 . : El The © : 3 Per 17 Prop. 5. Elem. 
And Converſly, 1 IT 1 1 3 * Per Cor. of Prop. 19 Elem. 5. 


But 
4 
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But that the Learner may the better perceive the Meaning and Uſe of theſe Ways of 
arguing about Proportionals, I ſhall apply ſome of them to the Reſolution of this 
ollowing NEG 4 


QUEST. 


The Difference („v) between the greater Extream and Mean of three Quantities con- 
tinually Proportional being given, as alſo the Difference (t) between the Mean and 
the lefler Extream, to find the Proportionals ; but the firſt Difference muſt be greater 
than the latter | 


RESOLUTION. 


1. For the mean Proportional ſought put . 
2. To which adding the given Difference () the Sum is +19 
the greater Extreme, to wit, | 
3. But if from the Mean (a) the given Difference. (c) be 5 
ſubtracted, the Remainder is the leſſer Extreme, to wit, 
4. Then (according to the Queſtion theſe three 4 
a+b,a, and a—c muſt be in continual Proportion, viz. 


5. Therefore by Diviſion of Reaſo- ³ĩ ĩĩéx7ĩr ]7I«k“ 56.8a::c, a—c 
6. And alternately (or by Permutation) — . e114 e 
7. And by Diviſion ot Reaſon — — bb_.c::c . ac 
8. Wherefore by Converſion of Reaſon — „e. ::. 
Which laſt Analogy if it be expreſs'd by Words gives this 
CANON. 


As the Difference between the two given Differences is to either of them, ſo is the 
other to the Mean Proportional ſought. | 

Therefore if 36 = b, and 12 c, the Canon will diſcover 18 for the Mean Propor- 
tional ſought, (to wit, @ in the Reſolution) which increaſed with 36, and leſſened by 
12, gives 54 and 6 for the Extreams. Therefore the three Proportionals ſought are 
manifeſtly 54, 18, and 6. ' 1 

Note. It the Analogy in the fourth ſtep of the Reſolution be converted into an Equa- 
tion, by comparing the Product made by the mutual Multiplication ot the Extreams 
to the Product of the Means, that Equation after due Reduction will give the ſame 
Canon as above; ſo that the Argumentation in the four laſt ſteps of the Reſolution is 
not of Neceſſity, but only ro ſhew how without the help of any Equation the Num- 
ber ſought may ſometimes be made the fourth Term of an Analogy, whoſe three firſt 
Terms are known, whence by the Rule of Three the Number ſought is alſo known, 
Which ways of inferring one Analogy out of another are more proper when the Na- 
ture of a Queſtion will admit the ſame, then the common way of proceeding by Equa- 
tions, eſpecially in the Reſolution of Geometrical Problems, where every ſtep ought 
to be expreſs d in the moſt {imple Terms, to the end the Compoſition of the Problem 
may the more eaſily be formed by the ſteps of the Reſolution ; but in a retrograde or 
backwardOrder, as I ſhall hereafrer ſhew in the fourth Book of my A/gebraical Elements. 

XI. It Proportionals be multiplied or divided by Proportionals, the Products alſo 
or Quotients ſhall be Proportionals; as, = 

If theſe four Proportional — ES #33 I 

oY 8 4 


to wit, — ho = 


be multiplied by. theſe four Sudan] C 2 
onal Numbers, — nl bs. PE, : 
there will be produced theſe four Pro-] ad . /:: gad - cgbj 


portional Numbers, ro wit — s 2X5 - 4X6 :: 3X7X2X5 « 3XTX4x6 
whanay the o_ Parr of the Propoſition is manifeſt. 
And if theſe four Proportional Num- . 05 
bers, to wit ad . of TE gad - of 
be divided by theſe four Proportionals, 
to wit — 3 
the Quotients will be theſe four Pro- 
portionals, to wit — 
whereby the latter part of the Propoſitionis manifeſt. 


1 | Hence 


8 ca „ch. 


F ˙²˙ . ˙ ee 
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Hence it may eaſily be proved, that the Squares Cubes, fourth Powers, fifth Pow- 
ers, Cc. of Proportional Numbers ſhall be alfo Proportionals; as, | 
— rr N een — — 2 : ca - > 
Then their Squares alſoſhall be proportional, e. u . bb :: ctaa , bt * 
And the Cubes of the firſt tour Proportionals | 1 ©. wa 
ſhall alſo be proportionals, vx. De > aan . ii :: creaaa . cecbbb 
And ſo of higher Powers 3 rt s | 


XII. In every Series or Rank of Quantities continually proportional, all the mean 
Terms between the firſt and the lat are both Antecedents and Conſequents of Rea- | 


ſons; as | 
It— —— ; * 
That is —— 4. :: l. c:: d:: 4. e:: e. 7 PEE + | 
t the laſt (7) is a Antecedent of a Reaſon, ard 


It is evident that every Term excep 
eyery Term except che firſt (a) is a Conſequent ; wherefote if ( be put for the Sum 
of all the Terms in the Series, then 5—f ſhall be the Sum of all the Antecedents, and 

a the Sum of opp, V e, | 

From the premiſles (per 12 Prop. 5. Elem. Encl. Bott : 
this Analogy ariſes, viz. $22 —— a.b:: 4 

Whence by comparing the Product of the Ex- 
tremes to the Product of the Means 

Therefore by due Tranſpofition in that Equa- * 
tion when b is greater than a —- . 


And by dividing each part of the — bf —., 


aa =I, 


bf —aa=bs—as 


by 6—a there ariſes — — n 2 
a 1 5 14 5 aa—bf 
But if a exceed 6, then there will ariſ — — 


Which two laſt Equations give a Canon to find the Sum of all the Terms of a Geo- 

metrical Progreſſion, the firſt, ſecond, and laſt Term being ſeverally given. 
bp Det; re | 

Divide the Difference between the Square of the firſt Term, and the Product made 

by the Multiplication of the ſecond Term into the laſt, by the Difference of the firſt 

and ſecond Terms, fq the Quotient ſhall be the Sum of all the Terms of the Geome- 


trical Progreſſion propoſed. 
os, E xamples in Numbers. 5 
Let the Values of theſe ———— „„ 7 BY 3 EP IOI8 3 —— 
be expreſs d by theſe Numbers 32 „ 48 , 72 „ 108, 162, 243 
Then by the Canon — 7 e — 665 the Sum of all. 
3 


But if the Values of the {ame Pro- Woe * | 
portionals - 7 3 b „„ „ d, 5 == 
be expoundedby theſe Numbers is —— 243 » 162 , 108, 72 , 48, 32 = 

x. 4%; V4 4 W f 4 — | | "m a 
Then by the Canon Y —> _ f = 665.the Sum of all. | 

XIII. If what has been ſaid in the eighth Sec. of this Chap. be compared with the 
Table in Se. 4. Chap. 1. of this Book, it will be manifeſt, that if we caſt away the 
Numhers ot Multitude which are prefix d to all the mean Terms or Members belonging 
to any Compound Power produced from a Binomial Root, ſuppoſe from a Ce, then all 
the Members or {imple Quantities whereof the ſaid Compound Power is compoſed, are 
in continual Proportion. As for Example: The Members whereof the Square of à |e 
is compoſed are aa, 2ae, and ee; now if 2 which is prefix d to ae ve caſt away, then aa, 
8 2 7 are continual Proportionals, (as is evident by the preceding eight Sec. of 

Is Chap - #. | ; | : 
Again, it appears by the ſaid Table, that the Members whercof the Cube of a Ee 
is compoſed are aaa, 3aae, z ace, and eee; here if 3 and 3 which are prefix'd to the 

mean Terms be caſt away, then theſe four Quantities aaa, aae, ace, and eee will be in 
Continual Proportion. | | | | 3 
8 1 Lain Bs Y Like 
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Likewiſe, foraſmuch- as the fourth Power of ae is compoſed of theſe Members, 
aaaa, 4aane, Gaare, 4aeee, and eces; by caſting away the Numbers ot Multitude 4, 6, 
and 4, theſe five Quantities aaaa, aaae, aaee, aeee, and eeee, ſhall be continual Propor- 
tionals. And ſo of higher Powers infinitely. 


2 | 7 
XIV. Foraſmuch as by the laſt preceding Sect. 7 | 1 
theſe Quantities are in continual proportion to wit, . 
Therefore their ſquate Roots alſo ſha!l be in mos. | * # 
nual proportion, (per 22 Prop 6. Elem. Euci) to wit,F , E. 
Hence if a Mean Proportional between any two given Numbers à and e be deſired, 
it ſhall be Vae; as if a=12 and e=3, then ae=36, and Vae or 4/36, that is, 6, is a 
mean Proportional between 12 and 33 for as 12 is to 6, ſo is 6 to 3. | 
Again, foraſmuch as theſe Quantities are in, 
* N 8 w it = or reg ; 
Therefore their Cubic Roots alſo ſhall becontinual} * 5 CRE 
Proportionals, (per 37 Prop 11. Elem. Eucl) to wit, a, V(3)aze; (3 Jare, "I 
Hence it two Mean Proportionals between ary two given Numbers ( a the 
greater and e the leſſer) be deſired, then / (3) aae ſhall be the greater Mean, and 
(3) aee tle leſſer; as if a=54 and e=2, then aae=5 8332, and y/(3)aae=y(3)5832; 
therefore 4(3) 5832, that is, 18 is the greater Mean ſought ; alſo ace: 216, and 
therefore „(30 216, that is, 6 is the leſſer Mean: lo that 18 and 6 are the two deſired 
Mean proportioca!s between 54and 2 for 54, 18, 6, and 2, are in continual pro- 
ortion. But when one Mean next to either of the Extremes is found out, the other 
ean may be found out by Sect. 5, of this Chap. without extracting any Root. 
After the ſame manner by the help of the ſaid Table in Se. 4. Chap. 1. of this Book, 
continued to higher Powers if need be, you may find out as many mean Proportional 
Numbers as ſhall be deſired between any two given Numbers. As, if you would find 
five mean Proportional Numbers between 1458 and (or a) and 2 (or e;) look into the 
ſaid Table for-the ſixth Power, (to wit, a Power whoſe Index excceds by Unity the 
Number of Means ſought ) and you will find aaaaaa, Gaaaaae, 154anagee, 20aaaee, 
15aaeeee, Garcere, and eceeee ; then caſting away 6, 15, 20, 15, and 6, which are pre- 
fix d to the Mean Terms, and extract y(6) out of every one of thoſe ſix Terms after 
the ſaid Numbers prefix'd are caſt away, there will ariſe a, /(6) aaaaae, y (6) aaaeee 
e) aaaeee, (6) aareee, Y (6) aeree, and e ©; now to findithe five mean proportional 
Numbers anſwering to thoſe five proportional Roots expreſs d by Letters which fall 
between a and e, it will be convenient to find the ſmallelt Mean firſt, vi. foraſmuch 
as a was put for 1458, and e for 2; therefore geeeze = 46656, and y (6) aeecee = 
„(s) 46656, that is, 6 ſhall be the leaſt Mean ſought : then 2 being the firſt propor- 
tional, or leſſer Extreme, and 6 the ſecond, the third will (by Sf, 5. of this Chap.) be 
found 18, the fourth 54, the fifth 162, the ſixth 486, aud the ſeventh, to wit, the 
greater Extreme, was firſt given 1458: ſo that between 2 and 1458 five mean propor- 
tionals are found out, as was defired ; and the ſeven continual propotionals are theſe 
to wit, 2, 6, 18, 54, 162, 486, and 1458. , 
Many other admirable Properties adherent. to Numbers in Geometrical Proportion, 
continued, are deducible from the ſaid Table of P6wers in SeFF. 4. Chap. 1. of this 
Book, as will partly appear, by the Theorems in the following ſixth Chapter, which 1- 


aaa, aae', ace, eee -*. 


* * 


find diſperſed in ſeveral Algebratcal Treatiſes. 


CHAP. 6. Theorems concerning, &c. 


—— 


CHAP. VI. 


Various Theorems about Quantities in Continual. Proportion. 


Theorem 1. 


F three Numbers be Proportionals, the Solid Number made by the continual Mul- 
tiplication of all the three is equal to the Cube of the Mean. | 
Let three Proportionals be expoſed in Integers ac-y aa , ae , ee 
cording to Sect. 8. or 13.) of the preceding Chap. * 956 „4 = 
Thence it is evident, that aaaete, the Product made by the Multiplication of all the 
three Proportionals one into another, is equal to the Cube of the Mean ae, as is 
affirmed by the Theorem, | 


5 Theorem 2. . | 
If three Numbers be Proportionals, the Product made by the Multiplication of 


the Square of the firſt by the third, is equal to the Product of the Square of the ſe- 
cond by the firſt. +; | 


As in theſe three, — 9 —— 1 7 = 5 1 * 
| 3 3 LY ein 
It is evident that aaa axee aα,e aa=aaaace, 0 


1 Theorem 3+ 
If three Numbers be Proportionals, the Square of the Sum of the Extremes is equal 


to both the Squares of the Extremes, together with twice the Square of the Mean. 
As in theſe three, HH aa, 5 , 0 = 


| 9 
The Square of aa Cee is gaaaÞ>2acee-erre, which is manifeſtly equal to the 
Squares of aa and ee, together with twice the Square of ae. 


— * 


Theorem 4 


It three Numbers be Proportionals, the Product of the leſſer Extreme multiplied 


by the Difference of the Extremes, is equal to the Difference of the Squares of th 
Mean and leſſer Extreme, 9 | Squ | res o | the 


As in theſe three. ·ͤ⁊̃w·W aa , ae , ee 


N | g 956542 
It is evident that eexaa—ee=Zanre—ecce - 


50 0 Theorem 5. ä 
If three Numbers be Proportionals, the Product of the greater Extreme multiplied 
by the Difference of the Extremes, is equal to the Difference of the Squares of the 
greater Extreme and the Mean. * 


As in theſe three. —1 aa , ae , ce = 
* 


It is evident that aaa - ee gd. aaee. 


| Theorem 6. 


If three Numbers be Proportionals, the Difference of the Squares of the Extremes 
is equal to the Square of the Difference of the Extremes, together with twice the 
Differeace of the Squares of the Mean and leſſer Extreme. 


As in theſe three. 7 , 7 ee 2 
1. The Difference of the Squares of the Extremes is ane 1 
2. The ſquare of aa— ee (the Difference of the 
Extremes) is bs ke: a1 * adaa — a aaee -P eee 


3 The double of the Difference of the Squares 


of the Mean and leſſer Extreme is >————— Taaaee—acete 
| Now the Sum of the two latter of thoſe three Quantities is manifeſtly equal to the 
fir, as the Theorem affirms: ö 2 Theorem 


$ 
. 


\ LN 
. . "wv 4 
* \ \ 
7 64.24 _——_ * 
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Theorem 7. , 
If three Numbers be Proportionals, the Difference of the Squares of the greater 
Extreme, and the Mean is equal to the Square of the Difference of the Extremes, 
and to the Difference of the Squares of the Mean and the leſſer Extreme. 
Te 2 „„ 
As in theſe three, - — wi p04 
1. The Difference of the Squares of the greater 2 
Extreme and the Mean che Din — f 
2. The ſquare of aa—ee (the Difference of the __ 
Extremes) is FS aaaa—2aater- eee 
3. The Difference of the Squares of the Mean and 
leſſer Extreme 1s =——— — — 1 
Now the Sum of the two latter of thoſe three Quantities is maniteſtly equal to the 
firſt, as the Theorem affirms. Ker 


* aaaa—aaee 


* 


Taaee — eee 


Theorem 8. 


If three Numbers be Proportionals, then as the firſt is to the third, ſo is the Square 
of the firſt to the Square ot the ſecond ; and ſo is the Square of the ſecond to the 
Square of the third. wt, 


As in theſe three, * hates 1 aa , at , ee 


1. It is evident that — — — aa. ee: : aa. ee 

2. Therefore by drawing aa as a common Factor 3 | 
into the two latter Terms of that Analogy, this 5 aa ; ee ©: aaad aa ese 
ariſes - — — — EY 

3. And by drawing ee as a common Factor into 3 OT” | 
the two latter Terms of the firſt Analogy, this © aa . ce :: ance . teee 
ariſes, — — —— - | : 
By which two laſt Analogies the truth of the Theorem is manifeſt, 


* 


— un 


B 


a 13 Theorem 9. Te ts : 

If three Numbers be Proportionals, then as the firſt is to the ſecond, {or as the ſe⸗ 

cond is to the third) ſo is the Difference of the firſt and ſecond, to the Difference of 
the ſecond and third. = 3 


As in theſe three. — — aa, de, ee. 


„ 
| x. It is cvident (as before hath been ſhewn in — wo 
' rem 4) os - e ata "© EeXna—ee=agee—eecece 
2. And by Multiplication it will appear that aeÞeexae—te= | 
3. Therefore from the two laſt Equations . Leæxae — ee = aaee—ecee ; 
1 Ax. 1 Elem. Eucl.) 5 ee xaa - ee ae Ceed ee 


4. Therefore by reſolving the laſt Equation 

Proportionals, | —— 

5. Therefore by Diviſion of Reaſon 
Which was to be demonſtrated. 


* — 


* K 


into — : 
Faa—ee .at—e: : aeþee ee 
aa—ae . ae — e:: „ee 


Theorem 10. 


It four Numbers be continually proportional, the Sum of the Means is a mean Pro- 
portional between the ſum of the firſt and ſecond, and the ſum of the third and fourth. 
Let four continual Proportionals be expos'd in Q aaa, dae, ace, eee *- 
Integers, to wit, — — 85M 2 
Ihen according to the import of the Theorem, it muſt be proved that theſe three 
Quantities are Proportionals, viz. 2 4 
aaa Tae. ade Face. ace} eee = 

But that they are Propertionals it will be evident by Multiplication, for the Pro- 


duct of the Extremes is equal to the Square of the Mean: therefore the Truth of the 
Theorem is manifeſt. * 
| } 
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Theorem 11. 
If four Numbers be continual Proportionals, the Sum of all is to the Sum of the 
Means, as the Sum of the firſt and third to the ſecond. 


: g ee; e 
As in theſe four. B- ̃ð⅕ - 7＋ 8 er a 
1. The Sum of all four is — daa Tae Tace.-Tece 
2: The Sum of the Mean is ——— — Tac Nee ; 
3. The Sum of the firſt and third iS———— aaa Lace 8 — 
4. And the ſecond is — — —aae | 


I ſay, thoſe four Quantities are Propoitionals in ſuch order as 2 7 are above writ- 
ten ; for it will appear by Mul: iplication, that the Product of the Extremes is equal 
to the product of the Means: therefore the Theorem is manifeſt. & 


Theorem 12. 


If four Numbers be in continual Proportion, the Sum of all is to the Sum of the 
Means, as the Sum of the Squares of the Means is to the Product of the Means of 
Extremes. | mn. 


As in theſe four ———— 4 65 f I * a ng 75 | 
1. The Sum of all is —— —— +a +63 - 
2. The Sum of the Mean is — — Tee“ 5 

3. The Sum of the Squares of the Means is ·——— 4e +4 

4. The Product of the Means or Extremes is — — ＋ 3e 


I ſay, thoſe four Quantities are Pro portionals, in {uch order as they are above writ- 
ten; for it will appear by Multiplication, that the Product of the Extremes is equal 
to the Produtt of the Means: therefore the Theorem is manifeſt. ; 


| Theorem 13, | 
If four Numbers be continual Proportionals, the Sum of the Squares of the Mean 


is a Mean Proportional between the Sum of the Squares of the firſt and ſecond, and 
the Sum of the Squares of the third and fourth. 


unn d.... 7 4 70 : a : ces =! 
x. The Sum of the Squares of the firſt and ſecond Is 4 + ates © OO 


2, The Sum of the Squares of tht Means is ———— . ae! 


3- The Sum of the Squares of the third and fourth is a*c*+e* 
I fay, thoſe three Quantities are Proportiorals in ſuch order as they ate above writ. 


ten; for it will appear by Multiplication that the Square of the Mean (or ſecond Quan. 
tity) is equal to the Product of the Extremes: therefore the Theorem is manifeſt, 


| | Theorem 14. 
If four Numbers be continual Proportionals the Square of the Sum of the Means 


is equal to the Square of their Difference, together with four times the Product of 
the Extremes or Means. 5 | 


ua —— — Ne, ae, ace, eve. 
| 8 3 + 3 2 I I *. 
1. * Square of a*e-+-ae* (the Sum of the Means) is 4% C246 +4* 4 
2. The Square of a*e—ae* (the Difference of the 7 a e 246 Le 


Means is ——— —ñ—4ä— . 
. Th d | | 
3. The Quadruple of the Product of the Extremes A 44e 


„ 


Means is 


Now it is evident that the firſt of thoſe three Quantities is equal to the Sum of the 
ſecond and third : therefore the Theorem is maniteſt. 


| | Theorem 


ä ——-ꝛꝝ —ẽʃ⸗ — —— — a 5 — ——, 
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Theorem 15. 


If four Numbers be continual Propatt ĩonals, the Sum of their Squares ſhall be to 
the Sum of the Produdts of the firſt into the ſecond, and the third into the fourth: 
as the Sum of all the four Proportionals to the Sum of the Means, | an z 
As in theſe four. — 3 e — 
* c | ooo 05 © wa * 5 4 N 1 — 
1. The Sum of the Squares of the four Proportionals is a*® +a*e* t e 
2: The Sum of the ProduQts of the fitſt into the ſecond, . 1 
and the third into the fourth is . 1 
3. The Sum of all the four Proportionals is ——— 4 ae ae 
4. The Sum of the Means is ͤͥuu — tba"... 
I fay, thoſe four Quantities are Proportionals in ſuch order as they are above ſeated, 
for it will appear by. Multiplication, that the Preduct of the Extremes is equal tio 
the Product of the Means. Therefore the Theorem is manifeſt. g 


Theorem 16. 

If. from the Square of che Sum of four Numbers in continual Proportion the Sum of 
their Squares be ſubtracted, and from half the Remainder there be alſo ſubtraQted the 
Square of the Sum of the two Means, this latter Remainder ſhall be the Sum of the 
Produtts of the firft Proportional into the ſecond, and of the third into the fourth, 
and ſhall be to the Sum of the Squares of thoſe four Proportionals, as the Sum of the 
two Means is to the Sum of all the Proportionals. | | . 

As in theſe four — — or” 2 4 2 wh 3 77 FP 

1. The Square of the Sum of the four Proportionals will by Multiplication be found 

| a5 4-245 ,-, +40% 3a ae es. 

2. The Sum of the Squares of the four Proportionals is 8 

| | as a*e* +4? 04 þ $29 +26. 
3. Which Sum of the Squares being ſubtracted from the ſaid Square of the Sum, 
the half of the Remainder will be 
| | I- -TLza e þ afet batt 
4. The Square of the Sum of the two Means, to wit, of a*e-þae* is 
e- 20? 0 buf 7, 

5. Which laſt mentioned Square being ſubtracted from the half Remainder in the 
third ſtep, there will remain the Sum of the Products of the firſt Proportional into 
the ſecond, and of the third into the n 

1 48e | 

6. Now according to the . and meaning of the Theorem it remains to prove, 
that the Remainder in the laſt Rep is to the Sum of the Squares in the ſecond ſtep, 
as the Sum of the two Mean Proportionals is to the Sum of all four, viz. that 

| * Te, bee! | 
Theſe four Quantities are Froportionals, i 8 8 . 
; , > +2 Tae Laer e. | 

7. But that they are Proportionals will be evident by Multiplication ; for the Pro- 

duct of the Extremes is equal to the Product of the Means, each Product being 
eta" batt Talea Tac area. 
Therefore the Theorem is manifeſt. 


Theorem 17. b 5 , 


If four Numbers be continual Proportionals, the Sum of all their Squares ſhall be to 
the Sum of the Squares of the Means, as the Sum of the Produfts of the firſt into the 
ſecond, and the third into the fourth, to the Product of the Means or Extremes, 

This is inferr'd from Theorem 12. and 15. by exchange of equal Reaſons. 


— 


e Theorem 18. 
If four Numbers be Continual Proportionals, the Sum of the Squares of the Extremes 
ſhall be to the Sum of the Squares of rea Means; as the Exceſs whereby the Sum of 
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the Products of the firſt into the ſecond, and third into the fourth, exceeds the Pro- 
duct of the Means, is to the Product of the Means or Extremes, | 
This is inferr'd from Theorem 17. by Diviſion of Reaſon. ; 


. 


Theorem 1 9. 


If four Numbers be continual Proportionals; the Sum of the firſt and third ſhall 
be to the ſecond ; as the Sum of the Squares of the Means is to the Product of the 
Means or Extremes. 8 

This is deduced from Theorem 11. and 12. by exchange of equal Reaſons, 


Theorem 20% 5 


It four Numbers be continual Proportionals, the Sum of all the Squares ſhall be 
to the Sum of the Products of the firſt into the ſecond, and the third into the fourth; 
as the Sum of the firſt and third is to the ſecond. | 

This is deduced from Theorem 17. and 19, by exchange of equal Reaſons, 


Theorem 21. © 


If four Numbers be continual Proportionals, the Sum of the Cubes of the Means is 
equal to the Product made by the Multiplication of the Sum ot the Extremes into the 
Product of the Means or Extremes. | 

As in theſe four — — 7 7 * == 

1. The Sum of the Cube of the Means is ate La 
2: The um of the Extremes is 
3. The Product of the Means or Extremes is— ae 


Now it is evident, that the firſt of thoſe three Quantities is equal to the product | 
of the ſecond Quantity multiplied by the third, as affirmed by the Theorem, 


Theorem 22. 


It four Numbers be continual Proportionals, the Cube of the Sum of the Extremes 
is equal to the Cubes of the Extremes, together with the triple Sum of the Cubes of 
the Means. 


As in theſe fou — —— 1 : = i gry l 2 = 
3 3 | 7 Z q 3 > 7 2 
: * ebb EEE 4 Tza be 34 e he? 
2. The Cubes of the Extremes i 42 Pe“ 


3. The triple Sum of the Cubes of the Means is 3a e -F za e 


Nov it is manifeſt, that the firſt of thoſe three Quantities is equal to the Sum of 
the other two, as the Theorem affirms. * 


Theorem 23. 


| If four Numbers be continual Proportionals, the Difference of the Cubes of the 
Extremes is equal to the triple of the Difference of the Cubes of the Means, together 
with the Cube of the Difference of the Extremes, 


As in theſe. four... ZZ , a, are , % . 
4 T 2 | . 8 , 4 5 hy C , * 
1. The Difference of the Cubes of the Extremes is a? —e? 
2. The triple of the Difference of the Cubes of 


the Means i 28 zabe —3a'e* 
3. Th 3 : 1 
3 wi el TREO a 282 . Difference af tet. FO a 430% —e? 


Now it is manifeſt, that the firſt of thoſe three Quantities is equal to the Sum of 
e other two; which was to be proved. Theo a. 
| | rem 


th 


, 


- 
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Theorem 24. 


If four Numbers be continual Proportionals, the Cube of the Sum of the firſt and 
ſecond is equal to the Product made by the Multiplication of the Square of the firſt by 
the Aggregate of the Sum of the Extremes and the triple Sum of the Means. 
aaa, aae , ace, cee 


As in theſe four . $ Po. FEES 
1. The Cube of the Sum of the firſt and ſe- f. - „ 


— 


cond, to wit, of a +age is ——— 
2. The Square of on firſt is * 34% 
3. The Aggregate of the Extremes and the 2 I . 4 

ple of the Sum of the Means is —— 1 +e*+3a*eÞ 3ae 


Now it is evident that *the firſt of thoſe three Quantities is equal to the Produc 
made by the Multiplication of the third by the ſecond ; which was to be proved, 


Theorem 25. TY 


It four Numbers be continual Proportionals, the Cube of the Sum of the Means is 

equal to the Product made by the Multiplication of the Produ& of the Extremes or 

cans into the Aggregate of the Extremes and the triple Sum of the Means, 
aaa, aae , ace, ee = 
. 
Tis Gb oe Sm of the Mens cn ei $996 af 
2. The Product of wat 22 or Means is— ae 

. The Aggregate of the Extremes and the tri-, 
K ple Sum of the Means is — & Te. T3 lte 3 


As in theſe four —— * 


Now it is evident that the firſt of thoſe three Quantities is equal to the. Product of 
the two latter; which was to be proved - 
Theorem 26. 


It four Numbers be continual Proportionals, the Product made by the Multiplica- ; 
tion of the Sum of the Extremes by the Sum of the Squares of the Extremes, is equal 
to the Cubes of the tour Proportionals. | ts 


As in theſe four, — =— ——— 


L aaa, aae , ace, eee :: 
PE | : 6 „ 45 2% 1 2 
1. The Sum of the Extremes is — — «* e i 
2. The Sum of the Squares of the Extremes is 7 | | 

3. The Product of theſe two Sums is — 4 Tae ae e“ 

4. The Sum of the Cubes of the four Proportionals à Ta ae e“ 


But the Product in the third ſtep is manifeſtly equal to the Sum in the fourth ; as 
the Theorem affirms, | r | 


Theorem 27. 


If five Numbers be continual Proportionals, the Product of the Mean (or third Pro- 


oa gg ) into the Sum of the Extremes, is equal to the Squares of the ſecond and 
ourth. 1 


— 


As in theſe ſive 2 Y aaaa aaae, aaee, acee, eeee 
: 165, „ 4's 25 2 
1. The Product of the Mean into the Sum of * Cares | 
the Extremes is F 
2. And the Sum of the Squares of the ſecond "RE 
and fourth is alſo ] ————_— — br e Tale 


Therefore the Theorem is manifeſt. 


Theorem 


» 
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1 „ rs Theorem Th 


If five Numbers be continual Propottionals;, the Sum of the TY third; ad glb. 


ſhall be to the third; as the Sum of the Squares of the ſecond, third, and fourth, is 
to the Square of the chird. 


As in theſe five. — * aaaa, aane, ade, atee, eece - 
t. The Sum of the firſt; third, and fiſth is ———— 1 et 1 
2. The third i 7 — 1: 
The Sum of the Squares of the ſecond, third, and . 
2 fourth i L * abe Tate Ta: 65 
4. The Square of the third 1 is —— a'e* 


I fay, thoſe four Quantities are Proportionals, in ſuch order as they are abohe 
ſeated ; for it will appear by Multiplication, that the Product of the Extremes is equal 


to the Product of the Means; each Product being a eat“ Ea! e* : Therefore the 
Theorem i is manifeſt, 


Theorem 29, 


It five Numbers be continually proportionals, the Sum of the Extremes more b the 
double of the Mean, the Sum ſof the ſecond and fourth, and the Meas. are A che 
tinual Proportionals. | x 


As in theſe five, —= — — 1 1 K _ aaee, ace, ecee 
1. The Sum of the Extremes more by the double of 7 1. 
the Mean is . Te +24? 27 
2. The Sum of the ſecond and fourth is . 
The Mean is - nnn in PIPER Lean 44+ 4 


1 ſay. thoſe three Quantities are Proportionals ; fot᷑ it will be * b M "e li- 
cation that the Product of the firſt and thicd i is equal to the Square of ol = 
therefore the Theorem is manifeſt, 4 + 1, 51 oO 


' Theorem 30. | 187 £3 on , | L 


If five Numbers be continual Proportionals, the Sum of the Extremes is to the 


Mean ; as ihe Difference of the Squares of the Extremes, to the Diff 
Squares of the ſecond and n : erence of the 


As in theſe five, — ton | aaaa, aaae, ante, ace, cece 
—— 2 0 ** STIL. a 16 8 2 1 
1. The Sum of the Extremes iF... 447 * + > . 
2. The Means 1—— ——ůůů — 2 „: | 22720 


The Difference of the Squares of the Extremes i is Be F foidw r 
4. The Difference of the-Squares. of the ſecond: and? _ , 2, 
* Cots | IS 4% a —ae 


I fay, thoſe four Q Oct ntities are Proportionals i in in ſuch Order as the es a 45 
ced; for it will be e den by Multiplication, that the Product of 42 
qual to the Product an the ee each Froduẽt being a'*e!—a*+'* : therefore the 
Theorem is manifeſt. t | 


w * 
— 4 — 


ot 
£ 


ay Theojent 1. 


If five 8 be continual Proportionals, the Sum of the Squares of the ſecond 


and fourth ſhali be to the Square of the Mean; as the Difference of the R : 
Extremes to the Difference of the Squares of the ſecond and fourth. 1 8 * 


As in theſe five, — — tm? = 1 1 aaee, aeee, eee 
1. The Sum of the Squares of the ſecond and fourth i 1 ef hae” 225 EA ic * 
2. The Square of the Mean is — — + af 14 e nöd 68 
3. The Difference of the Squares of the Dee is "a" cs di der 
4. The Difference of the Squares of the ſecond and? 611 1 $10I9i; 
fourth i 54 —— — —— — 7 ae ae «fl; 101 
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I ſay, thoſe four Quantities are Proportionals in ſuch order as they are above ſeat- 
ed; for it will be evident by Multiplication, that the Product of the Extremes is e- 
qual to the ProduR of the Means; therefore the Theorem is mani feſt. 


Theorem 32. 


If five Numbers be continual Proportionals, the Sum of the Extremesſhall be to the 
Mean, as the Sum of the Squares of the ſecond and fourth is to theSquare of the Mean. 
This is evident from the two laſt preceding Theorems by exchange of equal Reaſons, 


Theorem 33 · 


if five Numbers be continual Proportionals, the Sum of the Squares of the ſecond 
and fourth ſhall be equal to the ProduCt made by the Multiplicauon of the third into 
the Sum of the firſt and fifth, 
442 , aaae , aaee , acee , eeee 


As in theſe five, . YE 7% 1 OT th 41 5 42-+ 2 
5 2 2 


1. The Sum of the Squares of the ſecond and fourth is 4a%e* e 

2. The Mean or third is — - * * 

3. The Sum of the firſt and fifth is —ů— e! | 
But the Product of the ſecond and third of choſe three Quantities above written is 

equal to the firſt ; therefore the Theorem is mani feſt. 


= — 


— 


CHAP. VIL 


Queſtions about Quantities in Continual Proportion reſolved by 
Literal Algebra. 


QUEST. 1. 
HE Sum (Y) of three Proportional Quantities being given, as alſo (c) the Sum 
[ of their Squares, to find the Proportionals | 
RESOLUTION. 


1. For the Mean Proportional ſought put ——————— Z 
2, Then 8 the ſaid Mean from 05 the given Sum 
of all the three Proportionals, there will remain the Sump 5—4 


of the Extremes, to wit, — . — 
3- Therefore the Square of the Sum of the Extremes is —— bb—2ba+as 
4 From which Square if there be ſubtracted the double of | 
the Square of the Mean, to wit. * 244 
5. There will remain (as is manifeſt by Ih. 3. of the preceding 1 
Chap. 6.) the Sum of the Squares of the Extremes, to wit, n 
6. To which Sum of the Squares of the Extremes if you add a 
(aa) the Square of the Mean, the ggregate ſhall be cheSum | bb—2ba 
9 r. _— IG 17 l Doght to wit, 2 
: ich Sum in the laſt ſtep muſt be equal to (c) the given 
g Sum of the Squates; hence this 22 22 — N 


8. Which Equation after due Reduftion 8e 2 
And the laſt Equation in Words is this * 


From the Square of the given Sum of the three Proportionals ſought ſubtract the 
given Sum of their Squares; then divide the Remainder by the double of the Sum of 
the three Proportionals, and the Quotient is the mean Proportional. | 

Therefore if 14 be given for the Sum of the three Numbers in continual Proportion, 
and 84 for the Sum of the Squares, the mean Proportional will be found 4 by the 
ſaid Canom Then the Mean being given 1 as alſo 10 the Sum of the Extremes, ye 

X- 


- — —— 
( P — 


eee Cutie! Frapeftiniali, 


— 


Eperemes: 2 be ſound 2 and 8, (by the Canon e e 16. of my Fi * 
Book of Algefraical Elemoutty) ES \erefofe the chree Pro ionkls ſous Tr are 2, 4, 
and 8. { wank * Geass 7417 HH n E 925 Cal! : 4 
IN 2 r e ee 1 py 
wa Cermak eb tee e 51 


5 1 2 UE l 125;) 593 Lui! 5 r 0 109 i] 


The Sum 35 of three pr rtional Quantities being Fl Iven, as atlo 
the Squares £ the three proper find the Proportionals-, rk fg Ot $im of 


id. 


RESOLUTI10N: epd Haid 
1. For the mean Proportional ſought pu Ner- 55 scar el co. 
2 Then ſubtracting the ſaid Mean ng l the given, Sum op en: db 
of all the; three Propoxtionals, there will æemain the dum . Nic B 200 
g of the Extremes, to wie,. Tren. n ed 987 


Therefore the Squate ot the Sum of the Extremes i . 44 
5 From which Square if you ſubtract the double of the FEY : 50 bas yr 


p 89 uare-of the Mean, to it. + N. 290 505 ir 
There will remain (as is manifeſt by the third Theorem | "IM 2: 


* ther preceding ſixth. Ch˙ the Junyot the Squares} af > 120 
the Excttenies, to wit reger Ari fo mu@ edi i 
6. Which Sum of the Squares of the Extræmes muſ be equal N 7 pres 4/77 
to the given Sum (c,) hence this De vx. — 7 75 2b@&=aa=c' 

. From which Rare Fog 1 Reductiod this wi ariſe ru 

2 Therefore by reſolving the Equayip accorging tg, (i am 

- Thorpe» 20 Set. 6. Chap. 1. of Fial Boch Ts 5 — 5 1.231: 
gebraical 2 ) the Vale of (a Fi mean OLED Vfrablepc: ee 416 


tional will be made known, vis. EITFUITELT neo M bat omags; 
Which laſt Equation ip Word Lis this.“ q 18990t Iimotnogert S 21120 art 3 7 


q \ £32ut01Cl AN ON: ev ig 21 % L i 0133; foi. * e 
From the double of 3 of t- giyen Sum of all the three Pros 
ſought ſubtract mae of te Squat᷑es of the Extremes; chen ſtom the Square 
Root of the Remainder ſubtfact the Sum of the three Proportionals, ſo ſhall this laſt 
Remainder be. the Mean Proportional ſogittt 1 „ fr mort gre ty 
Therefore if 14 be given for the Sum ob the threeContiniialPropoltionals; and 68 for 
the Sum of the Squares of the Extremes] thie mean/Proportional will be found 4 by the 
ſaid Canon: Then the Mean being given 4, as alſo 30 the Sum of the'Extremes, the 
Extremes will be found 2 and 8, (by the Canon of Queſt. 4 Chap. 15. of my Firſt Book 
of Algebraical Elements ) and therefore the three amen ſought are 2, 8, and 4. 


: 97 [IT ö A 


911 rad ©7117 * 4 ww . 
Tour „ FI ONBUT fic! of” 
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QUEST. z. 


"The Difference 0 ) of the Extremes of three Pro pottional Quantixies being given} as 
alſo (c) the Sum of the Squares of the chreePro porta; to fih YhoProportionals. 
1? «> bn eie RESO LAT O09 205 ovig Min ame: Dy * 


1. For the dun of the Extremes, (to wit, of che fixſ and SA wg 20 dT 
third Proportionals ſought); put 3 | « * ED UE off 
2 Then foraſmuch as the ;Difference of. the Extremes i is: gin Mee of eme, vol ot; 
ven (b,) and their Sum is aſſumed to be (a, ) therefore m—_ * id 
(by the Theorem in Queſt. 1. Chap 14. of my Firſt Book "ho 2 


-,, of Algebraical 1 N the gem ie kl Extreme ſhall be 


3 ; And,by-.the. ſame Th e leſſer Extreme — eee T 
15 1 ſoduct 5400 by the Mie cation 'of e mei ctr vr non 
N | he. fecond 190 third "Reps will give the Wor EY TIO 


OO — 4 3 nne t 5 IF; 9 2 8 i146 6 80 


* 1 0 


Square of he Mat: to Wit, 
5. And from the ſecond it ſep he Shuaroof the giter Ex- . th 1 TN 4 


treme is 3 i 
A 1 1 


6. And from the third if :pthe San ech of the leger Extreme i 
7. Therefore from thy” Au "fifth, and Uetb ſteß be | FILLS 
three f cee (yn Who! "gel? »d [gill 
2 2 gout 1 ow? vas leger Which 


Sum of the Squa e; 
— — e9160pe ria: 12 220g12RIG 2: 0 


nat "Y 


18 Cn of — 300 Il. 
8. ROE la ſt. 18571 
0 Tk fi . . 99 SE y N . 

Sl — ariſes, to wii ts 


9, Which Equation iter due Redution will give ME "= — 
10. Therefore by extracting the Square Root out &f each; 85 3 


any OE 


- pur.of. the Aaſt, Equation the Sum of the ae Proper: 
_— an ene to Wit. rr 
hich Equation gives this 12 
5 ce 2 
From four times the given Loon of Lof the es of hs three Proportionals fought; 
ſubtrabt the Square of Gs the Extremes ; then the Square Root of 
one third part of that Op ber — Sum of che: —— Proportionals. 
Then half the Sum of the Extremes increaſed with half their Difterence gives the 
pn Extreme, and half che tald Sum leſfened by half the faid Difference leaves the 
eſſer Extreme. __ | Ky: +: 


Laſtly, the Sante; Robr of the rere nde by we wann Molt plication of the \ 
Extreme is the mean Pr. 
Therefore if +6-be hl fore Difference the Exrrvines of three 8 


and 364 for the Sum of the dquares of all rhe three Proportionats, the: owls 
are „ we s, 18 oY 2 2922p Pc. u ere 


O_o . 7 


2M 5 


ON 2⁰ 2.8 K. „ e mois, 1, 


One Saas 9 of thi Proportiondl [Quantities 90 25 fs (ehe 
Sum of che Squates of the 05 Kate and lie Maps 5 Ergen oe ITS 


treme and Mean | 
RE SOLUT10 1 
1. For the extreme Proportional ſought pur: ELSE'S 
2, Which multiplied by the given Extreme (4) produces \' 
the Square of the Mean, to wit ———— ——_—_ . bs 
3: But from the ſiiſt ſtep the Square of dhe exueme eme Fro 
portional ſought is ———— Troy, a 
4: Thereſore from the ſecond and third ſteps the & Sum of "7 
ile Squares of: the to Propercionals ſoyghtis — —— S 44K 4 
5, WhictiSuw' in; the laſh ſtep muſt be equal to () RED, © 


(given in the Qnueſtion ; hence this hn th ariſes, Vis ee 


6 — Equation being reſolved by the Canon in Se, 6, 
1. of my Firſt Book of 4Aleebraical Element «, will 8 T7 * = 
ryan, he extreme Pro rtional ſought, to wii. | 
The laſt Equation in Words is this 
Saum add th * {bal Fh "mn P l 
- To: the given e of the Extreme Proportional given, and out 
of this damn exiraRt che Square Kot 2 ibis Square Root leſſened by half ihe g- 
ven eo will give the other Extreme. 

Therefore if 18 be given for on 2 the Extremes of three Proportionals, and 4 3 for 
the Sum of the Squares of the other two Proportionals, che Canon will diſcover. 2 far 
the Extreme ſought. Laſtly, the Square Root of the Produſt of the Extremes, towit, 
6 is the Mean 54 e three Proportionals are _ 6, and. Sc 1 U 


4 2 5 . 5. 


The Dileadyce:(b) between the Extremes of three proportional Quantities being 
given, as alſo theProportion which theDifference of the Squares of the Extremes has 
10 the SumWfthe Squares, of all the threePraporcionals, lyppoſe the Difference be to 
the Sum as 90 to ( I kind the Proportionals. But LEH "mult e 


n 4 TY ESO UT10 
2. 1 as CT — 
3. Therefore the Difference of the IE 3 555 2 


ſhall be $a ; (dor theProduQ ol Mi cation of th 
*.;Fymopt any two Numbers into their Di erence is equa 


to the CIence of their Squares. . — ——— 


2 8 . cn = 22 —— — 3 —— — oy = — 


D abate Toit Phil 8 7. 


— — — 
—— —EUAU—ũ' po 
i. 


4. Then from. the firlt and ſecond ſieps ( byth 87 5 . 2 EFF} 5 
1 Oueſt. 1. 1 14. of my fiſt 190% of Algebraical, {fp 3 1 1 105 
ments) the A ae Extreme — — . 
5. And (by Theorem) the Nel Extreme ſhall. be eee * tr 
6. # 2 from the fourth ſtep rhe Squaje of the greater 0 dT 
Extreme is —— — — 
And from the fitth ſtep the Square of tbe lefſer Extreme is 440 L4 l. 
8 And becauſe the Product made by the muthaPMultipli- 
cation of the Extremes is equal tothe Square of th > egit a anz 
Mean, therefore the Extremes in the fourth and fifth ſteps. 144-244. & 
- being multiplied one by the other, will give the Square 1 0 »1 
ot rhe Mean, to 7 —nrded droboriogr+ 1 94 ; 
9. Therefore by adding together the Squares in the three, 87 
laſt ſteps, the Sum of the Squares of ilſe three Propor- C 400 CA . 
j tionals hall b — ——— 8 
10, Then according to the Queſtion as #- is 10 c ſo muſtu he — in the chin 
ep de to the Sum in the ninth ſtep; bence this Analogy ariſes, n 
1 22 2 Gen 443 bb > 72 
21. Whence by comparing the Ploduct made by the mutual Mubiplication of the 
Extremes to the Produ of the Means this ** comes forth, vis. 5 


e eee 1011106G07% 9147 4 4 
.; ftion th 24 
13. Fm Gch Equation ale due Redy ion there wil Ante 7 e 


13. Therefore (per Canon in Selk. 10. Chap; 13. Bo 10 the che two Roots orValues of 
a in the laſſ E quation are theſe, 8 a en 
— 2 22 - 27700 the gener — 228 s the leſſer⸗ 
24. But the greater oF thoſe two Values of (a) is the deftred Sum of the One Pro 
tional fought 3 for if we ſhould ſuppaſe the leſſer Value to be the Sum of the 
138 it ought 175 5 b) the —— 32 the Extremes: but from that 
ſu — it will follow that (7) is greater chan (7), and conſequently that the dif 
—— of the Squares of the A. | — the Sum 2 5 all 
the three — which 1 is mpoſſi 1 — hid gd bee. 


6. Then b wulliply Sen TIS 4 
, it follows, milling ew 3 — bk Sos 


17. And by adding /b — 3rybb: bo 


each part in che faxteenth 2 w_ „ee. 
18. And by ſubttaQting 37h from eaeli part 


in the feventeenth ſtep — 2 n Cy; . 


n OE dee, 
And 440 ting 270. is b-pirr iu 
* Mc L ie tarebh C 22 


21. And by adding 127 bo tin 1 
* flep E . > bl wat U- 1 2576b A 
22. And by ſubtracting 45sbb from each? ö . f 


peut in the twenty firſt fe / I 8 k- 12150 
23. Wherefore by dividing each pait in | 8 
the twenty {econd ſtep by 12716 F n by «OG N 67 1 


24, Thus from a ſuppofition that the leſſer Value of (a) in the thirteenth ſtep is greater 
dene the givenDiffcrenge gf theExtremeg, i it followsly juſt nonſequence that(s) is 
eater them : ) which is impcifible; fur in 1cgard the Difference of the Squares of rhe 


is leta than the Sum o abe Squares of ali 3 Fraport ionals, and that aneord 
bead Difference is te the ſaid Sams C tog) therefote 6055 


to the Queſtiont 
1 than ( 5.) And becauſe the ſeries of Infedences drawn from the ſaid 
* an impoſhbiliry, therefore that which Was * cannot be true, via. The leſſer 
| Value 


"97 I Crone af "A 


O OK 14 


Us * 


— —u— — — = — — — — 


value of (a) i> not greater than (b) the siven Difference ot the Extremes, and conſe. 
guently it cannot be equal"r9'the Sum'of'the Ex tees, nich was to be proved. 

But by the like Argumemation it may be proved; 'tnit'the greater Value of 2, ) 
in the thitteeyth ſtep exce2d8"(b) the giyen, Diftrepce'of the Exttemes; and i it 
be ex pre ſsd by Words, N eee on to find our the Sum ofehe 
extreme Proportionals ſought ;avtience by ite help of the given Diff-rence of tue 
Extremes, the Extremes de enn . # 31104 


ner ese nid ad mon Ae 
iq: CAN ON. cu J2uboiÞ od: leurs! þ y 2 
From four times the Square of the latter or greater Term(s) of the given Reaſon 
ſubtraCt thrice rg, | the firſt Term (,) and multiply the Retnainder by the 
Square of the given Difference of the exHeme . Propartionals ſought ; then add the 
Square Root of that Product to the double of the Product made by the Multiplica- 
tion of the latter Term (4) imo the Difference of the Extremes, and di tide the Sum 
of that Addition by the tfiple of the firſt Term (r ;) ſo ſhall the Qubtient be the Sum 
of the Extreme Proportionals. Laſtly, half the Sum of the Exuemesſincteaſed with 
half theit Difference gives the greater. Extreme, but the ſaid half Sum leſſened by che 
ſaid half Difference leaves the leſſer /Exrreme.” dm 7 31 
As for Example: If 6 be g ven for the Difference of th: Extremes of three Conti- 
nual Proportionals, and the Difference of the Squares of the Extremes has ſuch p 
portion to the Sum of the Squares of all the three Propurtionals as 5 to 9; then babe 
Canon the three Proportionals will be found 2, 4, und 8. 
Again, if 23 be given for phe Difference of the Extremes, and the Diff-rence of the 
Squares of the Extremes be to the Sumi of the Squares of all the three Proportional 
as 123 60 4% the Proportionals will. ye found 4, 5 and . dT 1 


. GOO,  & a S348 : 21K 'FY mT * _T7 - 
At 139 renne LE § J. 6 | , 
The Sum () of the Extremes, | 
Continual Proportion being gi ven, to find out the Proportionals 3 bur (b) muſt er: 


174 5 


m_—__  - 


Femes. -and the Sum (c) of the Means of four Qbantitiegs in 


14 T * 7 4 

ceed (c.) inen bit 12421 Ire 1 Cz 71 RS « oof 1 yr 
12 | k wins . 4 * v.. "RES 0 IT 10 N. e - 14004 68. 109 
n 3 « g 4 z £ #1 { «£ * * 7 52 — 1 f © BA 12 LE | 7 
g * % | 95972 0 ern! 1 


ent ind. 82 7 = 
1, For one of the Means; put - a. 
2. Then by ſubrwracting the Mean from (e) the given Sum 

* ofa Means the Remainder i the oiber Mean, de „ 
2. And by dividing the Squate of the latzer Mean by the 5 ce. EAA | 


: fCi3Ucggquat 
22 2191 


former, the Quotient giyrs one of the Extremes, to wit F/ r 
4. In like manner the ſquareot the firſtean ( a) being divided 4 ® 


by the ovhet Means (e=a)givestbeorbetExtreme, 10 wit, T OG, 
5. Therefore from the third and fourth ſteps The Sum ofT ccc Act 
the two Extremes i —-ü(— J 373) 4 c —48-, ns 
6. Which. Sum muſt be equal to (6) the. given Sum of the I 1 | 
Extremes j hence this Equiation-ariſes, ta wit, gane * 
From which Equation after due Reduftion this ariſes, 1 ste r 
| To wit. * 1 r J 2 * a — a * oy | as * 2 8 1 4 oy £ 
8. Wherefore by reſolving the 1afREqnarion by the Canon in Sect. 19, Chup. 15. Book. 


; - 


the tivo values of (4) to wir the meanProportionals ſought will be made Known, vis. 


13 — ne 1 + 666 neee Aibbe be 

un: E a =Ico+ ta ut — Ml cl - :-rhe greater Mean: * 90 1¹ 2 — DURA 25 
4 20 — b | TY $6 FR - Ov 577971 201. | 
TTL qe bK 


8 7. ; ccc 1 8011 | x 1 | 

Wit ſt, — Be the leſſer Mean n 
3 200 fn. 145 dss ombivih vo Steeg co 
Which values: of- (a) sive ths qt wi nl GAR Oxi beg 
£33574 I! 0 0 eite Mig 9111 81 \ C -4..N, O-N.:- 05 0 oggob 05 er at N 
lvide the Cube of the Sum of the Means by the Aggirgate of the triple Sum of the 
Means and the Sum of the Extremes; ſubtract the Qudtient from he Square of half 
the Sum of the Means, and extract the. Square Root of the Remainder ; chen the Hid 
Square Root being added round ſubtracted from hilf tho Sum ofuhe- Means ihg Sum 

| and Remainder Wall be the'Hlcany ang 421 
— | x ©1073 07 10nnta botogadtrew nofder 247 ehe , yoilidahogani ng hen 


x 
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about Continual Propertionals 


C H AP. . 


e 


—— NINO 


Ten the Square of the lefſ:r Mean deing divided by the greater will give the leſſer 
Extteme, and the Square of che greater Mean divided by tae leſſer gives th: greater 


xtteme. | 
air erefore if 18 be given for the Sum of the Extremes, and 12 for the Sum of the 


Means of four concinual Proportionals, the Proportionals are given ſcverally by the 
ſaid Canon, to wir, 2, 4, 8, and 16, 


n Es 

The Difference (b) of the Extremes, and the Difference (c) of the Means of four 

Quantities continually proportional being given, to find out the four Proportionals. 
| RESOLUTION, 

1. For the leſſer Mean Proportional put 4 1 
2. Which added to (c) the given Difference of the — 2 ph . 

gives the gteater Mean, to wit, 
3. Then the Square of the ſaid greater Mean being divided 0 ca Ta 

by the leſſer, gives for the greater Extreme F a 
4. Likewiſe by dividing (aa) the Square of the leſſer Mean X 22 
by the greater, there ariſes tor the leſſer Extreme J cr 
5. Therefore the Difference of the two Extremes in the third} ccc ERC Z 
| and fourth ſteps is — ca ＋ 4a 
6. Which Difference muſt be equal to (6) the given "ah ccort accaþ3car _ 


- 


ence of the Extremes; hence this Equation ariſes, vis. Ta = 
7, From which Equation after due Reduction this ariſes, 1 e _ 


8. Wherefore by reſolving the laſt Equationby the Canon in Sec. 6. Chap. 15. Book 1. i 
the value of (a) to wit, the leſſer MeanProportional ſought will be made known, v1z, 1 
ecc 


cc N 
4 b—3c* xc. 


4 ä | 
Which Equation in Words is this NF 
CAN O N. | 

Divide theCube of the given Difterence of theMeans by theExceſs of the givenDiffer- 

ence of the Extremes above the triple of the Difference of the Means; add the Quotient 

to the Square of half the Difference of the Means; then from the Square Root of that | 

Sum ſubrratt half the Difference of the Means, ſo ſhall this Remainder be the leſſer Mean. il 

Then to the leſſer Mean add the Difference of theMeans, and the Sum is the greater. ( 

Laſtly, the Square of the greater Mean divided by ths leſſer gives the greater Ex- N 
treme,and theSquare of the leſſer Mean divided by the greater gives the leſſer Kxtreme. | 


| 

Therefore if 52 be Prey for the Difference of theExtremes of 4 continualProporri- ll 
onals, and 12 for theDi 
| 

| 


erence of the Means, theProportionals will be found 2,6, 18, 54. 
r 
The Sum (5) of four Quantities in continual Proportion being given, as alſo (c) 
the Sum af their Squares, to find the Proportionals. * Eos 
+ .. RESOLUTION. 
1. For the Sum of the Means put 884 
2. Which ſubtraQted from (b) the given Sum of all the four 


Proporrionals, leaves the Sum of the Extremes, to wit b—s 
3. The Square of (6) the given Sum of all the four Propor- | 
tionals is — CT NR 6227 4 


4 Now (according to Theorem 16. of the preceding Chap. 6. 
from the ſaid Square (bb) 1 ſubtraQ (c) the given Sum of | 
the Squares of the four Proportionais, and from the halt 2 bþ-—7 C—4a 
of the Remainder I alſo ſubttact (24) the Square of the 
Sum of the Means, ſo this Quantity remains, ro wit, 1% 0 10 
5. Which Remainder, to wit, bb—+3c—aa (by the ſaid Theor. 16.) ſhall be to the gi- 
ven Sum of the Squares of the four Proportionals, as the Sum of the Means is to 
the Sum of all the four Proportionals, hence this Analogy ariſes, vis. 
& bb gc- . :: 4 b N. h | 


: 
*} 


* 


. 9 . T4 : 
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Reſolution of Queſtions. BOOK II. 
6. Which Analogy, by comparing the Product made by the mutual Multiplication of 
the Extremes to the Product ot che Means, will be converted into this Equation, vis. 
bbb. hc ba ca : 

7. Whence after due Reduction this Equation ariſes, to wit, | 


255 —Ec = aa+ a 
Which Equation being reſotved (per Canon in Sef. 6. Chap, 15. Book 1.) gives this 


following 
CANON. | 

From the Square of the given Sum of the four Proportionals ſubtract the given 
Sum of their Squares, and to the half of the Remainder add the Square of halt the 
Quotient that ariſes by dividing the Sum of the Squares of the four Proportionals by 
the Sum of the four Proportionals. Then extract the Square Root of the Sum of that 
Addition, and from the ſaid Square Root ſubtract half the Quotient aforeſaid, ſo ſhall 
the Remainder be the Sum of the two defired Mean Proportionals. 

Then the Sum of the Means of four continual Proportionals being given, as alſo 
the Sum of the Extremes, the Proportionals ſhall be given ſeverally by the Canon of 
the preceding Sed. 6, of this Chap. | 

So if 30 be given for the Sum of four Proportionals, and 340 for the Sum of their 
Squares; firff, by the Cannon above expre ſs'd the Sum of the Means will be found 1 2, 
which ſubtracted from 3o the given Sum of the four Proportionals, leaves 18 for the 
Sum of the Extremes; then the Sum of the Means being given 12, and the Sum bf 


the Extremes 18, the four Proportionals (by the Canon of the preceding ſixth Queſti- 
on) will be found 2, 4, 8, 16. | 


—_— —— —_ 


S I. 9; 
The Sum (5) of faur Quantities in continual Proportion being given, as alſo (c) the 
Sum of the Squares of the Means ; to find the Proportionals. 38 
RESOLUTION. ; 
1. For the Sum of the Means put — — 4 
Then (vecauſe by Theorem 12. of the preceding Chap. 6.) ! 
the Sum of the four Quantities continually proportional is | 


to the Sum of the Means, as the Sum of the Squares of the 
Means is to the Product made by the mutual Multiplication 
© of the Means or Extremes, ſay by the Rule of Three, 7 TR 
H—— ien : £55 7 W en 
© Whence the Product of the Means or Extremes is fung) 
3. And becanſe if trom the Square of the Sum of the Means“ 
there be ſubtracted the Sum ot the Squares of the Means, 
there will remain the double Product of the Means or Ex \, 
tremes; therefore if from (aa) you ſubtrad (c) the half of, 
the Remainder ſhall be the Froduc of the Means or Ex, 


IF 


: 
» 
1 


o 
o 


| tremes, to wit, 


4. Which Product, to wit, £44—zc muſt be equal to 7 v OPT 5 1 
the Product in the ſecond ſtep; hence this Equation ari- Jr d of 


Tes, to wit, — — — — 


: | 1 1 15 2 
5. From which Equation after due Reduction there ariſes” & 44 , = 
Which laſt Equation being reſolved (by the Canon in Sell. 8. Chap. 15. Book 1.) 
give s this following ONE } (6) 1 11 503 0:0; 

wa WAL | "GOA NON 13207 3401 944 np. 13 

To the given Sum of the Squares of the Means add the Square of the Quotient that 

ariſes by dividing the faid Sum by the given Sum of the four Proportionals, and out 

of the Sum made by that Addition extract the Square Root; then this Square Root 
added to the aforeſaid Quotient gives the Sum of the Mean Proportionals ſought. 

Then the Sum of the Means being given, as al ſo the Sum of the Extremes, ( for the 

Sum of the Means found out being ſubtracted from the given Sum of all the four Pro- 

portionals leaves the Sum of the Extremes) the four Proportionals will be diſcovered 

by the Canon of the ſixth Queſtion of this Chapter. There- 


— 1 


— 


D 


4 6 — * * ds * —_ 


th. a. _— a 


me — — — 0 
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Therefore if 30 be given for the Sum ot four Continual Proportionals, and 89 for 
the dum ot the Squares of the Means, the tour Proportionals are alſo ſeverally given, 
to wit, 2,4,6 8,16, by the Canon above expreſs d. | Lan | 


—_—— 


OY Ms... — F WII OI 1 FO OS nd _— 
* 
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| QUEST 10. 
The Sum (5) of four Quantities continually proportional being given, as alſo () 


the Sum ot the Squares ot the Extremes, to find out the Proportionals. 
"RESOLUTION © 


1. For the Sum of the Means put 


a | 

2, Which ſubtracted from () the given Sum of the four Pro- 
portionals leaves the Sum of the Extremes, to wit. F _— 
3. Therefore the Square of the Sum of the Extremes is  #b—2baÞaa Fy 


4. From which Square if (c) the given Sum of the Squares of) 53 
the Extremes be ſubtratted, there will remain the double ( bb—2baÞaa— 
Produdt made by the mutual Multiplication of t e Extremes Er" Tf 
or Means; therefore the Product of the Means is 3 

5+ And becauſe if from az the Square of the Sum of the Means 
there bs ſubtracted bb—2ba+aa—c, the double Product of 
the Means, there will remain the Sum of the Squares of the{ 
Means ; therefore the Sum of the Squares of the Means is ß; 

6. And becauſe by Theorem 12. in the preceding Chap. 6. the Sum of the Squares of the 
Means is to the Product of the Means, as the Sum ot all the 4 Proportionals is to the 
Sum of the Means; therefore from the premiſes this followingAnalogy ariſes, vis, 


| 2ba—bbc DE 2 wht. Ta 4 : 
7. From which Analogy by comparing the Product of the Extremes to the ProduRt of 


aba - e 


the Means, this Equation ariſes, vig. 45 
2 3 " bbb—2bba-+baobc-- — 
2baa. - bba T ca- rr 
8. Which Equation after due Reduction 2 following Equation, via. 
; . N 2C DU, > Nenn 15 


4 


Whence (per Canon in Sed. 6. Chap. 15.'Book 1.) there atiſes this following 
9 — %%%%«ͤ« . * 
Divide the given Sum of the Squares of the Extremes by the triple of the givenSum 
of all the four Proportionals, and to the Square of the Quotient add one third part 
of the Exceſs of the Square of the Sum of the four Proportionals above the Sum of the 
Squares of the Extremes; then from the Square Root of the Sum made by that Addi- 
tion ſubtract the Quotient firſt found out; ſo ſhall the Remainder be the deſired Sum 
of the Mean Proportionals. , „„ „ö IO LOFU Rom 
Then the Sum of the Means being given, as alſo the Sum of the Extremes, (for the 
Sum of the Means being ſubttacted from the given Sum of the four Proportionals 
leaves the Sum of the Extremes) the four Proportionals will 'be diſcovered by the Ca- 
non of the fixth Queſtion of this Chapter. 1 Kit: oth wed be 
Therefore if 80 be given for the Sum of four continual Proportionals, and 2920 for 
the Sum of the Squares of the Exrremes, the 4 Proportionals will be found 2,6, 18,54. 
; 33 Stats . a — — — — 


- 


* — 


2 


0 off eU STA >. - EE 
The Sum (b) of the Squares of theExtremes ot 4 Quantities in continual Proportion 
being given, as al ſo (c) the Sum of the Squares of the Means, to find out the Proporrionals, 
VF RE SOLUT TON _ 191 
x: Add the two given Sums into one that you! may have the, 
Sum of the Squares of the four Proportionals ſought, for d 
which laſt mentioned Sum pur——————— 5 
2. Then for the Sum of the Squares of the firſt and — 3 


Proportionals pu !k!ĩñ% . —— 


3. Therefore the Sum of the Squares of the third and fourth * eren 
Froportionals is r-...  , 4. Then 


Aa 


ET 


. 3 . C x 7 LT * 
* ü Wl 
- 


fg i ” 


; S N — } IE... 48 a 5 — * 
= 


2 - ; xg 1 2 1 — 2 | — . 
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4. Then becaule (by 1brorem 1 3, of the preceding Chap. 6.) 
the Sum of the Squares of the two Means is a mean Pro- 1 | 
rtional between the Sum of the Squares of the firſt and „n „.. 
econd, and the Sum of the Squares of the third anc 
fourth, this Analogy is manifeſt, vis. | 
5. Therefore by comparing the Product made by the Mul 1 
tiplication of the Extremes of that Analogy to the Pro- & di—azcc 
duct of the Means this Equation ariſcs, vis 
6. Which Equation being reſolved by the Canon in Set. 10. Chap, 16. Book 1. gives 


this following OS. 


Add the given Sum of the Squares of the Extremes to the given Sum of the Squares 
of the Mears, andteſerve half of the Sum. From the Square of this halt Sum ſubtri& 
_ theSquare ot the dum ot the Squares of the Means, and extract the Squ-re Root of the 
Remainder, add this Square Koot to the half Sum before reſerved, and alto ſubrra& it 
from the lame halt Sum, ſo the Sum ſhall be tbe Sum of the Squares of the firſt and ſecond 
Proporrionals,and the Remainder ſhall be theSum of the Squares of the thi d and fourth. 
I ben (according to T beor, 3. of the preceding Chap 6) add ſeverally the Sum of the 
Squares of the firlt and ſecond Proportionals, and the Sum of the Squares of the third 
and fourth to the Sum of the Squares of the Means, and out of cach Sum extract the 
Square Root; ſo ſhall one of theſe Roos be the Sum ot the firſt and third Proportio- 
nals, and the other ſhall be the Sum of the ſecond and fourth Which two laſt men- 
tioned Sums being added together give the Sum of the four Proportionals ſought. 
Laſtly, the Sum of four Pruportionals being given, as alſo the Sum of the Squares of 
the Means, the Proporcionals ſhall be given ſeverally by the 97% Queſtion of this Chap. 
Therefore if 260 be given for the Sum of the Squares of the Extremes of four con- 


tinual Proportionals, and 80 for the Sum of the Squares of the Means, the Propor- 
tionals will be found 1684 2. 


—_— 
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EFLUAS ER & Þ 

The Sum (5) of the Extremes of tour Quuntities in continual Proportion being gi- 

ven, as alſo (c) the Sum of the Cubes of ta- Mears ; to find out the Proportionals. 
. RESOLUTION. | 

1+ For one of the Extreme Propoitionals, put — 7 | 
2+ Then the other Extreme (by ſubtracting (4) trom (5) wal | EE 

given Sum of the Extremes) ihall be 
3. Therefore the Product made by the mutual Multiplica-y 3.— 

tion of the Extremes is- « * — 

4. And becauſe (per Theor. 21. of the precedingChap. 6) he 
product made by the Multiplication: of the M. ans or Ex 
tremes into theSum of rheExtremes, is equal to theSum ot! bba—baa=c 
theCubes of theMeans; therefore if you multiply h- by e | 
, this Product ſhall be equal to (c) the given Sum ot the | 
Cubes of the Means; hence ariſes this Equation, viz 


(( 


| > ths 4 
And by dividing every Term of that Equation by (6, 7 1 
Which laſt Equation being reſolved (by the Canon in Se. 10. Chap. 15. Book 1.) 


CANON. g . | 
6. From the; Square of half the given Sum of the Extremes ſubtract the Quotient that 
a xiſes by dividing rhe given Sum of the Cube of the Means by the Sum of of the Ex- 
tremes, and extract the Square Root of the Remainder, then half the Sum of the Ex- 
tremes being increaſed, and alfa leſſened by the ſaid Square Root, gives the Extremes 
{everally. Then may you ſind out the Means by a new Work thus; 
Let the greater Extreme tound as above be(aoqpq n 7 
2 And the lefler Extreme ͤn — — 2 
9. Then for the greater Mean put. —— — 


10. Therefore by dividing (aa) the Square of the greater M ean . | : 


by the greater Extreme (/) the Quotient ſhall be the leſſer 


” 
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11. But 


ry 
_—” WW — "OR 
2 


2 * — =. 
eds ren Mitre. i. Y a4 a. _ 1 2 fr . —— — — — „ 


1 


—— — 0 ee Ro ey oe ⁵ð )U1— U— 7 


— 


2 ä — — — 
- E 


3-4 


OY — — 

' 1 I ' 4 : = 

Va © ©? 4 I : * 9 OY 
E; 

— 

4 


— | — EC SIIIACICATINS 
| ' * SIT Rs 24 N31 + Vis 47 
CHAP. 7. about Continnal Propertionals 


the leſler Extreme multiplied by the greater Mean ; there/orc anne” 


22 greater: | pai 
trom the three lalt preceding ſteps this Equation ariſes, viz...) Fi, 4 * 
12. Which Equation after due Reduction give aaa 11 
13. Therefore by extracting the Cubic Root out of each part o? 
the laſt Equation the greater Mean is made known, viz. F = 
Which laſt Equation, together with that in the tenth ſtep, will give this 


1 nu; 1 Crd ib ON wn gui ; 19 4 
14- Multiply the Square of the greater Extreme by the leſſer, then the Cubic Root of 
the Product ſhall be the greater Mean: + Laſtly, the Square of the grcater Mean di- 
vided by the greater Extreme gives the lefler Mean. 
Therefore it 18 be given for the Sum of the Exttemes of four Numbers in continual 
Proportion, and 576 for the Sum of the Cubes of the Means, then by the firſt Canon 
of this Queſtion the Extremes will be found 76 and 2. And laſtly, by the latter Ca- 
non the Means will be found 8 and 4. Wherefore the four continual Proportionals 


ſought are 16, 8, 4, 2. 


wy nenen ee 
The Sum (5) of the Cubes of the Extremes of four Quantities in continual Proportion 
being given, as alſo (c) the Sum of the Cubes of the Means, to find the four Proportionals 
| RESOLUTION, , _ 
1. For the Sum of the Extremes pu. — 4 
2. Therefore the Cube of that Sum is — 141 
3. Then becauſe by Theor. 22. of the preceding Chap. G. if four 
Quantities be continually proportional, the Sum of the Cubes 2 
of the Extremes more by the triple of the Cabes of the Moans( 1, ales 
is equal to the Cube of the Sum of the Extremes; thetefore if > b i-3c=aaa 
to () you add ze, it gives the Cube of the Sum of the Ex- | 
tremes, which Cube muſt be equal to aaa; hence his Equations) 


11. But the Square of the leſſet Mean istqual to the Product E 5 


— — 


— — 


3 +4 


4+ Therefore by extracting the Cubic Root out of each part of ,, \ - | 
that Equation, the Sum of the Extremes is made known Ge} * (3):b--3c:=a 
Which laſt Equation in Words is this following 1977 


Add the triple of the given Sum of the Cubes of the Means to the given Sum of the 
Cubes of the Extremes, and out of the Sum made by: that Addition extract the Cubic 
Root, which ſhall be the Sum of the Extremes ſought., . © "4 

Then the Sum of the Extremes being given, as alſo the Sum of the Cubes of the 
Means, the four Proportionals ſhall 'be given ſeverally. by the Canon of the preceding 
twelfth Queſtion. As for Example, if 157472 be given for the Sum of the Cubes of 
the Extremes of four Numbers in continual Proportion, and 6048 for the Sum of the 
Cubes of the Mean; firſt, SLING Canon of this Queſtion the Sum of the Extremes 
will be found 56, and then bythe Canon of the preceding twelfth Queſtion, the four 
Proportionals will be found 2, 6, 18, 54. eee rs e 235 


T))... ⁊ ß 2 Ng 
The Sum of the Extremes (59 of hve Quantities 11 continual Proportion being gi- 
ven, as allo (c) the Sum of the three Means; to find the five Proportionals. | 


29 
8 4 


RESOLUTION . F. 

x. For the third Proportional, chat is, the middle Term of * 1201 
all the five, put ũéĩũ½ék“ i 
2” Then ſubtract that middle Term (a) from (e) the given } | __- 
Sum ok-the three Means, and there will remain the wm .of c- 


6 
. N 


the ſecond and fourth, vi. — ͤ — — mm 7 7 
3. And becaule by Theorem 29+ of the preceding Chap 6 the) 
| Sum of the Extremes of five continual Proportionals, toge- 41 i 
- ther with the double of the Mean, the Sum of the ſecond y ia c - 4 

and fourth, and the Mean, are alſo in continual Proportion; ad Mig : 


therefore this Analogy is manifeſt, viz. - — wy 5 
| Aa 2 4. From 


—— —— W 


: CANON. 

Add the Som of the Extremes to the double of the Sum of the three Means, and 
take the half of the Sum made by ſuch Addition; then to the Square of the ſaid half 
Sum add the Square of the Sum of the three Means, and out of this Sum extract the 
Square Root; from which Root ſubtract the half Sum firſt taken, and the Remainger 
ſhall be the middle (or third) Proportional of the five ſoughr. | 

Then by ſubtracting the ſaid third Proportional from the Sum of the three Means 
the Remainder is the Sum of the ſecond and fourth; by which Sum and the third 
Proportional, the ſecond and fourth ſhall be given ſeverally, (by the Canon of Queſt 4. 
Chap. 16. Book 1.) Then the Square of the ſecond Proportional being divided by the third 
gives the firſt, and the Square of the fourth being divided by the third gives the fifth. 

Therefore it 34 be given for the Sum of the firſt and fifth of five continual Propor- 
tionals, and 28 for the Sum of the three Means, the five Proportionals ſhall be given 
J. verally, viz. 2, 4, 8, 16, 32, | 


The Sum (5) of the firſt, third, and fifth of 5 Quantities in continual Proportion be- 
ing given, as alſo (e) the Sum of the ſecond and fourth, to find the five Proportionals. 
RESOLUTION. | 


1. For the third Proportional, that is, the middle Term of the 5, put 3 
2. Then ſubira& that middle Term (a) from the 1 (b,) { 2 


and the Remainder is the Sum ot the firſt and fifth, wiz. — 

3. And becauſe (by Theorem 27. of the preceding Chap. 6.) the 
product made by the Multiplication of the third or middle Term 
of five continual Proportionals into the Sum of the firſt and fifth, 
is equal to the Squares of the ſecond and fourth; therefore (from 
the firſt and ſecond ſteps) the Sum of the Squares of the ſccond 
and fourth: Proportionals is mmm —— 

4. The Square of the third Proportional (a) is equal to the Pro-? | 
duct of the ſecond multiplied into the fourth, therefore the . 

| 2 1 — Product is FT" 1 — — >, 

Therefore from the two laſt ſteps the Aggregate of the Squares? 

; and the double Product of the ſecond and fourth 5 A, ag 

6. But the Aggregate of the Squares and the double Product of 
the ſecond and fourth Proportional is equal to the Square off lac 

their Sum, therefore the Aggregate in the fifth ſtep muſt be equal! f ce 

to the Square of the given Sum (c) v. ) 

Which Equation being reſolved by the Canon in Sect. 6, Chap. 15. Book 1. will give 

this following | | 

oy CANO MN: 


Add the Square of half the given Sum of the firſt, third, and fifth Proportionals to 
the Square of the given Sum of the ſecond and fourth, then from the Squarez Root 
of the Sum made by that Addition ſubtra& the ſaid half Sum, and the Remainder ſhall 
be the third Proportional. 4 | 

Then by ſubtracting the ſaid third Proportional from the given Sum of the firſt, 
third, and fifth, the Remainder is the Sum ot the firſt and fifth; by which Sum and 
the third (or mean) Proportional, the firſt and fifth (ro wit, the Extremes) ſhall be 
given ſeverally by the Canon of Queſt. 4. Chap. 16. Book 1. Then the third Proportional 
being multiplied into the firſt and fifth ſeverally, and the Square Root being extracted 
out of each Product, theſe Roots ſhall be the ſecond and fourth Proportionals. 

Therefore if 42 be given for the Sum of the firlt, third, and fifth of five Numbers 
in continual Proportion, and 20 for the Sum of the ſecond and fourth, the five Pro- 

portionals will be found theſe, to wit, 2, 4,8, 16,3 2. of | 1 
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SUES T. 18. 


The third Proportional (b) of five Quantities in continual Proprtion being given, as 
allo (c) che Sum of the other four, to find out the five Proportionals. 


RESOLUTION, 


1. For the Sum of the ſecond and fourth Proportional put — 2 

2. Then ſubrraft that Sum (a) from (e) the given Sum of the firſt, 
Tecond, fourth, and fifth Proportionals, and there will remains c—2 * 
the Sum of the aſt and fifth, to wit, 

3. The Square of the third (chat is, of the mean) Proportional 55 


- — 


is equal to the Produd of the ſecond multiplied into the fourth & 255 _ 

therefore the double of that Pre duct is, —— co — 
4. Which double Product (2665) ſubtraft:d from (aa) the Square 

of the Sum of the ſecond and fourth Proportiunals, leaves for> e:— 256 

the Sum of the Squares of the ſecond and fourth, —— oy 


5. And becauſe (by Iheor. 33. of the preceding Chap, 6.) the Sum 
of the Squares of the ſecond and fourth of 5 continual rroportio- 
nals is equal to theProdutt of the third (or mean) multiplied by 
the Sum of the :fi!ſt and fifth, therefore if (44—26b) the Sun, 
of the Squares ot the ſecond and fourth be divided by the Mean 
(b) the Quotient ſhall be the Sum of the firſt and fifth, vie, 


6 Which Sum found out in the liſt ſtep muſt be equal to the Sum 8 


44— 2535 


— ——ů— 


of the fult and fifth Proportionals found out in the ſecond ſtep, — . 
hence this Equation ariſes, v2s, G 
7. Which Equation after Reduction gives — — — 4 + ba=2bb+ bt 

Wherefore by reſolving the laſt Equation (according to the Canon in Set, 6. Chop, 


15. Book 1.) there will come forth this following 


CANON. 

To the Square of the half of the given third (or Mean) Proportional add the dou- 
ble of the Squares ot the ſaid Mean, as al ſo the Product of the ſaid Mean multiplied 
into the given Sum of the other four Proportionals, and out ot the Sum of that Addi- 
tion extract the Square Root; this Root leſſened by half the given Mean, gives the 
Sum ot the ſecond and fourth Proportionals. gate dn. hes 

Then from the given Sum of the firſt, ſecond, fourth, and fifth Proportionals ſub- 
tract the Sum of the ſecond and fourth (found out as above) ard the Remainder is the 
Sum of the fiilt and fifth; by which Sum and tae third Cor Mean) Proportional, the ſaid 
firſt and fifth ſhall be given ſeverally by the Canon of Queſt, 4. hap. 16. Book 1, : 

Lafily, the Square Roots of the Produtt ot the firſt muſtiplied into the third, and of 
the Product of the third into the fifth, ſhall be the ſecond and fourth Proportionals. 

Tt erefore if 8 be given for the third of five Numbers in continual Proportion, and 
54 tor the Sum of the other four, the five Proportionals will be found theſe, ro wit, 
2,4,8,16,3 2. . AKI ZOO | | | \ 


. * 


. 
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* | | n 
The Sum (6) of the Extremes ot tive Quantities in continual Pro 
as alſo (c) the Sum of the Squares of three Meins; to find 
RESOLUTION 
1. For the Mean (or third Proportional put 4 
2, Then by Theor. 33. of the preceding Chap. 6.) the Mean ()) 
multiplied by (%) che given Sum of the Extremes, produces the 5 ba 
Sum of the Squares of the ſecond and fourth Proportional vis. 
3. Therefore if to (aa) the Square of the Mean you add (ba) they 
Sum of the Squares of the fecond and fourth, there will come þ 
forth the Sum of the Squares of the ſccond, third, and fourth ae 4 
Proportionals, vis, —— ona 
4 Which Sum found out in the laſt ſtep muſt be equal tothe gi 
ven Sum (c;) hence this Equation ariſc, vis. — — 7 * berge 


P . Where. 


— 


— 


portion being given, 
the five Proportionals- 
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Wherefore by reſolving that Equation (according to the Canon in Set. 6. Chap 15. 
Book 1.) there will ariſe this following RW 
[| CANON. | vs 

Add the Square of half the given Sum of the Extremes to the given Sum of the 
Squares of the three Means, and out of the Sum of that Addition extract the Square 
Root; this Root leſſened by half the Sum of the Extremes will give the Mean (ot 
third) Proportional, | | " 

Then the Mean (or third) Proportional being given, and the Sum of the Extremes, 
(vir. of the fitſt and fifth) the ſaid Extremes (hall be given ſeverally by the Canon of 
Queſt. 4. Chap. 16, Book 1. 

Laſtly, the Square Roots of the Products of the firſt into the third, and of the 
third into the fifth ſhall be the ſecond and fourth Proportionals, - 

Therefore it 24 be given for the Sum of the Extremes of five Numbers in continual 


Proportion, and 336 for the Sum of the Squares of the three Means, the five propor- 
tionals ſhall be alſo given, to wit, 2, 4, 8, 16, 32. 


* 20 ES. 18. 


The Sum (b) of the Extremes of five Quantities in continual Proportion being given, 
as alſo (c] the Sum of theSquares of the ſecond and fourth, to find the 5 Proportionals. 
RESOLUTION... 
1. For the Mean Proportional put —_ — GG 4 
2. Then (by Theorem 33. of the preceding Chap. 6,) the Mean 
(a) multiplied by (6) the Sum of the Extremes, produces C ba 
the Sum of the Squares of the ſecond and fourth, vis. 


3. Which Sum muſt be equal to the given Sum (c,) therefore ba=c 
4. Wherefore by dividing each part of that Equation by eur — c 
, — 5 


* 


9 — 


the Mean Proportional will be made known, via. 
Which laſt Equation in Words is this following 


Divide the given Sum of the Squares of the ſecond and fourth Proportionals by th 
given Sum of the firſt and fifth, ſo (hall the Quotient be the Mean or +6120. he ene 

Then the Mean (or third) Proportional being given, as alſo the Sum of the firſt and 
fifth, theſe ſhall be given ſeverally by the Canon of Queſt. 4. Chap. 16. Bock 1. 

Laſtly, the Square Roots of the Products of the firſt into the third, and of the third 
into the fifch, ſhall be the ſecond and fourth ee | | 
Therefore if 34 be given for the Sum of the Extremes of five Numbers in continual 
Proportion, and 272 for the Sum of the Squares of the ſecond and fourth. rhe Pro- 
pottionals will be diſcovered feverally, viz. 2, 4, 8, 16, 32. E 


——ñ — — — 4 


2 Hh t QUEST: 29 :t co, 9 +4 + 
A Vintnet having a Veſſel full of Wine containing 16 (orb) Gallons, draws out four 
(or c) Gallons, and then pours into the Veſſel as much Water as he drew out Wine, 
then out of that mixt Quantity of Wine and Water lie draws out the ſame Number 
of Gattons as before, and pours in the ſame Quantity of Water. Again, he makes a 
third Draught ot the ſame Quantity as at fiuſt. The Queſtion is, to find how much 
pure Wine remained in the Veſſel after the third Draught. 
| „ . 1 RESOLUTION: - 
1. The Number of Gallons of Wine in the Veſſel at firſt was 
2, Out of which Quantity (e) Gallons being drawn, there te- X 
mained of pure Wine in the Veſſel — N . * 


* 


b 
b—e 


3. To which remaining Quantity of pure Wine (c) Gallons of? 
Water being added, rhe Veſſel is again full, and contains (b) 
Gallons of Wine and Water together, our of which draw- 
ing again (e) Gallons we muſt ſeek how much pure Wine 
was in the ſecond Draught, ſaying by the Rule of Three, d 

mixt Wine © Wine 1 
If 10 1 b—c $ is. 7 b | ' 

Whence it is found, that the Quantity of pure Wine in the ſe- | 

cond Draught WAS — 2 —äf — — —— 4. Which 
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| . be cc 
| ich Quantity being ſubtracted from 6 — c, the 
4. Which Quantity b e bb —2be+cc 
6G 


Quantity of pure Wine in the Veſſel before the ſecond 
Draught was made, there remains for the Quantity of pure) 
Wine in the Veſſel after the ſecond Draught —— ; 
J. To which remaining Quantity of pure Wine add (c) Gal- ) 
Ions of Water, ſo the Veſlel is again full, and contains (6) 
Gallons of Wine and Water together ; out of which draw 
ing again (c) Gallons, we mult ſcek how much pure Wine 
was in this third Draught, ſaying, 
mini Mine mixt 
bb— abe ce | 
BN · LN ST to a fourth Pro- 
portional or Quantity of pure Wine in the third Draught, 
which will be found» -- Nh # 
6. Then by ſubtracting the ſaid fourth Proportional or Quan- 
ity of Wine in the third Draught, from . 
wy $i? 4 "Ip: ae b bbl—3bbcÞ-3bcc—cce 
che Quantity of pure Wine ia the Veſſel when the third Tj 
Draught was made, there remains for the deſited Quantity 
of pure Wine in the Veſſel after the third Draught —— h 
Which Quantity laſt found out is rhe Anſwer of the 99 ; and if it be reſolved 
into Numbers it gives 67 for the Number of Gallons of pure Wine that remained in 
the Veſſel after the third Draught. Moreover, it the firſt, ſecond, fourth, and ſixth 
ſteps of the Reſolution be well examined and compared with Sec. 2, 5, and 6. Chap 5. 
of this ſecond Book, it will be manifeſt that the Quantity of pure Wine in the Veſſel at 
firſt, and the ſeveral Quantities of Wine remaining in the Veſſel after each Draught 


2 


bbe—2beeÞce 
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are in continual Proportion : 3 
. be , Diete leer 
Diz. 1 s bb n 7 
" IRS 3 Bn 9 . 62 Hm» 

Of which continual Proportionals the firſt is the given Quantity of Wine in the Veſ- 
{1 at firſt ; the ſecond is the Exceſs of the ſame Quantity above the given Quantity 
drawn out at each Draught; and then the four: h continuaſ Proportional is the Quan- 
tity of pure Wine remaining in the Veſſel when three Ptaughts have been made, accord- 
ing to the import of the Queſtion ; but the fifth continual Proportional when four 
Draughts, the ſixth when five Draughts, the ſeventh when ſixth Dravghts, ſha'l be the 
remaining Quantity of pure Wine ſought by the Queſtion. Laſtly, the ficſt and ſecond 
Terms of a rank of Numbers in continual Proportion being given, any ot the following 
Terms ſhall be given by the Rule in ect. 5. and 6. Chap. 5. of this ſecond Book: 


_— " JO. 


* ll 


> TERS | QUEST. 20. | | | 

A Vintner having a Veſlel full of Wine containing 16 or (4) Gallons, draws out a 
certain Quantity, and then pours into the Veſſel as much Water as he drew out Wine. 
Again, out of that mixt Quantity of Wine and Water he draws out the ſameQuantity 
as before, and pours in the ſame Quantity of Water. Then be makes a thirdDraught 
of the ſame Quantity as at firſt, and after this third Draught there remained 6 (or d) 
Gallons of pure Wine. The Queſtion is, to find what Quantity of pure Wine was 
drawn out at the firſt Draught, or what Quantity of Wine and Water together at the 
ſecond or third Draught, (for the three Draughts were equal Quantities.) 
| os es TO L EN EIN | 
1+ For the Number of Gallons of Wine in the Veſlel at firſt was b . 
2. For the Number of Gallons of Wine-arawn our at the kirk * 

Draught put ꝛß!ĩ⸗•ρẽœ „ » 
3. Then the Quantity of Wine remaining in the Veſſel after? 44 
the firſt Bache was —.— . . | Pars: 2c; — 
4 By proſecuting the ſearch as in the preceding nineteenth Queſtion, ſaving that (a) isto 

| | be 
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be uſed here inſtead of (c)there,you will find this Quantity vin — eee 
to be the Number of gallons of pure Wine remaining in the Veſſel after the third 
draught, and therefore it muſt be equal to the given Quantity 64 (or 4j) hence 
ariſes this Equation, viz, er an | 
blb— 3bba{-3baa—aan _ 4 

b n N 

5. Therefore by multiply ing each part of that Equation by the Denominator 4b, there 
will come forth this Equation in Integers, viz. | 83 
bbb —3bba+3baa—aaa=btd. - | 

6. And by extracting the Cubic Root out of each part of the laſt Equation, there a- 


riſes LAN 
7. Wherefore from the laſt Equation after due Tranſpoſition the Value of (a) will be 
be made known, viz. a=b—y(c) ld = 4. 5 


Whence it is manifeſt, that four gallons were drawn out at every one of the thre 
Draughts But if the Reſoiution had been wrought out at large, as in the preceding 
nineteenth Queſtion, then / it would appear, that it between (4) and (d,) viz. the 
quantity of Wine firſt given, and the quantity of Wine remaining after the laſt Draught, 
there be found the greater of two Mean Proportionals when three Draughts are pro- 
poſed, or the greateſt of three Means when four Draughts, and ſo forwards; then 
the Mean ſo found out being ſubtracted from the greater Extreme (6) leaves the 
Quantity drawn out at cach Draught. The manner of finding out Mean Proportional 
Numbers. between any two Numbers given for Extremes, has already been ſhewn in 
Sect. 14. Chap. 5. of this ſecond Book.  . © 41 

If the Reader deſires more variety of Queſtions about Quantities in continual Pro- 
pottion, he may conſult the Algebra of Fac. de Billy, intituled Nova Geometriæ Clavis, 
and the firſt Part of our Learned Dr. Walis his Mathematical Works. 


— — 
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CHAP. VII. 


The manner of finding out all the Aliquot Parts both of Numbers and Als 
gebraical Guantities, as alſo the ſmalleſt Numbers that ſhall have given 
 Multitudes of Aliquot Parts, At I 


I. JN the Reſolution of knotty Queſtions about Quantity, there is oftentimes great 
: uſe of finding out all the Aliquot Parts, or juſt Divifors, as well of Numbers, as 
of Quantities repreſented by Letters; and therefore in this Chapter I ſhall ſfhew how 
that Work may be done; as alſo how to find out the leaſt Number that ſhall have a 
given Multitude of Aliquot Parts, according to the Method of Fran. van. Schooten, in 
Sect 2, 3, and 4 of his Miſcellanies, and in his Principia Matheſ. Univerſal. 

II. A Prime or Incompoſit Number is that which can only be meaſured or divided 

by it ſelf or by Unity, and leave no Remainder : as 2, 3,5,, 11, 13, Ce, are Prime 
Numbers. 01 - $353 "94:74 £42350 103 ; 3 1 
III. A Compoſit Number is that which may be devided by ſome Number leſs than the 
Compoſit it ſelf, bur greater than Unity 3 as 4, 6, 8, 9, 10, Oc. are Compoſits. 
IV. Juſt Diviſors are ſuch Numbers or Quantities as will divide a given Number or 
Quantity, and leave no Remainder; every one of which Diviſors, except that which is 
equal to the given Quantity is called an Aliquot Part, becauſe if it be taken Aliquoties 
that is, certain times, it will preciſely conſtitute the given Quantity: As if 6, be a Num- 
ber propoſed, its juſt Diviſors are 1, 2, 3, and 6; but the Aliquot Parts of 6 are only 1, 2, 
and 3; for 6 cannot be a part of 6, but it may be a Diviſor to it ſelf, that is, 6 may be 
divided by 6, and the Quotient is Unity. Hence it is manifeſt, that the juſt Diviſors of 
a Number are more in multitude by one than the Number of its Aliquot Parts. 

V. The Aliquot Parts of a whole Number may be ſound out in this manner, viz. Firſt, 
if the Number propoſed be even, divide it by 2, and reſerye the Diviſor-; Again, if 
the Quotient be even divide it by 2, and reſerve the Diviſor; and continue the He 
| ; | 0 
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of every following Quotient by 2, until the Quotient be an odd number, But if ei- 
ther the number firſt propoſed, or the Quotient teſulting from ſuch Diviſion by 2 be 
odd, divide it by 3, if it will give an Integer Quotient, and continue the Diviſion by 3, 
in like manner as before by 2, ſo long as the Quotient is an Integer without any Fratti- 
on; likewiſe when the Diviſion by 3 ceaſeth, divide by 5, 7, 11, 12,17 19. Kc. that is, 
by every primeNumber, until you find a Quotienteſs than the Diviſor z aud if no ſuch 
Diviſot will give an Integer Qotient before che Quotient is leſs than theDiviſor, you 
may conclude the number firtt propoſed th be Ine mpoſit, (viz. ſuch as has no Divi- 
ſor but ir ſelf or Unity) and that laſt Diviſor to be greater: than the SquareR oor of the 
propoſed Number. Then by the belp-of the prime Dibiſots to the given Number, all 
the teſt may be found out by the Operarion directed in rhe following Examples. 
* 134 | NON Fs | 14 N | | 
Example rx. * WL 1 
- Suppoſe it be defired to find out all the Aliquor Parts nt Divifore of 360 ; firſt, I | 
divide 360 by 2, and the Quotient is 180; this divided by 2 gives 90, which divided 
by 2 gives 45; this being an odd Number the Di · 7 \ gt 
- viſion by 2 ceaſes. Then I divide the ſaid 45 by 26}: 86\golu girls | 
3, and the Quotient is 15 this divided by 3 gives 21 2 2 31 315 
the Quetient 5, and fo the Diviſion by 3, ceaſes 11 
then I divide 5 by it ſelf, and the Quotient is Unity. Now by * help of thoſe Di- | 
viſors or prime Numbers, which (as may eafily be proved) ate tuch, thar if they be 
continually multiplied: will produce the given Number 368, all the reſt of the Jult | 
Diviſors of the ſaid 360 may be found out thus. | | 27 
Firſt, I fer every one of the ſaid prime Divifors 22 5, at the head of a 
Colonel; as you ſee in this Table; then I multiply the 
Divifor 2, and ſet the Product 4 under 2 in the ſe- | 
cond Columel. Again, I multiply the ſaid 4 by 2, 2 
22 ſtands at the head of the third Columel) ana 
et the Product 8 under 2 in the third Columel. 
Then I multiply every one of the Numbers in the 
firſt. ſecond, and third Columels, by 3, which ſtands 
at the head of the fourth Columel, and write the 5 
ProduQts under 3 in the ſaid fourth Columel; ex 
cept ſuch Products which happen to be the fame | | 
with any of thoſe before written, (for one and the | 42 


— — 
2 8 
© 
i, 


lame ProduCt muſt not be written twice ;) fo mul- 
tiplying 2, 4, and 8, by 3, I ſer the Products 6,12 
and 24 under 3 in the fourth Columel. Again, I SG 
multiply every one of the Numbers in the firſt, ſe- e ee eee > | 
cond, third, and fourth Columels by 3, (which ſtands at the top of the fifth Columel)! 
and ſet the Products under the ſaid 3; except (as befort) ſuch Products which hap- 
pen to be the ſame with any of thoſe before written in any of the precedent Columels: 
Io the Products written under 3 in the fifth Coluthel-are 9, 18, 36, and 72. Laſtly, 
I multiply every one of the Numbers in the firſt, fecond, third, fourth, and filth Co. 
Iumels by 5, (which ſtands at the head of the laſt Columel) and write che ſeveral 
ProduQs-Cexcept as before excepted) under the ſaid 5. S dt length all the juſt Di- 
viſors to the given Number 360 are found theſe, to wit, , 2, 3,4, 5,6, 7.8.9, 10, 12,15, 
18,20, 24, 30, 36, 40, 45,60, 72,90, 120, 180, and 360; IF which Diviſbrs (ex- 


3 


cept the greateſt, which is always equal to the Number fit propoſed) is an Aliquot 
Part of 360, which (as you ſee) hath 23 Aliquot Parts an 24 Diviſors. 
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Again, if it be required to find out all the Aliquot parts and Diviſors of 2300 


72 —. 


in : | VA, 10 
Example 2. : 


the Operation will be like that in Exemple 1. For, firſt che prime Diviſors will be 


231011155] 385137]11]1, 


found ; theſe, to wit, 2, 3, 5, 7, 11; then after 
the ſaid. prime Diviſors are ſet at the heads of fo 


1 


2 31 $U7]Þ1 


many Columels, as you fſce.in the Table in rhe! 


Margin, the teſt of the Diviſors will be found 
on according to the foregoing Dire ions; which in Sum amounts 


to this, viz. each prime Diviſor ſtanding at the head of cvety Columel following the 


out by Muliiplicati 
213 5 7 11 
- AS * $1” 22 
E 33 
ben 7 
| 5 
— 110 
los | 165 
27 4.304 3+ $65: 
8 
77 
154 
231 
462 
| 385 
| | | 9 
| : 1153 
5 2310 


— 


tive or Incom 


fir, is to be multiplied by every one ot the Numbe:s 
in the foregoing Columels, (except ſuch which make 


the ſame Products as were before produced) and the 
Produdts are to be ſet under each pr me Diviſor re- 
ſpeQively by which they were produced, S0 all the 
Diviſors to the given Number 2310 are diſcovered to 
be theſe, to wit, 1, 2,3, 5, 6, 7, 10, 11, 14,15, 2, 
22, c. as you ſee in this Table; every one of which 


- Diviſors, except the greateſt,. ro wit, 2310, (which 


is the ſame with the Number propoſed) is an Aliquot 


part of the ſid 2310, which has 31 Aliquor, pats, : 
but 32 Divifors. | | | 


bl 


Upon the ſame Foundation the Diviſars of Quan- 


titles expreſt by Letters may be found cur, as wl ap- 
peear by the following Examples. But bis Wark fe- 
quires that the A nalyſt be well exercis d in the Rules 


of Algebraical Multiplicatien, Diviſion, and the Ex- 


traction of Roots; for the finding out of the Primi- 
poſit Diviſors, when the given Quantity is compos d of many large Mem- 
bers connexed by different Signs, is oftentimes both difficult and laborious. 


It 


Example 3. 


„ 


Let it be required to find out all the Liviſors and, Aliquot parts of this Quantity: 
aaabbc. Fliſt, [ divide the ſaid aaabbe by 4, and the Quptient is aabbe, which divided 


by 2 gives abbe, this divided by a pivesibbc $7 


naabbrinabbe\cbBe\bba\bcld| · and ſo the Diviſion by à ceaſes. Then 1 di- 


— 


4, la 


Wa vide bbc by B, and the Quotient is he; this di- 


vided by 5 gives c, which being a Primitive or 


theoin pofit Quantity divide by it ſelf, and the Quotient is 1. So all the ꝓtimitive Di- 
viſors of the propoſed Quantity aaabhe are found a, a, a, 5, b, and c; Which ate mani- 


feſtly ſuch as being multiplied continually will produce the given Quantity aaabbc; 


of i % 
ws x 


No out of thoſe Diviſors, after they are ſer at the heads of ſo many; Columels as 
you ſee in this Table, I ſearch out the reſt of the Divilors by Algebraical-Muldplica- 


F? 1 


14214 2 b b]. 
aa] aaa 41 bb 

I aab| abb 

aaab] aabb 


aaabb _ 
1 Divitus, except tne laſt and gteateſt 2m 
. eabe | Aliquot part of the given quantity agabbe, 


—— Aon, in like manner as in Example 1. 80 


3 all the different Diviſors to the given quan- 


ac tity egabbc ate found theſe, to wit, 1. 4, 


aac aa, daa, B, ab, aab, aaab, bb, abh, and, 


= 
% 


be bbc, abbc, aabhc, aaabbc ; Every ont uf vice 


bbc Note, That this third Example differs 
abbc not from Example 1. ſaving that Algebrai- 
aabbc cal Divifion and Multiplication is uſed here 
inſtead of vulgar Diviſion and Multiplication 
in Numbers there. 8 
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Example 44 
After the ſame manner 31 Aliquot Parts and. 32 Piviſors will be found to this 


Quantity abcae, viz. 1, a, b, ab, c, ac, bc, abc, d, ad, bd, CC. a8 you. ſee them expreſt 
in the following Table. | eee CAS kn a yd 
« . abcde |'bede | ade | d EI 
Primitive Diviſors, a % Leif Je tt op nt 
64. $116 + fn8 SET 1» i: "arial bm 
ab ce ad] we 1h Ax 
E et o0 fur 5 ann E nt ot tint 
abe abd abe Aa: = e344 
ö f 101 ca "Ee I ** L 6 
bp. —foad [ad oo oo $417 lo 
ed, + de | (13 ils 3; 
| | | — | abc | aber Compare this Example 
| de with the precedent Ex:. 
ade | ample 2. 
| _ S © be 4 | 
5 abde 
cde 

acde | 

bede | 

| . I abcde| 


Example 5. 


Again, to find all the Diviſors of this compound Quantity aaabc—abtbe, firſt, 1 
ſearch out all its prime Diviſors thus, al. I divide the ſaid compound Quantity by a, 
and the Quotient is aabc—bbbc ; this divided by & gives aac—bbc, which divided b 
c gives the Quotient a#—6b ; this divided by a—b gives the Quotient a+6, which 
being a primitive Quantity I divide it by it ſelf, and the Quotient is x. So the prime 
Diviſors are found a, b, c, a—b, and ab, which are to be reſerved. 

aaabc—abbbc | aabc—bbbc | aac—bbc | aa—bb | a+6b | 1 
We „ * „ | a— 4 

Then (as in the foregoing Examples) I fer the ſaid primitive Diviſors at the heads 
of ſo many Columels, and from thoſe Diviſors (according to the Directions in Ex- 
ample 1.) I find out all the reſt by Multiplication”; ſo at length ic appears that 


— 


aaabc—abbbc the Compound Quantity propoſed has 3 1 Aliquo Ptarts and 32 Diviſors, 


to wit, x, a, b, ab, c, ac, bc, abc, a—b, aa—ab, ab—bbz &c. as you ſee them expreſt 


&? , 1 4 F 4 


p 11 # #6 n # 43+1its 
a4 * ZL 
ab ab | ac | aa—ab aa -ab | 
„ | abc | aab—abb ] aabJabb 
|. ac-be |. achbc | 
$4 n 99 5 
aac—abc |}  aacFabc 
 abc—bbc abe llc 
aabe— able aabc Fable 
H vin N ·˙ ˙ e 
b 
e ee 1. „ - * wh 
| , 2780 e ö y nts | | anab—abbb 
| X Fa p | | aac—bbc 
6 aaac—abbc 
15 $4 224 2 HA. | aabc—bbbc | 
11 
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Example G. 


Again, to find out all the Diviſors of this Quantity aanbbc—2aabbbcÞabBBke ; firſt. 
(as before) I {carch out all the primitive Diviſors, viz. I divide the Quantity propoſed 
by a, and the Quotient is aabbc—2abbbc-bbbbc, which divided by b gives the Quoti- 
ent aabc—2abbc-+-bbbc ; this divided again by “ gives aac—aabc+bbc, which divided 
by c gives aa—2ab-+bb. This laſt Quotient being a Square whoſe ſide is either a—6 
or b—a, according as a is greater or leſs than , I ſhall ſuppoſe a to be greater than b. 
and then dividing the ſaid Square aa—2ab+Þb by its fide a—-b the Quotient is alſo 
a—b, And laſtly, by dividing a—b by it {elf (becauſe tis a primitive Quantity) the 
Quotient is 1. Thus the primitive Diviſors of the Quantity propoſed are found a, 4, 
b, c, a—b and a—b. Then every one of them being ſet at the head of a Columel, and 
Multiplication made according to the Operation in the precedent Examples, the reſt 
of the deſired Diviſors to the Quantity aaabbc—2aablbc+abbbbc will be found out; 
and at length all the Diviſors to the ſaid Ny are diſcovered to be theſe, viz. 1. 
a, B, ab, bb, abb, e, ac, bc, abc, bbc, able, a—b, aa—ab, ab—bb, &c. as you ſee 
them expreſt in the following Table. | 


i 


| «15 6b: 1 6- Fad a—b 
ab | bb | ac | aa—t1b au—2abJ-bb 
abb] be | ab—tb aaa—2aab4-abb 
abc | aab—abb aab—<2abiJ-bbb 
bbc | ab} — bbb auab—2 14bb1-1bbb 
abbc | aabb—abbb |} aabb—2abbb1-bbbb 
acc aaabh 2 abb Cab 
aac - abc 2c 2 abc bbc | 
F abc—bbc adac — 2e H abbc | 
aabc-—abbc aabc—2abbc+ bbbe | 
| abbc—bbbe aaabe— 24abbc+ abbbc | 
aabbc—abbbe ] aabbe—2abbbc + bbbe 
* I 12bbbc—26abbbcbabbbbe- |. 


Example 7. 


In like manner, if it be deſited to find out all the Diviſors of this Quantity aaaaaa - 
24agaccÞaaccct, that is, a TC 2c H aac? ; I divide it firſt by a, and the Quotient is 
a*Þ24*ccÞ+ac?, this divided again by a gives a*2aaccÞc*. Now tis evident that 
this laſt Quotient cannot be divided by à ot by c, or the like Quantity, but becauſe 
(by Seti. 4 Chap. S. Book 1.) the ſaid a* Ta, e is a Square, whoſe Root is aa+ce, 
I divide the Square by its Root aa Cec, and the Quotient is alſo the ſame Root ſaid 
aa gcc, which being a primitive Quantity I divide it by it ſelf, and the Quotient is 

1. So the Diviſors to be reſerved are a, a, aa Fee and aaj-ce. 

a®*Þ2a*Þaact | af Taz cc Tac! a“ Lz, Ec“ aac | x 
A | 


e {., aa CC aa 


Then after thoſe Diviſors are ſet at the heads of ſo many Columels, (as you ſee in 
the following Table) I proceed to find out the reſt of the Diviſors by Multiplication 
according to the Directions in Example 1. viz. I multiply each primitive Diviſor ſtand- 
ing at the head of every Columel following the firſt by every one of the Quantities in 
the preceding Columels, and ſet the Products under the reſpective primitive Diviſor, 
with this Caution, that one and the ſame Product be not written down twice. So at 
length I find all the different Divilors to be theſe, viz. 1, a, ad, aa cc, 4 Þacc,aÞaacc, 
a“ zac t , a +2a*cÞ+ac*, and 4 + 2a*cÞ+ aac? ; all which Diviſors except the 
laſt are Aliquot Parts of the propoſed Quantity a*Þ2a*cc+aac+. 


1 
£ 


a aa aa cc aa cc | ' 4 ' 
aac | a*Þ2aacÞe* || | 
6 4 4 
| a*cc+aac 
a 2 


4 VI. By 
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VI. By chis skill of finding out all the Dixiſors of Quantities we may reduce two or 
more given Ns when they are not prime between themſelves, to others in the 
Fine Reaſon (or Proportion) with thoſe given, and in the ſmalleſt Terms. As to re- 
duce thoſe three Quantities aaa abb, aab—bbb, and anaj-acb--abb—bbb, to the 
malleſt Quantities in the ſame Proportion with thoſe propoſed ; firſt, I ſeek (by the 
Method before delivered) all the different Diviſors to every one of thoſe three given 
Quantities, ſo I find the Diviſors of the firſt Quantity aaa—abb to be theſe, 1, a, a+, 
a—b, aa Cab, aa—ab, aa—bb, aaa—«bb ; and the Diviſors of the ſecond Quantity 
aab—bbb to be theſe, viz. 1, b, a—b, ab—bb, 4 Eb, ab1-bb, aa Ell, and aab—bbb ; 
alſo the Diviſors of the third Quantity, 4aa+aab—abb—bbb, to be theſe, to wit, 1, 
a—b, ab, aa—bb, aa}-2abbb, and aaa Ha -a -u. Now becauſe among 
thoſe three companies of Diviſors theſe three a, a-j-b, and aa—bb are found in 
each Company, we may by the help of any one of thoſe three Diviſors reduce the 
given Quantities to others more ſimple, and in the ſame Proportion with thoſe given. 
Put to find out the ſmalleſt Terms I divide the propoſed Quantities aaa abb, aal bbb, 
and aaa Caal —abb—bbb, ſeverally by aa -, to wit, ſuch of the ſaid three Diviſors 
which has moſt Dimenſions, and there ariſe a, b, and a f; which three Quantities 
are the ſmalleſt Terms that can be found in the ſame Proportion with the three Quan- 
tities firſt propoled. _ _ 1 122 | 

Note, The Quantities propos'd to be reduced are ſaid to be Prime the one to the o- 
ther, when they have no common Diviſors beſides 1, (to wit, Unity) in which cafe 
the Quaatities propoſed are already in their ſmalleſt Terms. 


VII. The finding out of Diviſors may very fitly be applied to the reducing of Fracti- 

ons to their ſmalleſt Terms; as to abbreviate this Fraction. : 
| | » aanaÞaab—abb—bbb 

3 aaa abb 

Firſt, the Diviſors of the Numerator (by the precedent Method) are found 1, a—6, 

2 Tb, aa—bb, aa4+2ab|+bb ;. and aga+aab—abb—bbb. Likewiſe the Diviſors of 

che Denominator are 1, a+b, ab, aa Fab, aa—ab, aa—bb, and aaa—abb. Then 

becauſe among thoſe Diviſors theſe three, to wit, a, a—b, and aa— 4b, are common 

both to the Numerator and Denominator, I divide the Numerator and Denominator 

ſeverally by aa -d, to wit, that common Diviſor which has moſt Dimenſions ; fo 

there ariſes a C for a new Numerator, and a for a new Dcnominator, which gives 


1 e 7 he Oe FE | wy 
this Fraction . (or 1+ equal to that propoſed; and in the ſmalleſt Terms, as 


was deſired. | 5 


8 55 8 aaa - abi 2% AGE? 
In like manner to abbreviate a4 F240 46 becauſe the greateſt Diviſor common 


to the Numerator and Denominator is a+6, I divide the Numerator and Denomina- 
y | ant 9 ee AGEL 
tor ſeverally by a Cb, and there ariſes FTE which is equal to the Fraction propo- 


ſed, and in the ſmalleſt Terms: yen 


rl VIII. Obſervations upon the Examples in the foregoing Sea, V. 


Firſt, When two, three or four of the foremoſt Letters (towards the Left-hand) of 
a ſimple Quantity are equal to one another, (viz. expreſt by one and the ſame Letter) 
chen mark well how many equal Letters ſtand foremoſt together, for ſo many Aliquot 

Parts they will give. As in Exam ple 3. in Sc 5. where the Quantity propoſed is aaabbc, 
the three firſt Letters a, a, a, (that is, aaa) give three Aliquot Parts, to wit, 1, a, aa; 
but four Diviſors, 1, a, aa, aaa. In like manner, if four equal Letters ſtand foremoſt 
together, as a, a, a, a, or aaaa they will afford theſe four Parts, 1, a, aa, aaa; 
but five Diviſors, to wit, 1, a, aa, aaa, aaaa. The like Property enſues, when fire 
or more equal Letters ſtand foremoſt together. 

Hence tis evident, that every Power has ſo many Aliquot Parts as there be Di- 
menſions in the Power; as the Square aa, whoſe Index (or Number of Dimenſions ) 
is 2, has two parts, to wit, 1 and a ; likewiſe the Cube aaa, or a*, has three parts; 
the fourth Power aaaa, or a*, has four parts; and ſo forwards. 
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Secondly, 
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Secondly, It is evident from all the preceding Examples in Sci. 5. that, when among the 
primitive Diviſors (which are fer at the tops of the ColumelsYa tr Hiviſor difters 
from the next precedent primitive Diviſor, then the-multjtade of Diviſors in the Cc lu- 
mel of the ſaid following Diviſor is more by r than the multitude of all the diflerrnt 
 Diviſors in the precedent Columels. As in Example 3. in Set. 5. where the quantity pro. 
poſed is aaabbe, the letter (or primitive Div iſor) i, which follows and is different from 
the next foregoing primitive Diviſor a, gives four Diviſors, to wit, I, ab, ab, and azah ; 
which are more in multitude by 1 than all the foregoing Uifferent Diviſors a, na, and aan. 
Again, in Example 4: Set. 5. where the quantity propoſed is abcde; the Diviſors 3 
and ab in the ſecond Columel are more in Number by 1 than à in the firſt. Likewiſe thi& 
« Diviſor c,ac,bc, and abc, in the third Columel, are more in multitude by i rhan a, b, and 
ab, to wit, all the Diviſors in the firſt and ſecond Columels. Alſo d,ad,b4,abd,cd,acd,bct, 
and abed in the fourth Columel, are more in multicude by t than all the Diviſors in the 
1ſt, 2d, and 34 Columels, and fo forward, The reaſon is manifeſt, for every primitive 
Diviſor which ſtands aj the top of a following Columel,is multiplied into all the different 
Diviſors ſcverally in all the foregoingColumels ; and therefore if that multiplying primt- 
tiveDiviſor be added to the Number of thoſe Products, the total multitude muſt neceſſa- 
rily be more by 1 than the multitude of different Diviſors in all the foregoing Columels. 
Thirdly, It is alſo evident, that when the ſaid primitive Diviſors are all different, 
then the Numbers which expreſs the multitude of Diviſors in every Columel are in con- 
tinual Proportion increaſing from Unity in a duple Reaſon. As in the fourth Example 
in Se. 5. where the primitive Diviſors a, b, c, d, e, are all differenc, there is one Diviſor in 
the firſt Columel, two in the ſecond, four in the third, eight in the fourth, and ſixteen 
in the fifth, whichNumbers of multitude, ro wit, 1,2,4,8, and 16, are manifeſtly in duple 
Proportion. Therefore when all the primitive Diviſors of a quantity propoſed are 
different or unlike, then if ſo many of the foremoſt Terms of the ſaid continual Pro- 
portionals 1, 2, 4, 8, 16, Cc. be added together, as there be primitive Diviſors, 
(ꝛc wit, thoſe Incompolit Quantities, which being continually multiplied will produce 
the Quantity propoſed) the Sum ſhall be the Number of Aliquot parts contained in 
that Quantity, and the Number of Diviſors ſhall be more by x than that Sum. 
As for Example, if the Number of Aliquot parts in the Quantity ab be deſired, I add 
x and 2 together, (ro wit, the two firſt Terms of the ſaid Geometrical Progreſſion 1, 2, 
4.8, 16, &c.) and the Sum 3 ſhews that ab contains three Aliquot parts, and four (that is, 
3+1) Diviſors. Likewiſe if there be propoſed the Quantity abe, (which conſiſts of 
three different Letters) the Sum of 1,2,4, (to wit, of the three firſt Terms of the ſaid 
Geometrical Progreſſion) is 7 ;, which ſhews, that abc contains ſeven parts, but eight 
(or 7 +71) Diviſors. Again, if abe (which confiſts of four different Letters) be pro- 
poſcd, the Sum of 1, 2, 4, 8, (the four foremoſt Terms of the ſaid Progreſſion) is 15 
which ſhews that the Quautity abcd contains fifteen Aliquot Parts, and ſixteen (or 15 + 3) 
Diviſors, and ſo forward. But becauſe the ſaid Proportionals proceed in a duple Reaſon 
from Unity, the Sum of any Number of Terms may be found out by this brief Rule, viz. 
the third Term (or proportional) leſſened by Unity (the firſt Term) gives the Sum of 
the firſt andiſecond Terms. Likewiſe the fourth Term leſſened by 1 gives the Sum of 
the firſt, ſecond, and third Terms; and the fifth Term leſſened by 1 gives the Sum of 
the firſt, ſecond, third, and fourth Terms, and ſo forward infinitely. All which may 
be further illuſtrated by the ten Quantities, and their reſpective multitudes of Aliquot 
parts, expreſt in the following Table. | 


Quantities | Multitude | Sums of Terms in continual Proportion, pro- 
given. - of Parts. ceeding from 1 in duple Reaſon, 
| has I=| 1 | 
JT 7-3 :::': 
| 7—-|1 2+4 | = ik af 
151 21478 1 1 
31=| 1 4 4 LoANW 6) eee T1221 
63=] 1+2+4+8 Sy. F” 10 510Þt 10 
127=| 1+2+4 1 2447 7 
| 255=] 1+2+4+8 912 644-ra8:5 53 ii 27th; 
 $11=| 1+2+4+8+16+32++64+-128{-256 
abcdefghik | 1022—| 1 +2+4+8+16+324-64+128--256+512 


7 Fourthly, 
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* Fourthly, When two, three, or more equal Letters in a ſimple Quantity ſtand toge ther, 
and follow ſons different foregoing Letter or Letters, then as many Aliquot parts as the 
firſt of thoſe following equal Letters produces, (according to Ohſervat . a.) ſo many parts 
every one of the reſt of the ſaid following Letters will produce. As in Example 3. in 
Sed. 5. where this quantity aaabbc is propoſed, the three firſt Letters a, 4, a (br ach) 
gives three parts (by Ob/ervar. 1.) And the firſt following Letter b, in regard it differs 
from the next preceeding Letter a, gives four parts (by Obſervat. 2.) Now | ſay the ſe» 
cond b (hall alſo give four'parts, and if there had been a third b, or 2 fourth &, c. 
every one of them would give four parts, to wit, as many as the fitſt þ produced. 

In like manner, if this quantity ab464b ot abꝰ be propoſed,” the firft Letter a gives one 
part; then (by Ohſervat. 2.) the next following Letter (in regard it differs from a) 

ives two parts, Now I ſay, every b following the firſt O will alſo give two parts, 
and ſo 44þbb will give ten, (to wit, five times two) parts, which added ro one part 
noted for a makes 11 parts. Whence I conclude, that the quantity abbbbb contains rr 


5 


Aliquot parts and 12 Diviſors. All which may be produced particularly by the Rule 
in the foregoing Sect. 5. f | mn 02 13 229) hel 


Again, if this quantity abcddd be propoſed, firſt,(by Obſervar, 3.) abe will give ſeven 
pits, and (by Ohſervat. 2.) the next tollowing Leiter d gives eight parts; therefpre (by 

is fourth Ob/ervar.)every d following the firſt d gives al ſo eight parts, and conſequent- 
ly-ddd gives 24 parts, which added to the ſeven parts before noted for abe, makes 31 
paris, So that the quantity abcddd has 3 i Aliquor parts, and/32 Divitors'y and the 
fime Number of Parts and Diviſors will be found in the Number produced by the 
conrinual Multiplication of theſe five prime Numbers 2019, vi niet g7 id 21; 
- Eiftbly, From what has been ſald in the precedent Obſervations, tis eaſie to diſcover 
how many 'Aliquor parts are contained in any fimpleQuanti oy defign'd by Letters, with- 
out progucing the particular parts. As if aaabbe be propoſed, firſt, three parts are to be 


noted for 414 (according to Obſervat: 1.) and eight parts more for , (by Obſervar. 4.) 


which eight parts added to the three parts befcre noted make eleven parts; then for e 
twelve parts are to be noted, (to wit, 111, according to Ohſervat. 2.) which added to 
the ſaid 11 parts makes 23 parts. . Whence 1 conclude, that the quantity gaabbe has 


23 Aliquot parts and 240 iors, which are particulaily expreſt in Example 3. ce. 5. 


In like manner we may diſcover, that this Quantity a2aaabbbbceedd, or 4* d bas 
359 Aliquor parts, and 360 Diviſors. For firſt, I note 5 patts for a? (Accor ing to 
Obſervat- 1.) then (by Ob/ervar. 4.) bbbb o gives 24 parts, which added to the 5 
parts before noted makes 29 parts: And becauſe one ſingle c gives 30 parts, to wit, 
29-þ1 (by Ob/ervat. 2.) cce or c will give 90, to wit, thtee times 30-parts (by Obſer- 
vat, 4.) which added to 29 parts before noted; makes 119 parts: Laſtly, becauſe the 
Letter d is written twice, and one ſingle d gives 120, to wit, 119 u parts, (by O65. 
ſeruat 2.) dd will give 240 parts (by Obſervart: 4.) which added to 119 parts before 
noted, makes 359 patts, which is the multitude of Aliquot parts the propoſed 
quantity has, bur its Number of Diviſors is 360- 87, hg h 

And with the like facility we may difcover the multitude of Parts and Diviſors of a 
given Number, after its primitive Diviſors are found out. As for Example, to find how 
many Parts and Diviſors 15876000 has, I ſearch out by Diviſton (in like manner as in 
the Examples in Sed. 5.) all the primitiveDiviſors, which being continually multiplied 
will produce the ſaid given Number, and find them to be theſe, to wit, 2, 2; 2, 2, 2, 3, 
3, 3 3, $+ 5» 5» 7, 7, Which may be noted by a d; but this Quantity (as before 
has been ſhewn) has 359 Aliquot parts and 360 Diviſors, and therefore the ſaid 
15876000 has the ſame Number ot Parts and Diviſors, which may be particularly 
found out by rhe Method in the precedent Examples in Se#. 5. 

Sixth, If a quantity be compoſed ot different Letters or Powers, and Unity be added 
ſeverally to the Indices of thoſe Powers, that is; to the Numbers expreſſing how oft each 


Letter is found in that quantity, then the Numbers reſulting by thoſe Additions being 


muiriplied one irto the other continually, will produce a Number greater by Unity than 
the Number of Aliquot parts that quantity has. As {or Example, if aaaabbb or a*6? 
be propoſed, I add 1 to 4 and 3 ſevera!ly, (becauſe the Indices of aa and bbb are 4 and 
3) and it makes 5 and 4; theſe multiplied one into the other make 20, which is gteat- 
er by 1 than 19, the Number of Aliquot patts that the propoſed quantity a* 6“ has. 
The reaton of this Property is not difficult to be conceived ; tor fines (by Obſervat. 1.) 
w | ris n 4A 
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aaad hath tour parts, that 18, five parts wanting one part; and bbb following aaaa hag 
thrice five — ( by Obſervat. 4.) therefore the whoie Quantity aaaah (or a hag 
45 paris wanting one part, vis. 19 pajts; which Numbers 4 and 5 exceed 3 and 4 
the Indices of bb and aaza ſevetally by Unity. Ars 
„Again, if aaaabbbce be. propoled, the Ladices of 4044, bbb, and cc, are 4, 3, and 2; 
which increaſed ſeverally by 1 make 5, 4, and 3 theſe multiplied continually produce 
60, which is greater than Unity by 59, the Number of Aliquor parts which the propo- 
ſed Quantity aber has, For fince (far the Reaſon, in the laſt preceeding Example) 
acaabbb has 4x5 parts wanting one part, and cc following agaabbb has (by Obſervat. 
4.) 24x95 parts, the propaſed Quantity aaaallbcc has-conlequearly 2x4x5 parts want- 
ing one part, that is, 55 parts; which Numbers 3, 4, and 5 do ſevetally exceed the 
Indices of cc, „b, and anaa, by Unity. | ; 8 
event huy, From the preceeding Ohſervat. 6. it follows, that if a Compoſii Number be 
reſolved into any tvo or more of ſuch of its Factors, the leaſt of which exceeds Unity; 
2nd if from every one of thoſe Factors Unity be ſubtracted, the Remainders ſhall be 
Indices of ſo many ſeveral Powers expreſſible by different Letters, that being joy ned 
ther (that is, multiplied-one into the other) will give a Quantity having a Number 
ef Aliquar parts lefs by Unity than the Compoſit Number propoſed: As for example 
if 20 be propoſed ; foraſmuch as 5 and 4 multiplied. one by the other produce 20, 
ſubtract x from 5 and 4 ſeverally ; ſo the Remainders 4 and 3 do ſhew, that if the 
fourth Power of ſome Quantity 4, as agaa, be multiplied into the third Power of ſome 
ether Quantity b, as into bbb, the Quantity produced, to wit, aaaabbb as 19 Aliquot 
arts, which 19 is leſs by Unity than 20 the Number propoſed. Again, becauſe the 
troduct of 10 into 2 does alſo make 20, I ſubtract 1 from 10 and 2 ſeverally, ſo the 
Remainders 9 and 1 do ſhew, that if the ninth Power of ſome Quantity a, as 4“, be 
multiplied by ſome other different Quantity , the 2 produced, to wit, 49 0, has 
alfo 19 Aliquot parts. Hence it is manifeſt, that oftentimes many Quantities may be 
found out, every one of which ſhall have a given multitude of Aliquot parts, as will 
appear in the next following Section. 


FX. "The manner of finding out all ſuch Quantities as ſhall have 4 given 
Multitude of Ali quot Parts. 


If the multitude of Aliquot parts deſired be any of the Numbers of the ſecond Co- 
lumel of the Table in Ob/ervar. 3. Set. 8. the Quantity there ſtanding on the left 
hand of that Number, and on the ſame Line with it, has the number ot parts deſired, 
As if it be defired to find a Quantity that bas 63 * parts, that Table ſhews that 
abcdef has 63 parts; and therefore if fix prime Numbers, ſuppoſe 2,3, 5,7, 11,13, 
be t for the Values of thoſe fix Letters 4, b, c, d, e, f, the Product made by the 
continual Multiplication of the ſaid Prime Numbers, to wir, 30030, ſhall have 63 
Aliquot Parts, and 64 Diviſors, | | 

But without reſpect to that Table, by the help of the Obſervations in the forego- 
ing Sed. 8. many Quantities for the moſt part, and always one Quantity may call 

be found out, that ſhall have a given Multitude of Aliquot parts, as will be made 
mani feli by the following Examples. | 


+ 


Example 1. | 
Let it be required to find out all ſuch fimple Quantities expreſſible by Letters, that 
may every one of them have 15 Aliquot parts and 16 Diviſors- 
1. Tothe ſaid 15 I add 1 and it makes 16, this I divide by 2 and the Quotient is 8, 
which divided by it 44 1; then from each of the Diviſors 2 and 8 the (Product 
a of whoſe Maltiplicaticn makes the firſt Dividend 16) I ſubtract 1; 


2481 written once, and next after it another different Letter þ ſeven 
a times, the Quantity ſo compoſed, to wit, abbbbbbb (or ab” ) ſhall 

have 15 Aliquot parts, and 16 Diviſors, as was deſired. 
2. Again, | divide the faid 16 (to wit, x5+x) by 2, and the Quotient is 8; this 
d:vided again by 2 gives 4, which divided again by 2 gives 2, which divided by it ſelf 
| gives 1; then from every one of the Diviſors 2, 2, 2, 2, I ſubtr:Q 


HU L I:; fo the Remainders 1, x, x, 1, do ſhew, that if four different 
212122 


ſingle Letters be ſer together, as abcd, this Quantity ſhall have 15 
"Parts and 16 Ia, as before, | 3. Again, 


ſo the Remainders 1 and 7 do ſhew, that if ſome Letter, as 4, be | 


— 
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& Again, I divide 16 by 2z and the Quotient 1s 8 $ this divided. by 2 gives 4, 
which divided by ii{clf gives 1; then from every one of the Diviſors 2,2, 4, I ſubtract 
1, and the Remainders 1, 1, and 3 do ſhew, that if two different Let- 
ters a and 6 be joined together, and next aſter them a third differ- 168 EI 
ent from each ot them (as c) be written thri e, the Quanti y fo: 224 
compoled, to wit, abccc, ſhall have 15 Aliquot Parts, and 16 Divi- Fi 
„ = Wie . 

4. Again, I divide 16 by 4, and the Quotient is 4; this divided by it ſelf gives 1 : 
then from each of the Diviſors 4 ard 4 Lſubtratt 1 and the Re- 1 
mainders 3 and 3 do ſhew, that if ſome Letter @ be written thrice as 14441 
aaa, and next after the ſame anothet Let er difierent from @ (as 4) be 4/4 
likewiſe writren thrice, the Quantity ſo compoſed, to wit, aaallb, 41.7 
or a*b*, ſhall have 15 Aliquot Paits and 16 1vi'ors, as Before. 

5. Laſtly, I divide 16 by it ſelf and the Quotient is 1; then from 161 
ſubtra& 1, and the Remainder 15 ſhews, chat if ſome Letter à be writ= _ 1611 
ten 15 times, as aaaaaaaacauaiaaa, Or a , this Quantity ſhall have 15 10 
Paris and 16 Diviſors, as bctore, 3 

Hence becauſe 16 cinnot be divided by any other ways than thoſe fiye before ex- 
preſs'd, we may conclude that the five Quantitics found out and thoſe only, to wit, 
ab” , abed, abc „a h, and a , have each of them 15 Al:quot Parts and ts ziviſors. All 
which Operations do clearly reſult from Obſer vat 6. aud 7. in the precedent. Sec. 8. 


x * . CL” 6 
” 4 
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F Example 2. ” = 
Let it be required, to find out all ſuch Quantities expreſſible by Letters, which may 
every one of them have 23 Aliquot Parts and 24 Diviſors. 5 
Firſt, as before, Ladd 1 to 23, and it makes 24 ; this may be divid-d by its Factors 
in a ſevenfold manner before the Quotient be Unity, as here you ſſe. 
. '24][af3] ria 
3121262 D „ 
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By l 
Whence I conclude that ſeven different Quantities may be produced: every one of 
iquot Parts and 24-Diviſor 


| aaabbe | 
5 aaaaabc ä N e v 
Thus,-aaaaablb Or thas 945 
0 aaaaaaabb 3 
aaaaaaaaaaab 


daaaaaaaaaaaaaanaaaana a  * 


n. 
Example 3. 8, A 


b ome Long, a) 
being written 42 times one after another, or a ſingle a wich its Index; go & ey, oes 
. Wit, arts 
and 43 Diviſors. The like is to be underſtood of other Quanties, when the multicude 
of Aliquot Parts deſired being increaſed with Unity makes à prime Number, 1 
Eo Cc 4 or 
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For further Illuſtration of the Premiſes, the Learner may view the following Table, 
which ſhews all the various Quantities expreſs'd by Letters, that have a given multi- 
' tude of Aliquot Parts not exceeding 5o; and upon the grounds be fote ed the 


Table may be continued as far as you pleale. 


Quantities: 


n 


Aliquot Parts. 
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X. How to- find out the ſmalleſt Number that (ball hade 4 given multitude ff 
? 0 TIQAH Aliquot Parts. vor 0: e 107: 

Firſt, by the foregoing Sed. 9. ſearch out all the Quantities expreiſible by, Letters, 
every one of which may have the Number of Aliquot Parts delired ; then to the dit- 
ferent Letters by which every one of thoſe Quantities is expreſs'd, aſſign the ſmalleſt 
prime Numbers, and find out by continual Multiplication the Products of thoſe*prime 
Numbers correſpondent to the ſaid Quantities. Again, let the values of thoſe Letters 
be expteſt by the ſame prime Numbers varied as many ways as is poſhble, and find 
out their reſpective Products, as before. Laſtly, all thoſe Products being compared 
to. one anotber,ſthe leaſt of them (hall be the ſmalleſt Number that has the preſcribed 
multitude of Aliquot Parts. ' 


LS "Ss 


Example 1. f 


Let it be required to ſind the ſmalleſt Number that has 15 Aliquot Parts. 

Eirſt, all the different Quantities that can be found to have ſeverally 15 Aliquot 
Parts (as appears by the precedent Se. 9.) are theſe, to wit, abcd, a*be, 430, 475, 
@** then by aſligning to a,b,c.d, the ſmalleſt prime Numbers 2,3,5,7 for abcd there 
will be found 210, (by multiplying 2,3.5 7 one into the other continually ;) for a* bc 
120, for a*b? 216, for a'b 384, and for 4 32768, the leaſt of which Product is 120. 
But before we can determine whether 120 be the leaſt Number or not that has 15 Ali- 
quot Parts, enquiry muſt be made by exchanging the values of thoſe Letters with the 
{aid prime Numbers all manner of ways, vig. we may ſuppoſe a=3, b==2, c=5, and 
d=); or a=), =, cz, and d : or again, a=7, b=2, c=3, d=5, And many 
other ways the values of 4, hc, d may be expreſs d by the {aid prime Numbers 2,3,5,7; 
and conſequently from thoſe Vat itions the Quantities abcd, a bc, 05, 4b, 4 will 
be expounded by various Numbers, which muſt be compared together, and then the 
leaſt among them all is the Number ſought. So after all Variations are made, it will 
appear that,@? bc is that Quantity by which 120, the ſmalleſt Number having 15 A- 
liquor Parts and 16 Diviſors, will be found our, | 


Example 2. 


Again, If the leaſt Number that has 23 Aliquot Parts, or 24 Diviſors, be deſired. 

Firſt, by Se. g. all theQuantitics which have {cverally 23 Parts will be found theſe, 
to wit, 4* bcd,a* bbc, a bc, ab, 2 b*,a* *b, and 4a*?, Then by aſſuming for the Values of 
4, b, c, d the leaſt prime Numbers 2.3, 5,7: for a*bcd there will be found 420, for a*%b*: 
360, for a*bc 480, for a*b* 864, for a7 b* 1152, for a* *b 6144, and for a 8388608. 
And after all other poſſible Variations made with the ſaid Letters and prime Numbers, 
by taking ſometimes one, ſometimes another of the ſaid Numbers for the value of a, 
b, Cc. it will at length appear that a*b*c finds out 360, the leaſt Number that has 
the defired multitude of 23 Aliquot Parts and 24 Diviſors. i 

If there be not occaſion to find the leaſt, but any Number that has à given multi- 
rude of Aliquot Parts, ſuppoſe 15, then you may indifterently uſe any one of thele five 
Quantities abcd.a* bc , , a , by aſſigning toa, b, c, d prime Numbers at pleaſure, and 
taking ſometimes one, ſometimes another of thoſe Numbers, or always new prime 
Numbers far the values of 4, b, c, d; whence innumerable Numbers may be found out 
every one of which ſhall have Aliquot parts. As if we ſuppoſe 2 2 2, b=3,and c. 5. 
there will be found for a*bc 120; but by putting a=3, $=2, and c=5, there will "rl 
found for a*bc 270. Or alſo by aſſuming a=7, þ=1 1, and c rz, there will be pto- 
duced for abe 49049. Or if we put 21719, and c=23, then 4 cg 2146981. 
And in like manner you may uſe every one ot the other four Quantities abcd,a? 5397 b, 
and a 5. The like alſo is to be underſtood of zvery one of theſe a bed a be, a 
a'b,*a*'b, and 48, for the finding out innumerable Numbers, which have ſeverally 
23 Aliquot parts and 24 Diviſors. 

Laſtly, to find the leaſt Number that has 42 Parts and 43 Divifors ; foraſmuch as a 
Quantity having this multitude of Parts and Diviſots can be deſigned only in one 
manner, vis, by writing *; let the leaſt prime Number 2 be taken tor the value ot 
and then ſeek the forty ſecond Power of the Root 2, by writing down 2 forty two tices 
ſeparately, and multiplying thof:: Numbers one into ancther, according to the Rule 
of continusi Multiplication, fo rhe laſt Product will be 43980465 11 10g, which is the 

leaſt Number that has the defired multiirnde of 42 Aliquot Parts. And Io of others. 
| Cc 2 | For - 
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For further Illuſtration the Learner may view the following Table, which ſhe ws the 
leaſt Number that has any given multitude of Aliquot Parts under 31. Note, That the 
Number of Diviſors to any Number is always more by one than its Number of Aliquot 
Parts; for albeit a Number cannot properly be called a Part of itſelf, * tis contain- 
ed in it ſelf once, and therefore may be faid to be a Diviſor to it ſelf. | 
Each Number in the firſt of theſe Columels is the ſmalleſt that can be found to have 
ſuch a multitude of Aliquot Parts as is expreſs'd in the latter Columel. 


2 has 1 Aliquot Parts: 
4 *" Aliquot Parts. 


IR 


2 
3 
16 4 
6 
7 


* 
36 8 


4194304 | IS 
360 = 23 
1296 24 
12288 8 1 25 
"4 - 960 | | by 26 
960 27 
268435456 | 28 
720 29 
1073741824 5 3 
840 , 31 
9216 32 
196608 33 
5184 34 
„ ˖ͤ  SOLIBOWA 2 35 
68719476736 ; 36 
786432 37 
36864 38 
1680 . * | 39. 
——— 627776 ä . . th 
2880 | 41 
4398046511104 ad 
15360 43 
3600 44 
12582912 | 45 
7036874477664 46 
+ 9990 | | 47 
4665 6 | 48 
_ 589824 Him? 4. 08 
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CHAP. IX, '% 


The Arithmetic both of Surd Numbers and Surd Quantities expreſs'd by, Letters. 
The Conſtitution and Invention of ſix Binomials in Numbers, agreeable 10 
thoſe expounded. in Drop 49, 50, 61, 52, 53, 54. Elem, 10. Euclid, 
with Rules to extract the Square Root out of every one of them; as alſo 
what Root you pleaſe out of any Binomial, in Numbers, having ſuch 'a Binomial ' 

| Root as is deſired, e uk ured, Sa fs 


Sect. I. Definitions conerning Surd Roots; and their Fundamental Operations, 


Very Abſolute (or ordinary) Number, whether it be a whole Number ora Fracti- 7 
on, or a whole Number with a Fraction annex'd ro it, is called Rational - As x, 
2, 35 45 &c. allo 274,74 T, Ce. and 22 (or 25) 57 (or 45) 2073, c. are called Ra- 


tional Numbers; fo alſo 4, ab, 22 5 c. repreſent Rational Quantities. 


But when the Square Root, Cubic Root, or any other Root, cannot be perfectly ex- 
tracted out of a Rational Number, that Root is called Irrational or Surd ; and becauſe 
it cannot be exactly expreſs'd by any Rational Number, it is uſual to fer ſome Charadter 
(which is called the Radical Sign) befote the Rational Number, out of which the Root 
ought to be extracted, to deſign or ſignifie the fame Root: As / or (4/2) prefix d be- 
fore any Rational Number, fignifies the Square Root of that Number; „ the Cubic 
Root, (4) the Biquadratic Root, y/(5) the Root of the fifth Power, tc. 4 

Hence 4/(12) or (2)12 denotes or repreſents the SquateR oor of 12, which Root is 
called Irrational orSurd, becauſe it cannot be perfectly expreſs'd by any Rational Num- 
ber; for 3 multiplied by it ſelf produces 9, which is leſs than 12; and 4 multiplied 
by it ſelf produces 16, which is greater than 12: and altho there be innumerable 
mixt Numbers conſiſting of 3, and ſome Fractions which fall between 3 and 4, yer 
none ot them multiplied into itſelf quadratically can produce the whole Number 12. 

In like manner / (3)5, which repreſents the Cubic Root of 5, is called an [rrational 
or Surd Number, becauſe no Number can be found, which being multiplied into it ſelf 
cubically will produce 5 exactly: ſoalſoy/a,yb,y/(3)bb, &c. repreſent Surd Quantities. 

There are two ſorts of Irrational or Surd Numbers, Simple and Compound: a Sim- 
ple Surd Number is expreſs'd by one fingle Term; ſuch are 7/5, / 10, /(2) 16, /(4)8, 
Ec. but a Compound Surd Number conſiſts of many ſimple or fingle Lerms, and is 
formed by the Addition or Subtraction of Simple Terms, ſuch are Y TV, -, 


847%, (3): Va: which laſt is called an Univerſal Roct, and ſignifies the 
Cubic Root of the Sum of 7, and the Square Root of 2. (See Sec. 28. Chap. x. 
Book 1.) concerning the deſigning of Surd Numbers, | 
The Arithmetic of Surd Numbers and Surd Quantities deſign'd by Letters, de- 
s chiefly upon theſe fix primary or fundamental Operations in Simple Surds, vis. 
1. The Reduction of Rational Numbers and Rational Quanities exprefs'd by L: t- 
ters, to the form of Surd Roots, which ſhall have a given Radical Sign. | 
2. The Reduction of ſimple Surd Roots having different Radical Signs, to other Surds 
which ſhall have one common Radical Sign, and be equal in value to the given Surds, 
3. Multiplication in Simple Surds. | | 
4. Diviſion in Simple Surds. | 
5. The ReduQtion of a given Surd Number or Quantity to another more ſimple 


when it may be done. | | 
6. How to diſcoyer whether two Simple Surd Numbers or Quantities be Commen- 


ſurable or not, viz. whether their Reaſon or Proportion can be expteſs d by Rational 
Numbers or Quantities, or not. Theſe fix Operations I ſhall handle in order. 


Set, 
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Sect. II. How to reduce Rational Numbers and Quantities deſigned by Letters 10 

the form of Surd Roogs, which ſpall haue the ſame Radical Sign with any Surd 
Root preſcribed. I ws Orgs 12 

Multiply the given Rational Number or Quantity into itſelf, ſo often as is requi. 
fite to produce a Power of the ſame degree with that Power. which is denoted by the 
Radical Sign of the preſctibed Surd, and then ſet the ſaid Radical Sign before the 
Power prpduced, by the ſaid -Multiplication, OO oo ßð 

As to reduce 6.70 the form of a Surd Root which mall have the ſame Radical Sign 
winh 4/12 (or /(2}12,) I multiply 6 into itſelf quadratically, and it makes 36; then 


— — 


4/36 (chat is, 6) and 4/12. have the ſame Radical Sign, to wit, / or C2.) 


Again, to reduce 5 to the ſame Radical Sign with / (3) 12, I multiply 5 into itfelf 
cubically, (viz. 5 into 5, and the Product into 5) and it produces 125; then (3) 
125 (that is, 5) and /(3)12 have the ſame Radical Sign, to wit /({23,) N. 

Likewiſe to reduce 3 to the ſame Radical Sign with (4 )12, 1 ſeek the foutthPower 
of 3, which (by multiplying the Square of 3 into itſelf) will be found 81; then 
Is and (4) 12 are of the ſame kind. And ſo of others. Ie | 

By the help of this Rule, when the Radical Sign ot a Simple Surd Fraction has refer- 
ence only to one of irs Terms, we may reduce the Fraction to another, whoſe Radical 


Sign ſhall refer both to the Numerator and Denominator : As 10 be propoſed, which 


ſigvifies that 4/2 is divided or to be divided by 5, we may take 4/25 inſtead of 5, and 

then that Fraction will be reduced to this /g, whoſe Radical Sign refers as well to 

the Denominaror as the Numerator, vis, V= figniſies that V2 is divided by 4/25, 
Likewiſe * 5. way be reduced to /(3) , by ſetting 125 the Cube of 5 for 2 


Numerator inſtead of 5, and the Radical Sign C3) againſt the middle of the Fracti. 
on; ſo that y/(3)*4* (which ſignifies that / (3)125 is divided by ( 3)4) imports as 


much as 735 that is, 5 divided by /C304. 


Nor will the Operation be otherwiſe in reducing Rational Quantities deſigned by 
Letters to the form of Surd Quantities; (reſpe& being had ro the Rules of Algebra. 
cal Multiplication before delivered.) As to reduce the Quantity a, ſo as it may have 
the ſame Radical Sign with 4/5, I multiply à into it ſelf quadratically, and it makes 
aa ; then yaa (that is, a) and / have the ſame Radical Sign. Nenn 

Again, to reduce a+6 to the fame Radical Sign with 4/bc, I ſquare a L, and it 
makes aa+ 24b+bb ,; then /: t, 2a l: (that is, a+8) and / have the ſame 
Radical Sign + | | q 

Likewiſc to reduce h to the ſame Radical Sign with 4/(3)ab, I multiply þ into itſelf 
cubically, and it makes 3559; then y/(3)b6b6b (that is, 1) and y/(3)ab have the ſame 
Radical Sign, to wit, 4/(3), +» | | 

v/ (3 )ab ab 


a 
30 a2 7cec 


* 


Hence alſo r may he reduced to / =_ and 


— 


Sect. III. How to reduce two ſimple Surd Numbers or Guantities having different 
Radical Signs, to two others that may have a common Radical Sign. 


This ReduQion is like that of reducing Vulgar Fractions to a common Denomina- 


tot; but how tis wrought I ſhall ſhew by Examples, firſt in Surd Numbers, and 
then in Surd Quantities expreſs'd by Letrers. 


Example x. 


Let it be required to reduce / (4) 10 and y/(6)7 into two other Roots that may 
bave a common Radical Sign, and be equal in value to thoſe given. 


Firſt, divide the given Indices (4) and (6) by their greatelt common Diviſor (2,) and 
| | ſet the Juotients (2) and (3) under their re ſp.&tive 
(a) ) MX (490 


(6)? Dividends as here you ſec 3 then multiply croſs wiſe 

2 
2) 1000 /(12)49 2 (or the ſecond Dividend (6) wy 
the 


(3) viz, the firſt Dividend or Index (4) by the ſecond 
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the firſt Quotient (2), and the Product is (42), before which ſetting „it gives / (12), 
which is to be reſetved for the common radical Sign ſought? Then multiply the Powers 
of the given Roots according to the altern Quotients, viz. multiply the firſt Power 10 
cubically, becauſe the ſecond Quotient is (3); and the latter Power 7 quadratically, 
becauſe the firſt Quotient (2); ſo the Products will be 1900 and 49, before each of 
which prefixing (132) the common Radical Sign before found, there ariſes /(12) 1000 
and V(12)49, the gwo Surd Roots ſought, which are equal in Value to the given Surds 
reſpectively, viz. „(H) too is equal ro V(4)10, and /(12)a49 is equal to y(6) 7 ; 
and the Surds found out have a common Radical Sign, as was requiced. 


In like manner /(2)$ and V/(3)6 will be rediiced to 6) 125 and (6)36 ; and the 
Work will ſtand as here you ſee underneath. | 


(1) ) vV(2)s 306 
(2) (3) 
vV(6)125 w(6)36 


Example 3. 


Again, if V7 and 7 be propoſed to be reduced to a common Radical Sign, 
3 , 
firit by the Rule in the preceding Se. 2. I reduce them to v3 (or /(2)Z) and V(3)**5, 


which according to the Rule in the firſt Example of this Section will be reduced to 
t eſe, ro wit, /(6)}*3 and V(6)**$;+, aud the Work will land as here you ſee. 


+ 
: 3 
v (6):53 . 
The like Work is to be done in reducing two Surd Quantities expreſs'd by Letters, 


which have different Radical Signs, to two others which ſhall have a common Radi- 
cal Sign, as will appear in the following Examples. 


Example 4 


. | Suppoſe it be deſired to redace v (2)a and Va, to a common Radical Sign. 


- Firſt, I divide the given Indices (2) and (6) ſeverally by their greateſt common Di- 
vilor (2) and ſet the Quotient (1) and (3) un- x 

der their reſpe&ive Dividends, as here you ſee; (2) ) „(20a Sa 
then I multiply croſs-wile, viz. the firſt Divi- £3 (3) 

dend (2) by the ſecond Quotient (3), or the v (6)aaa y(6)aa 
latter Dividend (6) by the fitſt Quotient (1), | | 

and the Product is (6); before which ſetting / it gives v (6) for the common Radi- 
cal Sign ſought. Then I multiply the Powers of the given Roots according to the 
alternate Quotients. viz. the firſt Power a cubically, becauſe the latter Quotient is (3), 
but the ſecond Power aa, becauſe the firſt Quotient (x) is a lateral Index, is not to be 
multiplied into itſelf at all. So the Products are aaa and aa, before each of which 
pre fixing (6), (the common radical Sign before found) there ariſes (6) aaa and 
(sa the two Surd Roots ſought ; which are equal in value to the given Surds re- 
ſpectively, wiz. „s) aaa is equal to V/(2)a, and /(6)aa is equal to aa; and the 
Surd Roots found out have a common Radical Sign, to wit, (6). Therefore that 
is done which was required. - FER | 


Example 5. 


After the ſame manner v(4)36 and V (10)5ac will be reduced to (20) 24368445 and 
v(20)25aace, and the Work will {land as here you ſee. 


(2) ) v(a)3b Vio) g 
4 (2) X 650 if 
v(20)2436b6bbb Hz;) z; aa | 
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The. Arithmetic of Surd Quantities. BOOK II. 
Sec. IV. Maltiplication in ſimple Surd Quantities. 

Beſore Addition and Subtraction can be performed in Surd Quantities,” the manner 
of their Multiplication and Diviſion mult firſt be learnt; I \h2H1 therefore begin with 
Multiplication, which requires that the Surd Roots propoſed to be multiplicd be of 
the ſame kind; and therefore if they be of different kinds, they muſt firſt of all be re- 
duced to the ſame radical Sign, (by the Rule in the foregoing Setct., 3.) Then, 

1. Multiply the Numbers or Quantities ſtanding next after their common radical 
Sign one into another, without any regard had to the {aid Sign; and to the Product 
of that Multiplication prefixt the common radical Sign: ſo this new Root ſhall be th 
Product ſoughr, | 

As for Example, to multiply 4/5 by 4/3, I multiply 5 by 3 and it makes 23; to 


u hich prefix /, (the radical Sign of each of the Surds given to be multiplied) and 


then ariſes 4/15 for the Product ſought. 

Likewiſe if 4/6 be multiplied by 4/5 it produces 4/30. 

Alſo y/$ multiplied by /r makes 3. 

And 21 (or /) into /2+ (or 3) gives g. 

Again, /(304 multiplied by /(3)5 produces y/(3) 20. 

Likewiſe /(4) f into /(4) 2 produces (6405. YI 

And if / (2)5 be to be multiplied into /(3)6, the Product will be 4/{(6)45co ; for 
faſt, the given Roots being of different kinds are reduced to theſe, to wit, /(6)1 25 and 
v/(6)36, which multiplied one into another make (604500 11 

After the ſame manner Multiplication in fimpl-Sard Quantities exprefs'd by Letters 
is perlormed: as it 4/4 be to be multiplied by . the Ptoduct will be Jab. For (ac- 
cording to the Rule of Algebraical Multiplication) the Quantity 4 multiplied by rhe 
Quantity 6 produces ab, to which I prefix, the given radical Sign /, and it gives al 
the Product ſought. 9 £ | 

Likewiſe /ab into y/cd produces y/abed. | 

20 ES EA, — © FOG, ” 

And = multiplied by / y makes / =. | | 

Again, to multiply 4/(2)d by „/ Dab, firft; (by the Rule in the foregoing Sell. 3.) 
I reduce them to / (6) ddd and (6) aabb, which multiplied one into another give 
y/(6 )dd1aabb for the Product required. 

2. When any Surd Root is to be multiplied into ir ſelf according to the Index of its 
own Power, vis. if a Sutd Square Root be to be ſquared, or a Sud Cubic Root to be 
cubed, ciſt away the radical Sign, and rake we Number'6r Quantity remaining for the 
product ſought, which inthis caſe is always rational; as to nb V into it ſelf I caſt 
away the radical Sign /. and take 5 for the PtoduCt or Square of /, (or 4/5 into /5 
makes 25, that is, 5.) Likewiſe the Square of 4/8 is 8, and the Squate of / is 4. 

In like manner to multiply /(3)5 ints it ſelf cubically, 1 take 5 fot the Product, 
to wit, the Cube of /( 295: for / 305 into /(2)5 makes (30235, and this again into 
e) produces /(3)125, that is, 5. Ping + d „ ? 

Again, /(4)12 multiplicd into itſelf biquadrarically produces 12; for „(4012 
into y/(4) 12 makes /(4)144, (which is the Square of Y/{4)12 3) then (4) 144 
again into / (4) 12 makes / (4) 1728, (which is the Cube of / (a(12.) Laſtly, 
(4) 1728 again into y/(4) 12 produces y/(4)20736, that is 12, which is che fourth 
Power of y/(:)12 the Root propoſed. eats cop 8 | 

The like is to be done in Surd Quantities expreſsd by Letters; as if /a be to be 
multiptied into itſelf, or ſquared, I caſt away the radicat Sign, and write ab. for the 
Produtt or Square of Vb. ' Likewiſe if y/(3)bcd be to be multiplied into itſelf cubi- 
cally, the Product or Cute thereof will be bcd. dare, te Lal oregg | 
3 When a Surd Quantity is given to be multiplied by a Rational Quantity,reduce the 
Rational into the form of a Surd of the ſame kind with the given Surd, (by the forego- 
ing Rule in Sa. 2) and then multiply according to the firſt Rule of this foutth Sccti- 
on; as to Ws . by 2, I fiſt reduce.2 to , then 4/8 into / gives 4/32, thePro- 
duct defired, Likewiſe 4/7 multiplied by 5, that is, by 4/25, gives the Product 4/175, 
Again, it /(3) 6 be to be multiplied by 2, I reduce 2 to 4/(3) 8, (by multiply ing 
2 into it {elf cubically ;) then /(3) s muitiplied by / (3)8, gives /(3)48 for the 
Product deſited. ; py 7 MTS 1 
jke- 
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Likewiſe (4) 8 multiplied by 5, that is, by / (4)625, give#y/(4)goco for the Pro- 
t. —— WT +08 Nene 531 

a manner to multiply the Surd Quantity Va by the Rational Quantity 6, | 
I firſt! reduce & to bb, then a into bb, makes abb the Product ſought, Likewiſe 4 
(30) into b makes y/(3)abbb,* ( being firſt reduced to . 3)bb6.). 

Again 4/3 into 44 gives the Product 48. 

4. But hen a Surd Quantity is given to be foultiplicd by a Rational quantity, it will | 
oftentimes be very convenient to omit their Multiplicatioa, and only to connect them . 
ſo as that the rational Quantity may ſtand on the leſt hand of the given Surd, to ſignifie 
the Product of their Multiplication ; as to multiply 8 by 2, I write 248 for the 
product, which ſignifies twice thegſquare Root of 8. Likewiſe 20/3 repreſents the Pro- 
duct of the Multiplication of 3 by go, vit imports V to be taken 20 times, which 
amounts to as much as „/ a0, found out by the pteceding third Rule af this Section. 

Again, 57. ſign iſies the Product oſ V/ multiplied by, 3, (or * by /7 and fy: de- 
notes the Product of 3 4 into /, (or into 5 alſo 4 into 20% makes 
90 / 3, bat is, 204/3 taken four times, Likewiſe 2% (3, lignifics twice the Cubic 
Root of 6, and is of equal value with /(3)48. Likewiſe 3/3080 denotes the Product 
of che Cubic Root of 80 multiplied by n or F of (3080, which is equivalent to (2) 
4233; and 3%/(305 multiplied by 6 makes 18/305 chat is, / (30 291000. 
The like may be done in Surd Qpantities expreſt by Letters; as it / be to be multi- 
plied by 4, I write 6% to ſignifie the Product; allo 5, into % makes 56 
2% gives the Product ch, likewiſe 44 into 4 mak W.. 

A 


* 


| es 44 ; ' Tg + Ss) ; 
Again, if % be to be multiplied "by “ — 4. che Product may be expreſt thus, 


0 19 1 4 * 


b AdxVab, or thus, BdV. "oo" : 3 
| Alſo it (3) be ro be multiplied by 4, the Produkt may be expreſtthus, d/()=— * 
and (30 Mito b, mäkes 5 (;)a, which is equivalent to „(3 ft. 
5. When two Rational quantities, whether they Cn or unequal; are multipHfed 
ſeverally into one-commonSurd$quare Root, according do the method in the preced ing 
fourth Rule, and it is deſired to multiply thoſe Produtts one into the other, (which 
Products are called Commenſurable Quantities, for the reaſon hereafter given in Sect. 7.) 
multiply the Rational, by the Rational, and that which is produced multiply by the 
ſaid common Surd, 3 its Radical Sign 3 ſo the laſt Product is that which is 
ſought, and will be intirely Rational. | | _ | 
A s for Example, to multiply 3/5 by 2/1 multiply 3 by 2, and thePradeR 6 by 5, * » 
ſo it makes 30, which is the Produ& of 3% multiplied by 24/5,(or of /45 into 26.) 
" Likewiſeay3 multiplied by , (viz. the Square of 2/3) makes 12; and 20% 
into 8 / makes 486,” (by multiplying 20, 8, and ; one into another continually ; 
again / 13 into 5412, produces 16. * * N 
After the ſame manner to multiply /e by byc, I multiply a by b, and the Product 
ab by e; ſo th e atiſes abe for the Product ſought. © The Reaſon of this Rule is evi- 
dent, for yaac, (that is, a /c) multiplied into be, (that is, b/c} makes Vaalbec, 
(that is, abe) as before. I nes ee 
In like manner 5% into 5% produces 250, ro wit, the Square of ; and 24 
into 5avb gives the Product 1oaab. Allo 54124 multiplied by, 12d produces 
But here it is to be noted, that this fifth Rule of Multiplication t ace only when 
the common Surd Root into which Rational Numbers are multiplied is a Surd Square 
Root; ſo that f®4v(3)5 be to be multiplied by 3% (3) 5, the aid fifth Rule will be in- 
eſſective, and the Product is to be found dut by the following ſixth. Rule. ee ee 
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6. When two Rational Quantities, whethet they be equal or uhequa], 1 iplied 
into two unequal Surd Roots of the ſame kind, or ipto one Common Sard above tlie qua- 
dratic kind, acording to the Method in the foregoing fourth Rule of this S and it 


is defir'd to multiply thoſe Products one int another, multiply the Rational by the 
Rational and the Surd by the, Surd, and joyn.theſe Products together, ſo as the Ra- 
tional Product may ſtand on the lett· hand; then thoſe two ProduRs ſo conte dei falt 
be the Product ſought. e OR 


*. Hg | , 4 , * , VE ; Ex 9. ©, * 
As for Example, to multiply 54/8 by 2/3 I multiply 5 by a, and the Product is 10; 
13 4 then the ſe „ e make 10% 24, (that is, 


alſo 8 into V3 makes y 


. 
1 
[3 


- 
» ? . 
* . 
* a n 
* 4 
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+2400) the Product ſought. In like manner 2 %8 into 24/4 makes 4/24, that is, 938 4. 

Again, 20y 5 multiplied by 18,/3 produces 360% 1F ; anc 8,27 into 2/3 makes 
16/81, that is, 1443 allo_5v (304 into 3/30 Produces 159 (3) 2, that is, 
v (3)3375 ; likewiſe 43) 5 into 2 (3) makes 8/35 and 3% (40 5 into 
2y/(4) 6 makes 6% 4) 30. ' OO hs,” 

After the ſame manner to multiply abc into g Vd, firſt I mulciply a by g, and it 
makes ag; then bc into Vad produces V. Laltly, ag into ybcad gives ag 
the Product ſought. | "> TRE RF on 

2 zv ab multiplied by 3cy/bc produces 6cyabbc ; and 2% into 2y/b makes 


Also VA. multiplied by Vac, gives the Produłt abyacddd ; and bY/(3)dd into 


go makes Ic) df; again, ay(3)c into bY(3)s makes aby(3) cc. | 
Whey a ſimple Surd Quantity whoſe Radical Sign has for its Index ſome even 
Number greater than 2 is to be ſquared, prefix a Radical Sign whole Indexis half the 
given Index, before the Power of the given Surd ; ſo ſhall this new Surd be the Square 
of that given. As if /(4)s5 be to be ſquared or multiplied into it ſelf, take y/{2)5 or 
v5, for the Square or Product ſought. Likewife the Square of /(6)10 is y/(3)10, 
and (8) 10 into y/(8) 10 makes y/(4) 10. 0 0 
After the ſame manner to multiply Y into itſelf quadratically, I write/(2) bc 
or 4/bc for the Product or Square of / (le. Likewiſe the Square of Y/(8)1obc is 
(4) 1obc, and /(10)a into /(10)a makes (Sa. Moreover, 226 (40d into 
7 . makes 6abyd ; for 2ab into 3 makes 6ab-and y(4)d being ſquared makes 
v(2) or vd. 4 a . , 
But when a ſimple Surd Quantity, whoſe Radical Sign has for, its Index ſome Ter- 
nary Number grearer than 3, as 6, 9, Cc. is to be multiplied into itlelf cubically, 
prefix a Radical Sign with an index that may be a third part of the given Index before 
the Power of the given Surd Root, ſo ſhall this new Surd be the Cube of that given; 
as if /(6)64 be to be multiplied into itſelt cubically, then (2)64 or 64 ſhall be the 


Cube ſought., Likewiſe the Cube of (9) 512 is (3) 512. ; a 55 
- More Examples to exerciſe the precedent Rules of Multiplication in 
— 2 Simple Surd Numbers. 9 
| Multiply /, ee s 
N | be,» (OB | | 4(4)z" + 
; Product v 40 x „63028 Vans that is, 2. 
— - — : —— — : 


— ; * 


- Multiply 432 „„ rr SR: ce 
iy 0: Ty v.32 * Multiply theſe three continually, 793970 8 


4 


Product 32 , 
"PW * r | — — — 5 
Mutiply - /½a7 I ARTS | 5 
3941 1 e -D 
—_ roduct 67 or V972 12% 95 or,y(3)8640 
nenne | . 7 2. — | e - wg 
_ "Multiply 18/75 24V 63 26 0 
| $5... 45 ; _5y67_ * 7 . 5 
Produ, 3%. 1. « _ 765 301 
* bl 7 752 v(6) Fs 7 475 
Iultipiy | 3 512 | | 
a 5 by yf A 1 | —4vs 
„ Pons ———O9: 2 i 
— * N * 1 £23. abode . FRO Re — 
Multiply 5/8 5 12V(2)s ůͤ (4) 2˖ 
„ * Oy A4 if | Rt] OW LEE 
Product 20% zov (3 4 712 ire! 


a + 
: — OE NS 2 " . * -' 3 2 + — ** 1 ye 
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More Examples to exerciſe the precedent Rales of Multiplication in 
Simple Hurd Quantities exprelt by Letters. 


Multiply „123 515 
F 8 | RT; . | 
Product vw 36aa or 6a v 4aabc Or za bc 5 | 
Multiply' ya | 18 V(6)aaa 5 
by v(3)aa 5 e e 1 v (6)aaan 
Product —— ——— —y (6) 
Multiply 27a W (3)aa 
„ Ti Multiply theſe three continually,Jv (34a 
Product  27aa fs ' fv (3)aa © 
5 8 . ; 1 
Multiply /36bc - ff | heat 5 8 
by __2 nn | ds v(3)24 
Product 2v36bc or /12bc 5b/(3)2a or V(3) 250abbh 
"Multiply 3a 5 7Vbc ' #2\/bc 22 
i | SW | be 
Product z oab 28bc _ 2abbc 
— — ö 11 
Multiply 3s? zaV 3 N 
bey N 174; N 224 
Fenn e | u 
"Produc T5vaake eee e 


The certainty of the firſt Rule of this fourth Section, (upon which all the reſt do- 
pend (for the Multiplication of two ſimple Surd Numbers of the ſame kind, may be de- 
monſtrated in manner following : Firſt, let there be two Square Roots given to be multi- 
plied, ſuppoſe 4/5 and 4/3, then (by the ſaid Rule) the Product of their Multiplication 
is V15 ; now we mult prove that * 15 is the true Product of 5 multiplied by V3. 


TT —— 


** 085 Fs Demonſtration. © 
* FIJJNA ; , 171 7 1 | | 


By the Defidition of Multiplication} - n 2 Hint Loads ned 
"theſe are Proportionals,, viz. —F * * „ „ „ Product. 


: 


* 
* 
„ * 4 


5 Therefore their Squares ſhall be alſo o 2 2 | . 
3 Proportionals, (per 22 Prop. 6. W 1 5 21 3 F Square of the 
_ Elem. Euclid.) vin ——— — | Product. 
But theſe are Proportionals, (per TY a 1 95 , | 
Prop. 7 Elem. Euclid.) — „ „ ee $7 15 


Therefore from the two laſt Analogies 15 is equal to the Square of the product 

and conſequently y/15 is the Product of /5 into 4/3 ; which was to be proved. 
Likewiſe in Cubic Roots, if /(3)5 be to be multiplied by /(3)4, the Produ& 

(by the L 6 Rule) is /(3)2zo. For, 95 c | 

By the Definition of, Multiplication 2 - 3 . 
theſe are Proportionals, viz. TE 1 . C303 * (304 © ProduR, _ 

Therefore 1 * are alſo Pro- cube of the 
portiona S, Prop. Elen. 13 22 : 4 

13. Euclid.) 2 ' "200 — i 4 Product. 

—:!. , ĩ·˙ ONO. IH. 3 

| Dd 2, There- 


* 


—— 
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Therefore 20 is equal to the Cube of the Product, and conſequently the Cubic 
Root ot 20, to wit, /(3) 20, is the Product of „(303 multiplied by y( 3043 Which 
was to be proved. "__ {or 

Moreover, becauſe (by Sect. 11. Chap. 5.) if four Numbers be Proportionals the; 
on an e Cc. = 1 (og agen: this Demonſtration may EC 
extended to prove the certainty of the ſaid Rule for multiplying a : 
Numbers of £6 ſame kind. b | den 


* 
— 4 


Set. V. Diviſon in ſimple Sard Quantities | 


232 — — 


As be fore in Multiplication, ſo here in Diviſion, if the given Surd Roots, to wit. 
the Dividend and Diviſor be not of the ſame kind, they mult be reduced to a common 
Radical Sign by the preceding Se. 3. Then, 

1. Divide the Number or Quantity following the Radical Sign of the dividend by 
the Number or Quantity following the ſame Radical Sign of the Diviſor, without a- 
ny regard to the Sign, and to the Quotient prefix the ſaid common Radical Sign; ſo 
this new Root ſhall be the Quotient ſought. ; 

_ As for Example, to divide „15 by /3, I divide 15 by 3, and there ariſes 5, be- 
fore which I prefix V, (the Radical Sign common to the given Surds) ſo.y/5 is the 
Quotient ſought. _ __ 

Likewiſe it /30 be divided by 4/5, the Quotient 4/6. 

Alſo y+ divided by / gives the Quotient 4/3. 

And y5+, or s, divided by 23, or 3, gives the Quotient 23. 1 

Again, / (3) 20 divided by (305, gives the Quotient (304; for 20 divided by 5 
gives 4, before which ſegting /(3) the Radical Sign belonging to each of the given 
Surds, there ariſes /(3)4 for the Quotient ſought. ES 3 

Likewiſe /(4)3 divided by 4/(4)}, gives the Quotient Y(4)ꝛ272 2: 

Moreover, if /(6)4500 be given to be divided by /(2) 5, the Quotient will be 
v(3)6 ; for firſt, the given Roots being of different kinds are reduced to theſe, to wit, 
y(6)4500 and (6) 125 ; then by dividing /(6)4500 by vV(6)1 25; thete ariſes 
(6)36, whoſe Square Root being extracted, (becauſe 36 is a Square Number, and the 
Index (6) an even Number) it gives 4/(3)6' tor the Quotient ſought, - -.-: 

After the ſame manner Diviviſion is performed in Simple Surg quantities expreſt by 
Letters. As to divide Vab by Va, I divide ab by a and there\ariſes 3, then ſetting / 


# | 
33 


before 6 it gives /b for the Quotient ſought, to wit, the Quotient that ariſes by divi- 


ding Vab by Va. 1 
Alſo % divided by Va gives the Quotietnt 777 
* Likewiſe. V abed divided by ab gives the Quotient Vd. 
& 2aad" F nab : 1 a gad Aer 
Allo / = divided by ze gives the Quotient / —- | 
Again, to divide /(6)dddaabb by (3 )ab, I firſt reduce them to /(6)dddaabb, and 
y (6)aabb, then I divide /(6)dddaabb, by y(6)aabb, and there ariſes y (6 )ddd, that 
is, /(2) d for the Quotient fought, LR G ü, Weck Erl. 
2. When a Rational Number or quantity is to be une its Squate Root, that 
Root'is the Quotient ; as if 5 be divided by its Square Root, to wit, by v5, the 
Quotient will be 4/5. Alſo 8 divided by $ gives /s for the quotient. 
In like manner if the quantity bc be divided by its Square Root, to wit, by Vc, the 
quotient will be 4/bc. And 5a divided by y/5a gives the quotiebt 5 . 
23; When a Surd number or quantity is to be divided by a Rational number or quanti- 
ty, or a rational number or quantity by a Surd, reduce the rational into the form of a 
Surd, (by Sec. z. of this Chap.) and then divide according to the 1 Rule of this Sec. 5. 
As to divide /32 by 2, I firſt reduce 2 to /4 ; then by dividing /32 by V4 there 
ariſes 4/$ for the quotient. 1 7 She J e 
Likewiſe 175 divided by 5, that is /25; gives the quotient 4/7: 
Alſo 12, that is, / 144, divided by y/3, gives the quotient 48. ie 
Again, if /(3048 be to be divided by 2, I firſt reduce 2 to /(3)8, then by dividing 


4/(3)4$Þy V(3)8-there ariſes /(3)6 for the quotient ſought. Alſo v (4)5090 divi- 


ded by 5, (chat is, by y/(4)625 gives the quotient /(4)8. 


3 Wed After 
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' y/48aa divided by 4a, that is by V 16a; gives the Quotient 3. Alſo V(3)abbb divi- 
ded by b, that is, „(3 )bbb, gives the Quotient /(3)a, 1 


. I | + FOE be 
N then I divide 4/({3) —= by „C30, and there ariſes (3) — of 


1 14 „er 
( 2 * Lell 


— —— 


— —— 


After the ſame mannet to divide the Quantity /a, by b, I firſt reduce h to ys ; 
and then by dividing abb by vb, there ariſes /a tlie Quotient ſought. Again, 


: ; be | EN 
Likewiſe to divide the Rational Quantity T by V(3)bbcc, 1 firſt reduce” or 


bbbccc ccc 


b 


5 Jbe the Quotient ſought. 

4. When the Product of a Rational Number ot Quantity multiplied into a Surd 
Number or Quantity is to be divided by the ſame Surd, the Quotient will be the ſaid 
multiplying Rational Number or Quantity. As 5% divided by /; gives the Quo- 
tient 5 3 alſo 20y/(3)4 gives the Quotient 20. | 3 I. 

In like manner 34 0 divided by 4b gives the Quotient 5a; and 45/3) 12 divided 
by „(3012 gives the Quotient 4. 13 5 

5. When the Dividend and Diviſor are the Products of two Rational Numbers or 

uantities multiplied ſeverally into one common Surd, according to the fourth Rule 
of Multiplication in Sect. 4. (which Products are called Commenſurable Surd Roots, 
as hereafter will appear in Sec. 7. of this Chap.) divide the Rational part of the Di- 
vidend by the Rational part of the Diviſor, and that which ariſes ſhall be the Quotient 
ſought. As for Example, to divide 6V 3 by 2 ½3, I divide 6 by 2, and there ariſes 3 
the Quotient ſought; (for 2v 3 multiplied-by 3 produces 6%.) | 

Again, 5y6 dvided by 2% gives the Quotient ; or 2+. b. 

Alſo 2/6 divided by 5v'6 gives the Quotient 5, and 2% divided by 2% gives the 

uotient 1. a S 10 
WP alſo-8/(3)7 divided by 4\/(3)7 gives the Quotient 2 ; and 3004 , divided by 
4v(4)5 gives 2 for the Quotient. 5 Pat 

In like manner to divide 44s 7 by 2av7, I divide 4a by 2a, and there ariſes 2 the 
Quotient ſought 7 (tor 2av 7 into 2 produces 4av7 : alſo 3/6 divided by 546 gives 


the. Quotient +, and .2yb divided by 24/5 gives the Quotient z, __ _ 
Again, 5@y 36 divided by zav 36 gives the Quotient. £ 
And 7ab\/(3).dd divided by 36bv(3)dd gives the Quotient 24. ETD 
6. When the Dividend and Diviſor are the Products of two Rational Numbers or 
_ Quantities multiplied into two unequal Surd Numbers of Quantiries, according to the 
fourth Rule of Multiplication in the preceding Sec. 4. (which Products are called In- 
commenſurable Surd Roots, as hereafter will appear ;) divide the Rational part of 
the Dividend by the Rational part of the Diviſor, and the Surd part by the Surd part, 
then connect the Qotients ſo as the Rational Quotient may ſtand on the left hand, 
and this new Quantity ſhall be the Quotient ſought. | | 
As for Example, it 4/15 be to be divided by 24/5, firſt I divide 4 by 2; and there 
ariſes 23 Alſo I divide 4/15 by v5, and there ariſes 3 : then thole-.two Qaotients 
joyned rogether make 24/3 (or 12) the Quotient ſought, - 4 nog | 
In like manner 4y 12 divided by 34/2 gives the Quotient? /s; for 4 divided by 3 
{to wit, the Rational by the Rational) gives-*; and v12 divided-by--4/2,-(to-wit, 
the Surd by the Surd) gives v6 : then by joining together thoſe two Quotients there 


l > 


5 


% + 


ariſes £6, or 14%, (or /*3) for the Quotient ſought. a 

Again, 24/7 divided by 35 gives the Quotient 4/* and 24/7 divided by 2 /; gives 
the Quotient 14/5 or V+. STI o 2 

Likewiſe to divide 4y/ (3064 by 2 ‘308, I divide 4 by 2, and it gives 2: alſo 
63)64 divided by v (3)8 gives /(3)8 ; then thoſe two Quotients joined together 
make 2 (38, that is 4, the Quotient ſought. Moreover, 5/(3)20 divided by 39304 
gives the Quotient 7/35. 9 1 A, 

Afrer the ſame manner 44 / divided by 22, gives the Quotient 2%; for 4a di- 
vided by 2a gives 2, and // divided by r gives /b ; then connecting thoſe. two 
Quotients there ariſes 26 for the Quotient ſought. . 


* 
1 


So alſo 6ab\/cd divided by 6aydf gives the Quotient 5% 7 ; 
And 


— * 1 AT _—_ 
— — — 
_ 1 1 


” — 
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And ay(3)c divided by b/(3)44, gives the Quotient 7 = 


The Demonſtration of the aforeſaid firſt Rule of Diviſion ( which i is ;-ehi riſe of all 
the reſt) may be formed like that of Multiplication in the preceding Set. 4. if there 
be laid as a ground-work this Analogy, viz. As the Diviſor is to x (or Parr ) fo 
is the Dividend to the Quotient. But waving the Dewonſtration, I ſhall give more 
Jar. Ay of Diviſion in (imple Surds, both in Numbers and Quanzitie * by 

etters. 


More Examples to exerciſe Diviſion in ſimple Surd Numbers. 


Dividend v 117 v(3)16; or 3955 v/ (4)256. 
Diviſor / 6+ (3) 3* orv(3) 3 | (4/16 


Quotient 'V/ 18 (3) 45 or (3075 7 


"ow —.— tar . Jer 5 8 
Quotieñt — 12) 49 or . 5394 
" Dividend 12 | | 58 169306 K 
Diviſor 12 | = 8 15 5 V( L(32 25 __ 
Quotient 512 77 | 

* Dividend v245 | (33686 eee 8 

ivi 31 

Quotient 20 — | 125 
Dividend 20% 14 3/20 my 
Diviviſor 2/14 | T7320 he | 
Quotient 10 | 3 ny 27 0:9 
Dividend 15418 * 1 
Diviſor 34/6 3 
2 553 iv a —.— 


More n to Exerciſe Diviſion in ry Sard 2 


expreſt by Letters. | 
Dividend /15 -l v/ (3)4bbddd . } /(4)3 244 
me |... (M$: _-- 1 
erf _ | | v(3)ddd or d | | v(4) 16 or 2 


— — 


Dividend 4 (6)6 gt / (6060470 55 
Diviſor 42034 . Les is Ji. 2 
Quotient — V (6) 25aabb or VG Jab 


Dividend VSO I= gbcdd (or v 3 1bbecd*) 
Diviſor gab (or “ 16aabb) a27bd__ g SL 
Quotient ab v 3bedd | 


— 
lt — 
_ # 


Dividend 6c | 7 argon | 7055 
4 


— ei. 


8 


Diviſor e v df vy(3)bb 
Quotient Vb. b 24 


. - 
— — — 


— 


„ 5 ; ? pa "on 
0 . | r hb . | 
mY Divideyg 12 | e 18 be Wn /(2f 2 . 
N , N ws 2C gy . ' 
© Divior / fo, od © LL.) AE 
L enn bb 7 
Quotieng 4, 3 | 39; 
4 N. | 8 M K 0 
dc ng: L E a 444.0 8 CD 
Dividend 2c Va | . Gaav(3 )bbbd 
Pier "eye _ erer 
| Tx. * d | 3 8 
Quotient / „ WIS 
a c F * '# = 


., Note, By the help of Diviſors Surd Quantigies may oftentimes be reduced into o- 
thers more ſimple, which being a very uſeful Work, I ſhall explain it in the next Section. | 


— 


Seck. VI. How to reducs i Surd Qu antity to another more ſimple, 
* when it may be done. 


c © * ; | | 2 E 
Whenithe Power of a Surd Quantity, the Radical Sign being omitted, can be divided 
| juſt without any Remainder, by a Power which hag a Rational Root of the ſame kind 
with that which is denoted by the ſaid Radical Sign then divide the Surd Quantity 
propoſed by that Rational Root, and prefix this Root | 
have a hew Surd Quantity equal to that propoſed, and in more fimple Terms 
As if 63 be propoſed, -becauſe 63 may be divided by the Square Number 9g with- 
out any Remainder, I divide /63 by 4/9, (that is, by 3) and it gives the Quotient 


% 


Vi, before which I ſer the Rational Diviſor 3, and it makes 3%, (that is, 3 into the 
Square Root of 7, ot thrice the Square Root of 7) which is equal ro / 6; firſt pro- 


poſed ; (for the Quotient / multiplied by the Duviſor 3 makes the Dividend 63; 
io that inſtead of y 63 I write 37. | +4 ol 
Likewiſe initead of /50 we may write 5V 2, (which ſignifies five times the Square 
Root of a ;) for in regard 30 divided by the Square 25 gives 2, I divide V50 by /25, 
that is, by 5, and the Quotient is 4/2 ; and becauſe every Quotient multiplied by the 
Diviſor, produces the dividend, therefore 3% ſhall be equal ro the Dividend 4/50. 


After the ſame manner inſtead of . or 23, we may write +; ; for 25 divided 


by the Square Number gives the Quotient 3; and conſequently / divided by 
„i, that is, by 2, gives the Quotient / 3: Therefore 1 3 ſhall be equal 10 25 
or „. I 85 FS 

Again, inſtead of / (3040 we way write 2v (3)5, (which ſignifies twice the Cubic 
Root of 5 ;) for 40 divided by the Cube 8 gives the Quotient 5; and conſequently 
v(3)40 divided by v (3) 8, that is, by 2, gives /(3)5 ; therefore 2 / (3)5 mall be 


equal to y/(3)40. | Fo OS 
 #(3)54) 
2 


Lixewiſe for / (305, (or ve may wtite 34/(3)2 3 for *+ divided by the 


Cube ; gives 2; and conſequently 4 divided by / (3)*Z7 that is, by 4, will 
give 15 : Wherefore + (3) ſhall be equal to y/( FAY, s : : 5 | 
The like Operation 1s to be done in reducing Surd Quantities expreſt by Letters to 
others more ſimple : as if 4/75aa be propoſed, foraſmuch as 754 divided by the 
Square 25aa gives the Quotient 3, and conſequently ///, divided by y/25aa, that 
is, by 5a, will give /3# therefore the Divifor 5a multiplied into the Quotient 4/3, 
produces 54 /ñ;3, equal to the Dividend 4/75 aa, and therefore inſtead o „jaa, WE 

der CR. e e 2 
Alter the lame manner / toaabb may be reduced to a6 o, allo Vaa to and 

v(3)44dd to dy (304. | os 
Again, foraſmuch as aaab +aabb may be divided by the Square 4a, and there ariſes 
ab Lb, and | conſequently N : aaab Caabb: divided by /a, that is, by a, gives the 
"24642 4 :ab+bb : therefore a into „/: ab: ſhall be equal to Y : aaabF-aath: 
o that inſtead of „ Paal: we may write a into A bb: or ay: ab-th : 
Like- 


* 4 


| A 


7 i . o ; ”s 6 N 2 1 5 2 . = - * | 
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t before the Quotient; ſo yu 
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. ce F elle | 


| Quotient will 2 * Anf : therefore the Diviſor , "oy ©” multiplied i into the Quotient 


Likewiſe | FO *. ate F N: we may write @ | 7 into Vbbe > 
«+j/bbc ; for. aabbc{-2afbbc{-ffvbc divided bY the Square 43. L. 227 gives be, 


and conſequently ,4/ : alle Faq Pit: divided by V 2af +} : that is, 


by a l.. gives the” Quotient /bbe. Therefore a bbc ;, imgorcs as much as 


| * 9 as * 
THaaabbb ab 
waking manner inſtead of 2 we may write Ene ( 3 * = 


NO 


; "for * the Power of the Surd propoſed i is produced by the Multi 


—.— , whoſe Cubic Root i lt, arid con 


plication of 2 mY - into the Cube =; * 
b 4 
212 = giv d by * 0 ret that t is by © = gives the Quotient 


y v3)" 
„ Therefore 3 fall be equa to V = eee 


85—8 - 
So allo ſor vi r we may write 2 200 Tap for if 5 — 


8 
ſequent- ; 


er of che Sard propoſed be divided by the Squark =. the \Quorien wil be eker, ; 


PEEL : 
and conſequenrl if the Surd propoſed be divided by . = chat is by — . , the 
N 


H viz, 7 ae devon as much as 1 rarity 


Surd propoſed: 1 | e 
„ 002% ; 455 | 
Likewiſe for y: Car * we may 4 weld LY: 22 n 


But when a Square or Cube, &c. by which the Divi on neceſſary to woch Coptradion 

is to be performed, cannot be readily diſcetned, firſt, (by the Rules of the preceding 
ciphch Chapter) ſcarch out all the Diviſors of the Power of the Surd Quantity propo- 
ſed, and then ſee whether any of them be a Square or Cube, Cc. to wit, ſuch a Pow- 
eras the Radical Sign denotes, which if you find you may uſe the aforeſaid manner 
tq free the Surd Quantity in part from the Radical Si | 

As if /288 be propoſed, becauſe among the Divitors of 288 there are found the 
Square Numbers 4, 9, 16, 36, and 144, which dividing 288 will give the Quotients 
72, 32, 18, 8 and 2; inflead of V 288 we may write , or 3/8, or 4/18, or 
6v8, or laſtly 1 

In like manner if Y: aaab-aab$: be propoſed, becktife among the Diviſors of hs 


Quantity aaa +aabb, there is found the Square aa, the ſaid /: aaab Paal may be 


reduced to a v: aabb: as before 
Again, ſor as much as «'b—actb{-adabcLabec ab? Aale Li is produced 


| by the Multiplication of a into the Square e whoſe 


Root is is A c-; we 5 We may inſtead of v: @a'b—aabb 2aabct-abcc—ab Tiber 
2c: write a+ = into r n or a+c—b v :ab -bh: _ 

; Likewiſe, becauſe among the Diviſors of 1200444 there are found the Squares qaabh, 
16aabb, 25aabb, roi, and 400; which dividing the ſaid 1200aabs will give 
the 300, 75, 755 5 and 3, we may, for v 1200aabb write ez, or 
ALY * or . or} 104 by 12, or laſtly 204 5%. * | 


. = * 
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Ses. vi. 3 Surd Roots being given, to find whether ther be . 
menſurable or Iucommenſurable. 45 
e Surd Roots are ſuch-whoſeReaſon or Proportion to one another may 
"Be expreſt by Rational Numbers or Quantities; aud thoſe Surd Roots whoſe Propot- 


tion cannot be _ by Rational Numbers or Quantities, are called Incommen fi wh 
* : E 
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The Rule to try whecher two Surd Roots of the ſame kind, (that is, ſuch as have 4 
common Radical Sign) be Commenſurable or not, is this that follows, 2. 
Divide the given Roats ſcverally by their greateſt common Diviſor, then if the 
noticats be Rational Numbers or Quantities, the Roots propoſed are Commeniara- 
bie; but if the Quotient be Irrational or Surd, the given Roots are Incommenſurable. 
As fort Example, to try whether /12 and 4/3 be Commenſurable or not, I divide 
them ſeverally by their greateſt common Diviſor /, and find the Quotient /ꝗ4 and 

„JI, that is, 2 and t to be Rational Numbers; whence I conclude that 12, that is 
2%, has ſuch Proportion to v3, chat is 1 /, as 2 to 1, viz. as a Rational Number 
to a Ratiobal Number; and conſequentiy V and: 4/3 (according to the Definition 
above given) are Commenſurable. Hut that / 12 is to 4/3 as 2 to 1, may be denon- 
ſtrated thus, v. It is evident (by reaſon of the common Factor y/3) that 203 1%; 
2: 2. 1% aud (by Diviſion as above) 1222/3, and /3 21%; therefore 12 
% 18. Otherwiſe thus : I 2d hoy ld ws 4: 1 
Foraſmuch as 12 and 3 divided ſeverally by their common BE 
Diviſor 3 give the Quotients 4 and 1; therefore as No. $2.4 
- Wherefore" the Square Roots of thoſe Proportionals ſhall p ;. 

be Proportionals alſo,” (per 22 Prop. 6+. Elem. Euclid) vix. 1 VI2. 93, 2 

Which was to be demonſtrated. + , l on: ſd eutinrmuuyn] 37, 

Alter the ſame manner 4/18 and / will be found Commenſurable; for the former 
is to the latter as 3 to a, to wit, as a Rational Number to a Rational Number : for if 
V and 8 be ſeverally divided by their greateſt common Diviſor , the Quotients 
will be 4/9 and /, that is 3 and 2. Therefore 9/18 is to /s as 3 to 2, and inſtead 
of v18 and 8 we may write 34/2 and 2%, to wit, the Products of the Rational 


antities 3 and 2, multiplied into the common Diriſor Tz. G 
Again, 4/48 and y/75 (that is; 34% and 5%) ate Commenſurable; for the former 
is to the latter as 4 to 35, to wit; as à Rational Number to a Rational Number: for 
4/48 and v75 being ſeverally divided by their greateſt common Diviſor y 3, give the 
- Quotients y 16 75 a5, to wit, 4 and 5. Therefore 48 99 1 4 5 
11 OR, 7 | ; pot yvimbas:.:t 
Moreover; /(3)320 and „(3135 (that is, 4% 30;) and 3v(3)5) having ſuch pro- 
portion one to the other as to 3 are Commenſurable ;'for (3) 3 26 and (20135 
being ſeverally divided by their greateſt common Diviſor /(3)55, will give the Quotient 
v (306 = 8927, to wit, 4 and 3. Therefore „(30320 V(3)135 214. 3 
2 4v(3)5 © 3463-5- m 2 a | The, | 
So alſo v (4)3888 and /(4)243 (that is; 2V(4)243 and 14/(4)243) are Commen- 
ſurable, the former having ſuch Proportion to the latter as 2 to 1; for if they be ſeve- 
rally divided by their greateſt Common Diviſor /(4) 243, the Quotients will be 
„is and /i, to wit, 2 and 1., Therefore /(4) 3888. „(4243 2 - 1:: 
2/4) 243. 14% 4 * . 
If two Surd Fractions, or mix d Numbers ſtanding Fraction- wiſe be propoled, and 
have not a common Denominator, reduce them to their ſmalleſt common Denomina- 
tor, and then try (in like manner as before) whether the new Surd Numerators be 
Commenſurable or not; for it theſe be Commenſarable, the Surd Fractions firſt pro- 
poſed ſhall be allo Commenſurable. As if /; and r be propoſed, I reduce them 
to VV and /,; then I divide the new Numerators only, to wit, 50 and 72, by 
their greateſt Common Diviſor 4/2, and the Quotients va5 and 436, that is, 5 and 6 
are Rational Numbers. Therefore „ and 3+ firſt propoſed are Commenſurable, 
and the former has ſuch Proportion to the latter as 5 to 6. For, 


As 32 £ 22 on 0 «—J39--23+-- 24 :. 36 

Therefore 4/35 . 4/75 ::v3go . %: 5 6 

And becauſe v3 = 75 | and a6 — 57 
r ': $4 . © 


ut if eicher the Numerators or Denominators of two Surd Fractions or mix'd Num- 
bers ſtanding Fraction- wiſe, (the Radical Sign being neglected) be Squares or Cubes, 
Oc. viz. Powers of that kind which is denoted by the Radical Sign, then you need nor 
reduce the Surd Fractions to a common Denominator, but try whether their Numera- 
tors or Denominators be Commenſurable or not; for if theſe be Commenſurable, the 


Ee Surd 
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Surd Fractionꝭ propoſed fhall be alſo Commenfurable. As if V and /f be prepa- 
ſed, becauſe the Denominators (the Radical Sign being neꝑletted) ate Squatks, (to wit, 
Powers of that kind which the Radical Sign denotes) and the Numerators a/50 and 472 
are Commenſurable; (for; if the ſe be divided by their commod Diuiſor & a the Quoti- 
ents are rational; to wit, 5 and 6) Therefore the Surd Fractions propoſed art alſo Com- 
menſutable, and Have ſuch proportion as + to f, (whoſe Denominatorsiq;. and 55 to wit, 
4/26, and 25, @re the given Degominatots) op as 25 to 245 and (accoidiig to the pre- 
ceding Set. 6.) the Surd Fractions propoſed may be expt᷑eſs d thus, 34/2 a,. 
When two Sutd Roots propoſed be of different kinds they mult firſt of all be tedu- 
ced to à common Radical Sign (by the pteceding Std. 3, of this Chan) before the 
Rules aſoreſaid be uſed, to try αhether they be Commenſurable or not. As if (6)64 
and / (3) 27 be giveng they may be rednced«r0-/ (6)64:and (6)7 29,” which divided 
by their greateſt common Dibiſor. (6) , the Quotient will be the fame with the Divi- 
dends- Now if y/(6)64 and (69729 be Rational, chen the Surds firſt given are 
Commenſurable ; but y/(6)6418 2, and 60729 is 3. Therefore the Surd Roots pro- 


- 


poſed are Commenſurable,and- have ſuch Proportion as 2 c e rr 
But if the Quotients ariſing by the Diviſibn of two Surd Roots by their greateſt com- 
mon Diviſor as aforeſaid, happen to be Irrational or Surd, thea the Roots propoſed 
are Incommenſurable ; ſuch are 4/48 and 4/8, for if they be divided ſeverally by their 
greateſt common Diviſor 8, the Quotients are 4/6 and 1: but s is Irtational, the ir- 
fore the proportion which Vd has to 1/8 is not as a Rational Number to à Rational 
Number, and conſequently y/48 and 8 are Incommenſurable, and fo axe all othe 
Surd Roots wWhoſe Proportion. cannot be-expreſs'd by Rational Numbers. 
I ſhall now ſhew how by the help of the preceding Rules we may diſcover whethe 
two Surd Quantities expreſs d by. Letters be Commenſurable or not. As if /27ae and 
4/22aa be propoſed, they will, be found Gommenſurable ; for if they be ſeyerally divi- 
ded by their groateſt common Diviſor / 3aa, the Quotients /g and 4/4, that is 3 and 
2, are Rational Numbers, and ſhew that / 2 744 is. to Ia as; to 2, to wit, as a 
Rational Number to a Rational Number; wherefore / ν,jůỹGMund v 1242 are Commen- 
ſurable, and may be exprels'd thus, 3 3aa and 2 3 aa. | . 
- -: Note, If two Surd Quantities be divided by ſome common Diviſor, though it be not 
the greateſt, yet it there come forth, Rational Quotients; we may thence conclude thoſe 
Sur4Quantities ta be Commenſurable, and oftentimes expreſs them various ways. As if 
aa and 12a be again propoſed, by dividing them ſeverally by their common Divi- 
ſor Vz, there will come forth theQuotients v gaa and Vaa, that is, 3a and 24 ; whence 
it is evident, that / 2 7aa is toy 1 2a as 3a to 24, to wit, as a Rational Quantity to a Ra- 
tional Quantity, and conſequently v2 7 and v 1244 are Commenſurable. Moreover 
according to this latter Divifion we e may write 34/3 for 4/27aa, and 24/3 fot y 11aa. 
Again, v: ae, aal: and /: anbbbbbb : are Commenſurable; for each of 
them being divided by /: aa+66 : there ariſe „aa and /i, that is a and 5, which 
are Rational Quantities, each of which being multiplied into the common Diviſor 
y aa | bb : will give, inſtead of the Surds propoſed, aaa PI and bY aa+6b, which 
aye the lame Proportion to one another as there is between a and 6 


| Likewiſe / 2% ESE ang / un} eee are Commenſurable, for each 
* De | * 


of them being divided by their common Diviſor /. 00 Tamp : there will ariſe * and 
„aamm TTT 5 
* — that is, and 15 (to wit, Rational Quantities) each of which multiplied 


yy | — 1 3 
into the common Diviſor /: 00 + 4mp : will produce 20 Amp ande ug Lv: 
which are equal to, but more ſimply expreſs'd than the Surd Quantities propoſed, 
; 2 3 

and have that Proportion one to another as is between 5 and pr 
So alſo y/:auas+6baaa+21aa 722 P 1087 and VU 1 aaa Pz 74 —1 2785 
are Commenſurable. for if they be ſeverally divided by their common Diviſor Va C12: 
there will ariſe /: aa4+6a+9: and y:aa+10a +25 : that is, a+3 and 4 5, each of 
| e os : x2. 4 which 
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which multiplied into the common Diviſor Vaa E12 will produce a3 V :aa+ 12: 

1. 5 H.: which have the ſame Proportion between themſelves, as that of 

= 1 to 22 * are of the ſame Value with the Surd Quantities firſt propoſed N N 

Again, (208 rabbb and V(3)244bbb are Commènſurable; fer if each of them be di- 

vided by their common Diviſor „(303 a, there will ariſe „(327 and / (3)86b6, 

that is, 36 and 26 ; therefore the Surds propoſed may be reduced to 36% (3) 34 and 
264/(3)3a, the former of which is to be the latter as 36to 256: and ſo of others: 


| Set, VIII. Addition and Subtrattion in ſimple Sard Quantities. 


When two or more equal Surd Roots are to be added together, multiply one of them 
by the Number which expreſſes the Multitude of the Roots propoſed, and the Product 
ſhall be their Sum: as the Sum of /6 and YG is /24 for 4'6 multiplied by 2, that 
is by , produces 4/24. Allo vV(3)6, v(3)6, and (306, added into one, make 
„(301623 for /(3)6 multiplied by 3, that is, by /(3)27, makes /(3)162. 

But when two unequal Surd Roots of the ſame kind, that is, ſuch as have the ſameRa- 
dicalSign prefix d before each of them, be to be divided together; alſo when the leſſer is 
to be ſubtracted from the greater, obſerve this Rule, viz. Firſt, (by the preceding Sec. 7. 
of this Chap.) you muſt try»whether they be Commenſurable or not; and then if they be 
Commenſurable, that is, if after They. have been ſeverally divided by their greateſt com- 
mon Diviſor, the Quotients be Rational Quantities, multiply the Sum of thoſe Rational 
Quantities by the ſaid common Diviſor, and the Product ſhall be the Sum of the Surd 
Roots propoſed; bur it the Difference of thoſe Rational Quotients be multiplied by the 
{:id common Diviſor, the Product ſhall be the Difference of the Roots propoſed. 

As for Example, if the Sum and Difference of 50, and 8 be deſired, firſt, I di- 
vide each of them by their greateſt common Diviſor 2, and the Quotients are 25 
and 7/4, that is 5 and 2, which are Rational Numbers expreſſing the Proportion of 
the given Roots one to the other ;) whoſe Sum 7 multiplied by the common Diviſor 
+ 2 produces 74/2, Or if you pleaſe v'98, (tor 7, to wit, 4/49 into /2, makes „98; 
which is. the deſired Sum of the given Roots 4/50 and V8. And if 5—2, that is 3, (the 
Difference of the Rational Quotients before found) be multiplied by-the ſaid common 
Diviſor /2, the Product will be 3%, that is 18 ; which is the deſired Difference 
of 50 and v8, the Roots firſt propoſed, | | 

Likewiſe the Sum of * (3050 and / (3 108 will be found 8 (3)4, that is, 
(635) 2048; and their Difference 2V/(3)4, that is /(3)32, as will appear by the fol- 
lowing Work, viz. firſt, I divide each of the given Roots /(3)500 and y/ ( 3)108 by 
their greateſt common Diviſor „ 3 4, and/the Quotients are „(30125 and y( 3927. 
that is 5 and 3; then by multiplying 8 (to wit 5-+3, the Sum of the Rational Luo- 
tients) by the common Diviſor (304, the Product 8 /(3)4, that is, , (302048; 
(for 8, to wit, /(3)512 into v (3)4 makes /(3)2048) which is the Sum of y(3)500 
and y/(3\108, the Roots propoſed. ; 

And by multiplying 2, (that is, 5—3 the Difference of the Rational Quotients) by 
the ſaid common Diviſor V(3 )4, the Product is 2/(3)4, that is, „(303 2; (for 2, 
to wit, /(3)$ into /(3)4 makes y(3)32)*whict. is the Difference of y(3)500 and 
(3) 108, the Roots propoſed. | 


Here follow Contraitions of the Work in the tus lat preceding Examples, with 
others of like nature, to illuſtrate the Rule before given for the Addition and 
Subtrattion of ſuch ſimple Surd Roots as are Commenſurable. 

| Example. 1. n 
What is the Sum and Difference of — -y/50 and /8 ? 
; ; The Operation. 

42) 4/50 (v25, that is, 5. Therefore 5/2=y/50. 8 
v2) 4 8 (y 4, that is, 2. . . $. | 

t The Sum, 7y/2=y50+vy8. 
— Or, _Sg8=v5o+v/8. 

The Difference, 34/2=v 50—v8, 


595 | Or, v 18=/59—y8, 
Ee 2 


Example 


3 
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| Example 2. ae $15 
What is the Sum and Difference of = —— ——(;)5 and /) 1087 
e = The Operation. ""— | 
I. /G) v(3)500 ((3)125, that is, 5. . 
II. /(3)4) 4(3)1098 (V(3) 27, that is, 2 
5 From Diviſion I. © 5vV (3)4=v(3)500: 
| From Diviſion II. 2/(3)4=v(3) 108. 4 
The Sum, 8Y (3)4=» (3)500-+v. 3)108; 
| Or, | e eas (eo) 108. ; 
The Difference, eee — 
Or, v(3)32=v(3);z00—4(3)108. 
2 | Example 3. 
What is the Sum and Difference of vV147 and 122 


- | + The Operation. * 
| V1 (* 9, that is, jo T herefore * — 14. 
* * x a” that is, 8 Therefore 4 * — i 
Ahe | The Sum, 9 3Z=v/147+v 12. 
Or, S243 147+v 12. 
The Difference, 5V/3=v147—v12. © 
X N Or, T5 =v147—vy12. 


— * | — — — — — — 
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| Example 4. 
What is the Sum and Difference of —— ———<v(z)1715 and y( 3)40 ? 
, | The Operation i | 
1. 46)5) y(3)1715 (V(3)343, that is, 7. 
II. /(3)5) /G. 42 V3) 8, that is, 2. 
From Diviſion J. 756865 801715. 
From Diviſion III. 2./(3)5=v(3) 40. 
The Sum, 94/(3)5=v(3)1715ty(3)40. 
Or, _ v(3)z3645=v(3)1715+v(3)4o. 
The Difference, 5y/(3)5s=v(3)1715—4(3)40. 
Or, v(3)625=v(3)1715—v(3)40- 
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Note, When two Commenſurable Surd Roots propoſed to be added or ſubtracted are 
Fractions, or mix d Numbers reduced into the form of Fractions, if they have not a. 
common Denominator, reduce them into others which may have a commonDenominatoc 
in the leaſt Terms, then to find out the Rational Quotients divide only the two new 
Numetators ſeverally by their greateſt common Diviſor, and continue the Proceſs as 
before. The Practice of this Note will be evident in the two following Examples. 


* Example 5. 
| 4 < 4 44 d 2 " 
1 D atone] A an 3 » 
What 1s the Sum and Difference _— 8 rr 4 Or, 7 and . 
eration. 
\ ,2) of iS (v 36, that is, 6. Therefore 67 37. 
V75) vV75 (23, that is, 5. Therefore / π ⁹ _ 
| The Sum, "vx 9 =a/3? ＋ *. 
Or, P 
IT ̃ be Difference, VI 
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Example 6. , 4 
8 5 * 1 * * 8 12 and „2 2 
— cc 
What is the Sum and Difference of 10% Yes and va 75 


5 The Operation. 55 a 
VI) „ (is, that is, 4. Therefore 4% i. | 
i) V5; 9, that is, 3. Therefore 34./i=/y/*2, 
"The Sum, = Y Ii 


bas Or; = M27. 
* The Difference, NIV. 

When two fimple Surd Roots given to be added or ſubtracted be Incommenſurable, 
neither their Sum nor their Difference can be expreſs d by anꝝ ſimple Root, but they 
are to be added by +, and to be ſubtracted by —. As to add 5 and y;, I write 
„Vz for the Sum; but to ſubtract /3 from 5, I write 5 -* for the Remaind- 
er. So allo the dum of (304 and /(3)12 is (3)40+y(3)12, and their Digerence 
is „(30 4-301 2. | £4 - a * 

But Incommenſurable Square Roots may be added or ſabtracted by this following 
Rule, (vhich is deduced from Prop. 4. C 7. Ib. 2. Euclid.) | tr 

To the Sum of the Squares of the given Surd Square Roots, add the double Product 
of the Multiplication of thoſe Roots one into another; ſo ſhall the Square Root of the 
Sum be the Sum of the Roots propoſed to be added. Bur if the ſaid double Product 
be ſubtracted from the ſaid Sum of the Squares, the Square Root of the Remainder ſhall 
be the Difference of the given Surd Square Roots. As if the Sum and Difference of 6 
and 3 be deſired, their Sums ſhall be : EN: and their Difference v 29 272: 
for the Sum of the Squares of the given Square Roots /s and /3 is 9, and the double 
Product of their Multiplication is V, which I add to and ſubtract from 9 ; ſo the 
Square Root of the Sum, to wit, / : 9+v/72 : is the Sum delired ; and the Square 

Root of the Remainder to wit, 4: 9—v72 : is the Difference. | 

After the ſame manner the Addition and Subttaction of ſimple Surd Quantities cx- 
preſs'd by Letters may be performed; as to add / 75aa and V27aa, firſt, (by the pre- 
ceding Sed. 7.) I find them to be Commenſurable ; for if /75aa and 27aa be ſeveral- 
ly divided by their greateſt common Diviſor / 34a, the Quotients are 72 5 and /, 
that is, 3 and*3, whoſe: Sum 8 multiplied into the common Diviſor /3aa makes 

$,/3aa, (that is, 4/192an) for the Sum of v 75aa and /27aa. But if the Difference 
of the ſame Rational Quotients 5 and 3, to wit 2, be multiplied into the ſaid Common 
Diviſor „aa, it makes ,2y/ Ja, (that is y12aa) ſor the Difference of v 75aa and 
v 27aa, the Roots firſt propoſed. | 
Or we may write 84/3 (inſtead of 8/3aa) for the Sum, and 24/3 inſtead of 
24 3aa) for the Difference of Vas and * 27a before propoſed ; for theſe divided 
ſeverally by their common Diviſor “3, give Rational Quotients, to wit, / 25a and 
4/9aa, that is, 5a and 3a; whoſe Sum 8a multiplied into the common Diviſor v3, 
ives 8av 3 for the Sum of /75aa and 4/274a ; but if the Difference of che ſaid Rational 
Quocieats 5a and za, to wit, za, be multiplied into the ſaid common Diviſor 43 
the Product 2av'3 is the Different of the ſaid // aa and 27a. SEAL : 
Again, to add (3) 25 Caaa, god z 2aaa, firſt (by Se. 7.) I find them to be 
Commenſurable, for it each of them be divided by their common Diviſor /{ 3)4, the 
Quotients ace Rational, to wit, v(3)64aaa and y(3)8aaa, that is, 4a and 24 ; theſe 
added together make 6a, which multiplied into the common Diviſor & 3)4, makes 
64 / (3) 4 (that is, (gg8544aa) for the deſired Sum of /(3)256aaa arid / 3)z2aaa ; 
but |: zu, the Diffcre ot the ſame Rational Quotients 4a and 2a, be multiplied into 
the {aid common Diviſor (304, the Product 24% (304, that is, / 303 2aaa ſhall be 
the Difference of /(30 25 Cαjꝓꝑ and /(3)32aaa firſt propoſed. 85 | 
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Mere Example» of rhe D pres and Sub tract ion 77 ue, Maple s . 1 


8 9 expreſt*d by Letters. * 
2 | 3 Example 1. * 1 
What is the Sum 150 Difcrence ——— 94845 and V7? 
Te Operation. | FOR” 
I. /7) 428aa,(/4aa, that is, 256. „ 0 
II. 57 * Jaa, ( aa, that 1 IS, 41 N 4 * 7 
From Diviſion I. 24 V7 fx daa. * os 
_ From Diviſion Il. %% =, Za. 
The Sum, 34/7 -v28aa+v 7aa. 
1 The Difference, EIS 7. I 
a Lada de. Ld — — a — 1 
Example 2. fon” > A Bed > | 
What is the Sum 3 Difference Of = ———— — — 2a Vaouale 
The Operation, 
J. „be) Vara (Vgaa; that is, 3a. 8 
II. 456) Vꝛoaabe (VAaa, that is, 23 N 
From Divifion IJ. 3a Vas aabc, | 
* From Diviſion II. 2ay5bc=4/20nabc, — 
The Sum, Ja N Nac Ve 
The Difference, ay5bc=4/45aabc—y/20aabc. * 
2 | \%** 2 22 | 1 - . — q 2 


' Example 3. N ** 
What is the * and Diſſerence of — 4(3)8 Labbh and V()u4atls 5 


The Operation. 


I. 0 3040 008 14055 en that is, 36. 


II. „D. ee (v(3) dle, thatis, l. MX 
From Diviſion I. eee ; 54 
From Diviſion II. _2b4(3)z0=v(3)240bb5 | 
The Sum, OTE TT , 
—— 28 W . he. 
gane 4 * 1 : 
: ; " TE Saad and 4 | 
What is the Sum and Difference of— — 18 Or, /***aad and * . 
The e 
I. va) v*3 a (JG that is, 6a. 
| I. 7 4440 4 ww (4 25aa, that is, 50. . 


From Diviſion l. S ννEZsad. 
From Diviſion II. 54 / 1d and 
The Sum, IId Saad EV aad. 


The Difference, 5474 4 48444 * 14 TI | 


If two | Surd 8 expreſs d by Letters be Incommenſurable, their Sum is given 
by +,” and their Difference by — ; as to add 45a and 3a, I write YS a for 
the Sum; and to ſubtract 34 from „a, I write „5 5ja—y 3060" the Remainder or 
Difference. | . A. | 27 


Kore . — | | — — 
Pes. I x. Addition and Subtraction in C ompound Sard Roots. 


The Arithmetic of Compound Surds depends upon the Rules of the Simple, and 
the Rules of + and — in Algebraical Addition, Subtra&ion, Multiplication, and 
| Diviſion ; but how thoſe Rules are applied to the Arithmetic of Compound Surds, I 
ſhall ſhew in this and the following tenth and eleventh Sections, by Examples both in 


Surd N umbets and Surd Quantities expreſs d by Letters. Examples 
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3 — i; 7 <q oh 259 7821 8 N 2 Tre | * F . © 1 J* | 10 
Examples of Addition and: Subtrattion in Commenſurable ſimple Surd Numbers 
© lers compoſed of Commenſurable ſimple Surds, 


m5 297% 5 10 N 2013 Ht ge nt UA brit: 2% oF 7's 
To and from 6 ＋ 18(3v2) | 4/192(8/3)-3 778 Tre; 
Add and Subtr. 4+v $(2vV2) y 75(5v3 —3 
Tbe Sum 10 C ο⁹,,½οh, , ‚ | 59K1343)þ0 
, "Difference 2—v 7 a * \ $1 . | l 270 39%) 
To and from +y/242(az4/2)—12 a= 2(y8$) 
Add and Subtr. * —\/.\50(—5y/ 2)--8 bln af 13d 
-. Fm r oY E824 22— J 


Difference 


e 2) —20, \85=3V2(18) 


—ͤ— 


2 6 — On 


To and from 4/242+v 19 5 Tear is; 1 112+ 8% 


Add and Subtr. Le- EL 75 $2 5v3___ _ 
Difference g FE) FUSE & that is, 4: 677 
134 d wes | 3 7 os + that | is, | bs * an 2 
Eo | 1 be th e I. dhar 1, "x 5 3 
TT A EC 
e deb f GY 
„ee oO LOG 27 
To and from - v(3)2058+v(3) 54 Fun is, 1 „e % 
Add and Subtr. (G9 16 a C32 
CRE DRL, 
| Tomdfrom V(4)1875+\/(3)250 : n A 7d 5 5V(4)3+5v(3)2 
Add and Subtr. (4) 48—V(3) 16 Sn 2/(4)3—2v (3)2_ 
D, VP t he Fes 1 T 


3 (04) 3 T7602 


EX SP⁰BLICATIO N. i 
In the firſt Example the Rational Numbers 6 and 4 added together make 10, and 
their Difference is 2: then foraſmuch as 4/18 and 1/8 (that is, 34/2 and 2/2) are 
Commenſurable, (for the former is to the latter as 2 to 2) their Sum is 50 (that is, 
5%) and their Difference 4/2 (by Sect. 8.) Wherefore 10+ y50(54/2) is the Sum, 
and 2—y2 the Difference of the two Binomials 6-+v 18 and 4-jv8, propoſed in the 
firſt Example. n | | 
Likewiſe in the ſecond Example the two Commenſurable Surd Roots v 192 and 
475, (chat is, 8/3 and 54/3) added into one ſimple Surd makes 507, (that is, 13/3) 
bur their Difference is v 27, (that is, 3/33) alſo +3 and —3 added together make 
o, but —3 ſubttacted from Cy makes 6, Wherefore 507 (that is, 13y 3) is the 
Sum, and 4/27 (chat is, 34/3). +6 is the Difference of the Binomial / 1923, and 


* 


the Reſidual /75—3 propoſed in the ſecond Example. VS ; 
Again, in the third Example, where —/50+8 is propoſed to be added to 1/243 

—12, and alſo to be ſubtracted from the fame ; firſt, —y/50 added to 242 (that 

is, 50 to 11%) makes +\y72. (that is, 6/2 13 but — Vie | 


* 


—— — = 


- d - - - 
wa _- - - — — 
 R_—_—  -2 _ * * 
——— — 


52 
——8 — 
— — — 
— 4 ——ä — SL — << Uf 


— — — _ 
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— wy wa 
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2 ; g - - 
—— —_ — Ʒꝓ——— —ũ— DSS = a 
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88 
_ = 2 yo T2. 
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from +4242, (that is — 5/2, from. | 1142) leaves, the Remainder or Difference 
iz, (that is, 16%; alſo S added to —12 makes —4, but -s ſubtracted 
from —22' leaves the Remainder or Difference — 20. Wherefore” // (that is 
6/2)—4 is the Sum, and 4/512 (that is, 16%) 0 is the Difference of the two 
Reſiduals propoſed in the third Example. The Operation in the reſt of the preceding 
Examples is after the ſame manner. | erer ban 87 


9 + ac _ 


EV 0301: Us 


| £701 ERTIL ; 5 0 de DOG 
Examples of Addition und Subtrattion in Compound and Surd Nuntbers, parthy 
, Commenſurable and partly Incommenſurable. 8 


„ GR—_ A 7 _- _=y 4a wes. um 3 4 


To and from v27(3v3) 98 A 3% | C Vid 8(2V 2) . * 0 
Add and Subtr. V12(24/3) v5 PEW en 3-12 re bp 
The Sum, 5 475(5v3) tv 8+v5 | tov 3+v2 2 1/T 
Or, 475Gv3)+v: 13+v160: I /t13+v 120: pvy 
The Difference, oY TV- 1o—v3Þv/18Gv2) © 
Or, 3 Iz þv::; 13—V 160 & 22 * 13920 : TV18(3V2) f 
To and from (3) , 1s UCC... to 
Add and Sabtr. (3) = OLE v(4) 80+» (3)s 
Sum 3/3) 7+v(3)16-v(3)12 | 5v(4) 5+Hvw(35—vG)} _ 
Diference „.) 7+v (3)16Þv (3)12 l NO) 53) (38 C4 


IN EXPLICATION. 4 e 
In the firſt of the four laſt preceding Examples the Sum of the two Commenſurable 
Surd Roots /27 and 12 (that is, 3% 3 and 2%) is 75, (that is, 5% ;) but their 
Difference is 3: and the Sum of the two Incommenſurable Roots 8. and V5 is 
N, or v :13+v 160 : but their Difference is /$—4/5, or „: 13—y 160 : 
(according to the Rule before given in Se. 8. for adding and ſubtracting two Incom- 
menſurable Square Roots. Therefore 35% C8 -/, or 54/3 EV: 13—y160: is the 


Sum, and v3+\/8—vs, or /3+y : 13—+y 160 : is the Difference of-the two Bino- 


 mials/27++4/8andy/12+ys, propoſed in the ſaid firſt Example. 


Again, in the third of the ſaid four Examples, where „(3 )s6-Ev( 3)16 and 
4(3)7—v(3)12 are propoſed to be added and ſubtracted; the Sum of the two Com- 
menſurable Surd Cubic Roots y/(3)56 and /(3)7 is 34/(3)7, and their Difference is 
(3)7 ; alſo the Sum of the two Incommenſurable Cubic Roots „ (3) 16 and 
„) is V(3)16—v(3)r2 ; but — 63) 12 ſubtracted from 4/(3)16 leaves 
v/ G)15+v(3)12. Wherefore 3% 3) C (3)16—v(3)12 is the Sum, and 
/(3)7+v (3)16+v(3)12 is the Difference of the ſaid Binomial and Refidual propo- 
ſed in the third Example. 


Examples of Addition and Subtrattion in Compound Surd Quantities expreſs's 
by Letters, BA: | 


| Example 1. | 
To and from 4/75aa+/8bb1 1 gav3Þ2b/2 
Add and Subtr. v 1 2aa -N wa, 74" 3.268 3+ by2 
The Sum is —7/ ＋ 362 
The Difference is —— 32% ＋ b\/2_ 


E XPLICATION. = | 
Firſt, (by Se. 7.) I find that /75aa and y/12aa are Commenſurable, and may be 
reduced to 5ay3 and 2av3 ; likewiſe v84þ and /2bb are Commenſurable, and may 
be reduced to 26% and 5%: then the Sum of 540 and 2av3 is 7ay; ; alſd the 
Sum of 2by/ 2 and 3% is 3bv2: therefore the Sum of the two Binomials propoſed in 


the Example is 74/3 31%. But by ſubtracting 24/3 from 5%, the Remainder 


is 3a / ; and by ſubtracting V: from 26% 2 the Remainder is by 2. Therefore the 
Difference of the two Binomials propoſed is 3av 36/2. 2 
3 | x4 


a K 
L . 
F TT, w7 
— 2 
e e ene 


3 
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1 | Example 2. | 
What is the Sum and Villecente of rhis Binomial — 7 50 ſean 5a? Py (3)bed, 
and Reſidual 60 40a 3 e 


Those reduced give theſe, to wit, * U | RHO BA: ww 


— — — 


The Sum, — — 
Sg The ee — — 40 Hoh 
— — Rani 


Examples of Addition and gde in Compound Surd Numbers 
altogether Incommenjarabte. 


To and from vio + V9. 
Add and Subtr. V 3 + v2 
Sum, . * TE 
Or, 4it7 + 280: + V:5 + y24: 


Diference, Vio EN — v3 — v2 
Or, v7. + 4/2860: —4:5+v24: 


To and from y/(3)10 = v(397 


Add and Subtr. EOFE "7 3; ©» N 
Difference, y/(3)10 (3) 7 — 4/(3); + 9602. ; 


Sec. X. Of Multiplication in Compound Surds. 
8 Example I. 
Multiplicand, 780 TH 4/48 6% 5 + 4% 
Multiplicator; * 125 1 _ sf 5Vs 4 23 
10 * 2. 
od 2 +: 12V1i5 + 24 * 
Product, 150 32715 + 2 
That is, 174 T 32Vvi5 © , 
8 | | Example 2. 
Multiplicand, 6 — „id that is“ 5 — Ws 
Multiplicator 8 — 445 RAE 10, ; 8 — - 3V5 
48 — 16v5 * 
8 — 1i8/5 + 30 2 
Product, 78 — 34v5 
Example 3» 
Multiplicanld, 5718 — I #F 3/2 —3 
Multiplicator, 8 + thats YL 2y2 T2 
12 — 6V2 
+ 6V2 — 6 
Product, 12 — 6 * 
That is, 6 


Multiplicand, vs + 3vs -.; „ 75 
Multiplicator 7 45 + 3 5 \ that 155 


— _ 5 
_ r 3 


. 
n 
— — >. 


— . ——— — — — 
1 . — 1 — — — 
— — - - — - = * 
1 222 r 


a \ 


_— -— —--- 


-— 


— — — — w 
— — - o — 
* _ — a” — — 
3 _ ; - . 
— — 2 <> a I = — 22 
i Whom - W i - = ” = a a ” 3 * 
— 1 = > — — — . mg 
* =_ * — R = — — _— - ® = — i = 
w_ _ _ — — * _ _ y* = _ — — — 
— Ln BL D333 Een. — — — — — — = — 22 
* _ _ 


— 
2 
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In the firſt Example, the two Compound Surd Numbers Propos' to be multiplied are 
4/180 +4/48 and v125+v 12, which are reduced to 6% -4V 3 and 5/5+2y3 ; 
{by Sect. 6. of this Chap.) then 6/5 multiplied by. 5 5, (according to Rule 5. in Sc. 4. 
of this Chap.) produces 150 85 allo 4/3 multiplied by 5v 5 (according to Rule 6. in 
Seft. 4.) ptoduces 20% i5;" again, 6/5 into w/3 makes 124/15, and 4% into 2/3 
produces 24 ; laſtly, thoſe Products added together make 174--32v 15, the Product 
ſought. The reſt of the Examples are wrought in like manner. = 

When the Multiplicand has not the ſame Radical Sign with the Multiplier, they 
muſt firſt be reduced to the ſame Radical Sign, (by Sæct. 3. of this Chap.) and then 
the Multiplication is to be made by ſome of the Rules in Sect. 4. as will be manifeſt 


| BOOK Il 


» — at. at Pew tt. 
1 _ WED” 
* 


mew - wwe 


in the following Example. a 
Multiplicand, „ 97 ＋ 5 | 
Multiplicator, 3 N = | 
Product, V 10% 8748 + v(6)1323 ＋ 5V3- , 


2X? LICETION Wah 

. V(5)6 and ½ ate reduced to theſe Taving a common Radical Sign, to wit, 
4/(10)36 and (C10) 243, which multiplied one into the/other produce /(10)8748. 
2. „(307 and v3 are reduced to y/(6)49 and y(6)27, which multiplied one by the 
other produce v (015 23. 55 

3. The Rational Number 5 multiplied into V3 makes 35% or /s. 

Laſtly, thoſe three ſimple Products added together give the Product ſought, to wit, 

v(10)8748+v (6)1323-t 5/30/75) 


Three C ompendious Rules, wery uſeful in the Multiplication of 
Binomialy and Reſiduals. 


1. Becauſe à Fe multiplied by aÞe produces aa 2ae--ee, it is evident that the 
Sum of the Squares of the Parts (or Names) of any Binomial, together with twice the 
Product of the Parts multjplied' one into the other is equal to the Square of che Sum of 
the Parts. Therefore to multiply any Binomial by it ſelf (or to Square it) take the 
Squares of the Parts, and twice the Product of the Parts for the Squares ſought. 

2. Becauſe a—e multiplied by a—e produces aa—2ae-þee, it is maniteſt that the 
Sum of the Squares of the Parts of any Reſidual, leſs by the double Product of the 
Parts, is equal to the Square of the Difference of the Parts. Therefore to Square any 
Reſidual from the Sum of the Squares of the Parts ſubtract twice the Product of the 
Parts, and take the Remainder for the Squate ſought. 

3. Becauſe ae multiplied by a—e produces aa ee, it is evident, that the Differ- 
ence of the Square of the Parts of any Binomial, is equal to the Produ& made by the 
Multiplication of the Sum of the Parts into their Difference. Therefore if a Binomial, 
be to be multiplied by its correſpondent Reſidual, that is, by the Difference of the Parts 
of the Binomia), rake the Difference of the Squares of the Parts for the Product ſought. 
Theſe three Rules will be exerciſed by the fix Examples next following, and by divers 
other Examplcs tn this and the following Seftions of this Chapter. 


Mulciplicand, 3 + 7 1 - „ 
Multiplicator, S To. 4. 2-8 
Product *. 6 + 5 9 — v3 Ls 
That is, 14 + 6575 | 14 — 6 
* M,ultiplicand, 3 Þ x5 4: 27 + (3) 8 
Multiplic: tor, 3 + 5 * _u&(3) 27 — v(3) 8 
Product, 9.— 5 | (ng — „3064 
That 18, 4 11 5 


—— mm OO 
— 


——— 


Multiplicand, 697 — y(6)5 ' 
Multiplicator. 4/(6)7 + vV(6)s 


5) Io) — „(100 2 
Product, 73007 — (395 | 


„607 — * (5)3 


| | 4/607 + Va); 


E X- 


1 , , 
— — — — — 5 
CHAP. 9. The FIT? of Su-d Quinte, 5 
IIIA TI HBSS 


In the firſt of the fix laſt Examples the Binomial-3-+-/5 multiplied into i{elf, or 
ſquared, produces 712 5; for the Squares of the Parts 3 and ate 9 ad 5 and 
twi ce the Product into 4/5 makes 6%, to wit /180; thereſore by the firſt of 


the three preceding Rules) 9 5＋6 %, that i is, 4 % 5 is the uare of the given 
Binomial 34-45- \ i. ak 


In the ſecond Example hel Refi dual 3—v/3 5, ſquared -or multiplied by il produ | 


ces 14—6y5, (by the ſecond of the Grid three Rules,) 

In the third Example the Binomial 3+ v5 multiplied by its correſpondent Reſi 4 
3 - produces 4, which (by the laſt of the ſaid three Rules) i is equal to the 7 
rence of 7 ares, of the — 3 and V5. ivd 18 1 hn 

Likewiſe in the fourth Example the Binomial 70 )a74+4(3)$ multi bed - its 
correſpondent Reſidual /(3)27—4/(3)8 produces X 5 22 0925 — the br 
ference ot the Squares of the Parts of the given Binomial or Reſidual. 

And in the 7 Example the Reſidual (6)7—+(6)s5, multiplied by ts corelope- 
dent Binomial /(6)7+4/(6)s5, produces 4/( -N; which is equal to the Dif- 
ference of the Squares of the parts of the given Refi nal or Binomial. For (by. che 


nn this Chap.) the wr of /) is 2 7 8 the. Square 
of /(6)5 is /(3)5+ * v(3)7 os 
„ [03507 vu 5 


Exon es of Multiplication in 0 nene 8 110 Quantities , & Laue. 


Multiplicand, 4 abb WY 175 260) _ : . 5 on ; 
 Multiplicacor, - add * that 15, e ub ce 0 Tf on } 
r 2 5 Tc = bas 
. 5 gh 0 Þ+bavcalkfjac © CP, 1. 
een Product, 2 4 ot oy 
' Maktiplicard, wy % i e b 1 
Multiplicator, 2 — 26 Wa -* e- f 
bac Pgacy d B 
 —gac\/d—6acd | 1 8 
Product, . d—6acd | N 
Mulciplicand, e v ab 2 
Multiplicator, are © | | n 
Product, = +2ayb+L I 80 2222 


— — 


. Multiplicand, 3bb/dÞ+d/d N that 1 T + Ta d 
Multiplicator, -36by/d+dV/d a * ed 
* 3 * 


Product, % obbbbd + 6bbdd4-add or gbbbb-F6bbd+ ddxd. 
The Operation in theſe ſix laſt Examples will be familiar to him that e 


the Rules Of Examples before delivered concerning the Multiplication of Surd Num- 
bers and Quantities expreſt by Letters. 


Sect. XI. Divif on in in Compound Sards, 


Kan es 4 Diviſion where the Dividend is a Compound Au; and the 
 Diviſor a Simple Quantity. 5 


Dividend, 7½½21＋ “15 v(3)14—v(3)28 
Diviſor, 4 3 (24) 7 
Quotient, / 7+ v5 1 YG) =G)T” 


E f 2 ; Divi. 


. 

| 
# 
18 


o 0 * 


* 
= 
_ + — — - — — — —— — __— * — 
1 — 2 — — by 
« — — - - - 22 e S 3% 
«- + 4 - 
= C4 U 
* 


* 
" Y \ - 
— — — —— 2 4 — 
= = 


- — 

22 — *. 

* > 2 # 
—y S 


3 wy 
2 ſu T 4 > 
a, _— - x 4 * l — 4a - _ 

So _ TT 4 4 — — — ' — — 22 8 =_ 

_ o — 1 % 

— — A — — —— - - = = 

. 2 — 1 

— — 3+ 

-- 1 — — 1 — 1 p> | * D 


— D n —_ 3 
1 —— — - 
— — — - 
— >. — - = 

= = . ' * I.E 


— — 
— — 
9 
= - ® Ul l 


— Ln b _ - i — 
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4 * 22 * mY 7 . 
* | 2 
: . * 
- = 0 
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— — | l — — — —— 11 
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Dividend, 12vV6+6y18—2y/12 x 5 | y20—v(3)10 
Diviſor, er es þ CENTS TO os, 
Quotient, 4 +2v-3—tv 2 ie 


_— — 
NA vw - bi . — 
7 2 — 


Dividend, r ieee | 


Dieiſor, / * : . 

Quotient, (4 C4 i eee 

The firſt Example is wrought: according to Rule 1. in Setz. 5. of this Chap. Por 
firſt, /21 divided by y/3 gives the Quotient 7, then v 15 divided by / gives the 
Quotient y. Therefore 4/2144 15 divided by /; gives /7+v'5, the Quotient 
ſought in the firſt Example. hM err ee vote 

The ſecond Example is wrought like the firſt; for „3014 divided by V(3)7 gives 
#(3)2; and 3028 divided by (3%, gives — (304. Therefore „(30 14— 
„3028 divided by (307, gives „(30 )30ꝗ, the Quotient ſought in the ſecond 
Example. S pots. en . N 
q "The third Example is wrought according to the fifth and ſixth Rules of Sec. 5. of 
this Chap. For firſt, 12/6 divided by,34/6 gives the Quotient 4, (by the ſaid fifth 
Rule;) then 6/18 divided by 346 gives 2 3, (by the ſaid fixth Rule ;) like wiſe 
2/12 divided by 34/6 gives —34/2; (tor 2 divided by 3 gives 3, and 4/12 divided 

by s, gives /2.) Therefore 12/646) 18—2y12 divided by 3% gives 4+ 
2/3—}v 2, the Quotient ſougnt in the third Example. N 1 f 

In the fourth Example v zo divided by 35 (that is, by 9) gives /g, or 25; 
and —v(3)10 divided by 3, (that is, by /(3)27) gives — » (302g. 

In the fifth Example v (4)8 and y/2 are firſt reduced to /(4)8 and v (44 ; then y/(4)8 
divided by v(4)4 gives /(4)2 ; likewiſe „(303 and „/ are reduced to „(100 and 
/(10)32 ; then /(20)g divided by io) za gives the Quotient /(10);2. There- 
fore v/(4)8-\(5)3 divided by 4/2, gives y/(4)2+4 (10); f, the Quotient ſought 
in the fifth Example. The fixth-Example is wrought in like manner, and the Proof 
in theſe or the like Examples of Diviſion may be made by Multiplication. 


— 


* 
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Propoſitions concerning Diviſion in Surd Quantities, when the Diviſor is a 
* Binomial or Trinamial, &C. 2 75 


When the Diviſor is a Binomial or Reſidual conſiſting of two Square Roots or Bi- 
quadratic Roots, or of one Square Root or Biquadratic Root, and of a Rational Num- 
ber; as alſo when the Diviſor is a * wer" or Quadrinomial, and none of its Ra- 
dical Signs exceeds that of the Square Root, the work ot Diviſion in thoſe Caſes is 1 
grounded upon theſe five following Propoſitions, vis. 

1. If a Binomial conſiſting of two ſimple Square Roots connected by , be multi- 
plied by its correſpondent Reſidual, that is, by the Difference of thoſe Roots; or if 
a Reſidual conſiſting of two ſimple Square Roors connected by —, be multiplied by its 
correſpondent Binomial, chat is, by the Sum of the ſame Roots, the Product will be 
entirely Rational. So the Binomial * 5 ＋ V multiplied by 5, (or the Reſidual 
5 —y3 by v5+v3) gives the Rational Product 2, (by the laſt of the three Rules 
before delivered in Se. 10. of this Chap.)))))))))  — 

Likewiſe v a+ vb multiplied by Va- gives the Rational Product a—4.,. 

2. If a Binomial conſiſting of two Biquadratic ſimple Roots connected by ＋, be 
multiplied by irs correſpondent Reſidual, to wit, by the Diference of thoſe Roots the 
Product will be alſo a Reſidual conſiſting of two Square Roots connected by —, and 
if this Reſidual be multiplied by the Sum of its Names (or Parts,) it will give a Pro- 
duct entirely Rational. | 

As tor Example, the Binomial /(4)5 +v/(4)3' multiplied by V(4)5—v(4)3 makes 
/5—v3, which multiplied by /5+v3 gives the Rational Product 2. 

Likewiſe » (4)81—2 or V(4)81—v(4)16 multiplied by V(4)81+\/(4)16 makes 
+81—y16, which multiplied by /81-+y 16 gives the Rational Product 65. 
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TS of” Trinomial conſiſting of three ſimple ſquare Roots connected by +, or by 
and , be multiplied by the ſame Trinomial, after any one Sign - is changed into 
or any one Sign into —, the Product will conſiſt of two Names (or Parts) and then 
if this Product be multiplied by its correſpondent Binomial or Reſidual, (according to 
the preceding Prop. 1.) the laſt Product will be entirely Rational. * 
As for Example, the Tromial /ß 3 multiplied by /5+v/3—y/ 2 gives 

2/15 76, and this multiplied by 2/15 gives che Rational Product 244. 
Like wiſe y/z0—v5—43 multiplied by 4/30+v5—4/3 produces 28— 2/90, and 
this multiplied by 28 +2490 gives the Rational Product 424. £& 2 5 059 
After the ſame manner Y EN -e multiphed by Ya buy b+vc gives the Product 
2/ab+a+b—c, whoſe Rational Part a He we may ſuppoſe to be equal to ſome 
ſingleQuantity d, and chen the ſaid Product will be a Binomial 2/ab+d, which muttipli- 
eduby its r Reſidual z aανν d gives a Product entirely Rational, to wit, 
gabe dd. And ſo ot cher Frinomials that are qualified as before is ſuppoſed. 

4. If a Quadrinomial conſiſt ing ol four ſimple Square Roots connected by +, or by | 
and , be multiplied by the amps enen after two Signs + are changed into 
, or two Signs — into -+, the Product will conſiſt of three Names (or Parts ;) then if 
this Product be multiplied by its correſpondent Trinomial (according to Prop. 3.) there 
will come forth a Binomial or Reſidual. And laſtly, this Binomial or Reſidual mul- 
tiplied by its correſpondent Reſidual or Binomial will give a Rational Product. 

As for Example, the Quadrinomial /6+4/5+1/ 3-+v 2 multiplied by / 64+4/5—. 
„-, produces the Trinomial .6+2v/30—2v6 ; which! multiplied by its corre- 
ſpondent Trinomial 6 EZY 30 2s, (according to the precedent Prop. 3.) gives the 
Binofhial :32+244/30 ; and this multiplied by its correſpondent Refidual 132 
24430, gives the Rational Product 144. ne . 
" After the ſame manner the Qugdgnomial ya+4/b+/c—4yd multiplied by Va— 
b—yc—v4..gives the Prodh& a+d—b—c—2yad—2y/ bc, whoſe Rational Part 
a+d—b—c we may ſuppoſe to be equal to ſome-fingle Quantity 5 and then the ſaid 
product will be a Trinomial, ro wit, F— 2 vad -= ] this multiplied by it ſelf after 
one of its Signs — is changed into + (according to Prop. 3.) will produce a Reſidual 
gf two Names (or Parts,) and this Reſidual multiplied by its correſpondent Binomial 
will give a Rational Product. 3 | 

5. If rwo Numbers be given for a Dividend and Diviſor, and each be multiplied by 
ſome Number, the firſt Product divided by the latter will give the ſame Quotient that 
ariſes by dividing the given Dividend by the giren Diviſor. As if 6 be to be divided 
by 2, if you multiply each by 4, and divide the firſt Product 24 by the latter 8, the Quo- 
tient 3 is the ſame that ariſes by dividing 6 by 2. For (by 17 Prop. 7. Elem. Euclid) if 
" Number a multiplying two Numbers 6, c, produce two other Numbers ab and ac, 

the Numbers produced ſhall be in the ſame en that the Numbers multiplied 
are, viz. a8 b. :: ab", ac, and therefore 2 * 2; alſo 4 - 


| ; © 7+ From the 
» foregoing five Propoſitions the following Rule is deduced,” viz. 


Aa 


6. A Raule for Diviſion in Surd Quantities when the Diviſor is a Binomial, 
Trinomial or Q4adrinomial of fach kind as before is declared. 


Reduce the given Diviſor to a new Diviſor that may be a ſimple Rational Quan- 


tity ; reduce alſo the given Dividend to a new Dividend, by multiplying 2 for- 
mer by the ſame Quantity or Quantities that were Multiplicators in reducing the 
given Diviſor to a Rational Quantity; then divide the new Dividend by the new Divi- 
ſor, (according to the Method in the Examples at the beginning of this Secz. 11.) ſo 
the Quotient ſhall be the ſame with that which would ariſe by dividing the given 
Dividend by the given Diviſor. | | 

As for Example, to divide /8+v6 by 74 CV, I firſt multiply the Diviſor 
4/4 +v 2 by its correſpondent Reſidual /4—y 2, and it produces 2 for a ne Diviſor ; 
alſo I multiply the Dividend y/8 +6 by the faid Y4 -, and it gives the Product 
4/324+v/24—=y16—y 13 for a new Dividend, this divided by 2 (the Diviſor beſore 
found) gives YS +v/6—2 ＋ ; the Quotient ſought, being equal to that which 
would ariſe by dividing /8 +y/6 by 4 + v2, as will be evident by the Proof ; 


for 


5 


* | * o 
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2 by tliis d divide che laſt Dividend; and chere ariſes 7 


g- Quotient; s- Vs z de multiplied by the gin Diviſor v4" 
nit produce the guuen Diidend . * (> Oy — f ont Fx + 4+ 
_ Likewtidetordivide ab44vde, by a NJ N e de (rhe Reſtdu- 
al-Gotreſpandent to the Dieiſot) and it produces aa - c for a new Diviſor, ang 4 
ble for Dividend aus divided bythat gives 6 tor the Quotietit ſought; For 3 
muſtiplicd into the giver-Diyiſor av be) Makes the given Dividend abs, be. Ang. 


ther away. of finding out tlie Quotient: in this laſt Exatiijaſe,”is ſhewn in the fifſt of the 


the fix Examples at the: latter end of this Set. 11. * FOG INTL 
Again, ro divide 10 by NIA) +v(4)3,ih multiply each by YH -;, and 
there comes forth a, news» Divide nd Y οοοꝓο 0 οοðõ, and a new Diviſor 
V5 —v 3 but this Diviſot hot being a Nationnu Number, I multiply again both the 
{aid new Dividend and Diviſor by /5+43, and produces another hiew, Dividend 
v{4)1250600—y(4)750000+ y/(4)450000v (4)240000, and another 90 r 
| | —y (4/4087 
Tce (Hess the Quotjent fought ; for iP be breed y the pro 
poſed Divitor /{4)54+4(4)3 ir vm produce the given Dividend 10. 
Again, to divide v 8r⁵̈ N ＋αNνu A ftſt multiply the Diviſot:by'Y34-4/2—r, 
and it makes 24 4-4, this: multiplied by its correſpondent Reſidual %/24—4 gives 
the Product 8 tor a new'Diviſor. No becauſe the given Diviſor Was firſt multiplied 
by /3+V2=1; and the Product by 9 24—45 the givep Dividend muſt. like ile be 
multiplied firſt by / 3z+4/2—1; and the Product 24 +4-<v8 by J/24—4, and 
there will be produced 84-4 128—v 192 fot a ne Dividend; ſo inſtead of the given 
Dividend and Diviſor we have other Numbers in the ſame Proportion, viz. 8028 
4/192 and 8. Therefore (by Prop. 5:) the former divided by the latter will give the 
Quotient ſought, to wit, 144/2—4/3 ; but chat this is rhe true Quotient wi appear 
by Multiplication, for if 11 V2 - be multiplied by the propoſed Diviſor y/3 +42 


+1, it will produce the given Dividend 8; en | | 
Note, Although the new Diviſot and Dividend found but as aforeſaid, may ſometimes 
happen to be Negative Quantities, (that is, ſuch whole values are leſs than nothing) yet 


Diviſion being made by them with reſpe& to the. Rules of and —, they will give the 


true Quotient ſought, As for Example, ſuppoſe 39 be to be divided by 2+y 5, (that 


is 30by 3 ; ) firſt the Diviſor 2+4/g being multiplied by 2— % gives 4—9, that is 
—5 for a new Diviſor, and the Dividend 39 myjtiplied by the ſaid 29 gives 60— 
S8 toO fo new Dividend, which divided by 5 gives +6, which is the ſame 
with the Quotient that ariſes by dividing 30 by 2-+v 9, that is, by 5. | 
Again, let'4+v 25 be divided by 1/9, (that is, 9 by 4: where the Quotient is 


manifeſtly 24) firſt, the Piviſor 1 E/ multiplied by 1% produces 1—g, that 


is, —8 for a new Diviſor ; and the Dividend 4 2 / multiplied by the ſaid 19 
makes 4+v25--4V9—v225 fora new. Dividend, which divided by —8, (according 
to the Fxamples at the beginning of this Sect 11.) gives — -A EAV the 

gotient ſoughr, which afrer due Contraftion makes 24. For %, that is, , 25 is 
equal to 3, and 84 is 45, which added to the ſaid *3 makes ; alſo -f is 
, which added ro —+, (.or—+) makes —, this added to ; gives 15 (or 22) 
the Quotient before found. | , | | | , 

7. When the Diviſor is a Binomial or a Reſidual, conliſtng of two ſimple Cubic or 
Biquadratic, Cc. Roots, it may be reduced to a Rational-Diviſor by this following 
Propoſition, viz, 3 \ | 

It in the Proportion of the Names (or Parts) of a Binomial or Reſidual, there be 
found ſa many continual Proportionals in multitude as there be Units in the Index 
of the Radical Sign; and that the Radical Signs of the Parts of the Binomial or 
Reſidual, and alſo of the Proportional be the ſame, but connected in the Biuomial by 
, and in the Proportionals by + and — alternately ; or contrarily, in the Propor- 
tionals by -, and in the Re ſidual by + and — ; the Product made by the Multipli- 
cation of the Proportionals by the Binomial or Reſidual ſhall be Rational. , 

As for Example, if there propoſed the Binomial /(3)7+v(3)s5 ; find three con- 
tinual Proportionals, that the firſt may be to the ſecond, and the ſecond to the third, 
as „ (3)7 to v(3)5, which may be donz by the help of Sec#. 8. Chap. 5. of this Book; 
where it has been ſhewn, that aa, ae, and ee, are continual Proportionals in the Reaſon 


of 2 to e. Therefore if we ſuppoſe „(307 to be a, and „(305 to be e, then the — 
% | 


T̃ he Product, b + d is Rational. 


of wy —«;— ᷣ Ur X — w II 
F 5 
x mh. 


= 


Ce ny ro——_— n 
CHAP. 9. The Arithmetic of Surd Quantities. 


231 


of /(3 ), to wit, (3)49, ſhall be the firſt Proportional (aa); the Product of v(3)7 
into y/(3)5, to wit, V (3)35, ſhall be the ſecond Proportional (ae); and the Square of 
(3)s, to wit, (3) 25, ſhall be the third Proportional (er): ſo that theſe three Cu- 
bic Roots, to wit, /(3)49, (3035, v(3)25, are continual Proportionals in the 
Reaſon of (3)7 and (6305. Now I ſay, (according to the Propoſition) if /(3)49 
—y (3)35 tv 6 wh be multiplied by v (3)7 +4 (3)5, the Product ſhall be Rational; 
iſo if v (3)49+v (3)35+v(3)25 be multiplied by / (3)7—+(3)s, the Product ſhall 


be Rational, as will appear by the following Operation 


| Multiplicand, v(3)49 — v(3) 35 + v3) 25 
Multiplicator, (3) 7 + 2) 5 | 
| | 7 — 30245 + v(3)175 
0 8 + +(3)245;= +(3)175 + 5 
The Product, 12 is Rational. 


Multiplicand, v(3)49 + vV(3) 35 + VG) 25 . 
Multiplicator, V(3) 7 — 800 5 
7 + v(3):z45 tFVG)175 
— 4/(3)245 —+(3)175 — 5 7 
The Product, 2 is Rational. 


But for the greater Evidence of the Certainty of this Propoſition in a Binomial and 


Reſidual conſiſting of any two ſimple Cubic Roots whatever, let there be propoſed 
this Binomial / 3% -V) d, and ſuppoſe 4 greater than 4; then three continual Pro- 
portionals in the Proportion of v(3)b to /(3)d will be found V(3)bb, y(3)6d, and 
„(dd; then multiply as before, viz. E 


Multiplicand. (3) — „(30% + „(630 A4 

_ Multiplicator,  y/(3)b.. + (304 

wo. C1 / OE) 6 
= A+ v(3)bd — v(3)bdd + d 


Again, 
Multiplicand, V% + „V + dd 
Multiplicator, 37 — v(3)d 3 
5 b + v&(3)bbd + w(3)bdd 
D ld —- vV(3)bdd — d 


Produd, 5 — is Rational, 


* 


Whence you may obſerve, that the firſt Rational Product is the Sum of the Names 


(or Parts,) omitting the Radical Signs, of the Cubic Binomial propoſed ; and the 
latter Rational Product is the Difference of the Parts, omitting the Radical Signs, of 
the Cubic Reſidual propoſed : ſo that the Rational Product made by the Multiplica- 
tion of the ſaid Proportionals and Binomial or Refidual may be diſeovered without any 
Multiplication. | x | 
8. Now that the uſe of the laſt preceding Propoſition may appear, let it be required 
to divide 10 by /(3)7—+(3)5 ; firſt, becauſe the Index of the Radical Sign is 3, I 
ſeek three continual Proportionals in the Proportion of /(3)7 to /(3)5 ; which Pro- 
portionals as (before has been ſhewn) are 4/3(49, V(3)z5, and /(3)25 ; theſe 1 
connect by -, becauſe the Parts of the given Diviſorare connected by —, and there 
ariſes / (3)49+4(3)35+v (3)25 ; then by this common Multiplicator I multiply 
as well the Dividend 10, as the Diviſor /(3)7—vV(3)5, and it produces V(3)49000 


| +v(3)35000Þ+v (3)25000 for a new Dividend, and 2 for a new Diviſor. Laſtly, 


by dividing the ſaid new Dividend by the new Diviſor, there. ariſes /(3)61 25+ 
v(3)4375—v(3)3 125 the Quotient ſought : for if ir be multiplied by the great Divi- 
for /(3)7—(3)5, it will produce the given Dividend 10. 

In- 


* 


+4 


FS 23: 


a Y » £ 
f . - "» I” F 1 
N / NR. 
9 
* * = 


'S% 


_ 


4 he Arithmetic of Surd Quantitibs. BOOK II 


hs * 3s — 
— —— — Om 


—— — 


 v(3)9000, anda new Diviſor 8, by which ] divide the ſaid new Dividend, and there 


alternately; fo there ariſes this Compound Number y/(4)125—v(4)75+v (4)45— 


But when the Diviſor cannot be reduced to a ſimple Rational Number by any of the 
foregoing Rules, (which is all that I have met with in Algebraical Authors) the Divi- 
dend may be ſet as a Numerator over the Diviſor as a Denominator, and the Fraction 
ſo conſtituted ſhall be equal to the Quotient. As for Example, if /48Þ/(3)3 be to be 
divided by v15+4/(3)6—4/3, the Quotient may be repreſented by this Fraction, 


to wit, 
x48+v/(3)3 
v15+v (3)6—v 3. 


Examples of Diviſion in C ompound Surd Quantities expreſs by Letters. 


Divifion in Compound Surd Quantities expreſt by Letters depends upon the Rules 
of ſimple Surds before delivered; as alſo upon the general Method bf Diviſion in 
Seti. 9. Chap. 5- Book 1. as will appear by the following Examples, ſome of which I 
ſhall afterwards explain. 

Eye Diviſor. Dividend. | | 
4 ＋ e ab + lc (b. Quotient · 


ab bybc 
O © : 
EF a—» wk 2 
aa + ae 
x 3 — 10 
— be — avbc 


O O 


D 


wifi th | % + a. bc 
ry «a S&t: * . N — * * 
| Ab. be — anc 7 þ ; 
Set = + beVbe | ale ſs 


5 „ ee) r 2 
** . N. aaa y Bo >» + $ "ro pn 45 
ES. NN. 0 
19 Ws + | | — r 2 — — 
— ybc wt 1 — 4 us, ie . p 
"yt ab Se nlp thy oe 
5 a ; - | Fug N - " f 
f 14. N 4 . 
FE” * 14 2 "I 7 % 5 * . 
Ai Eee, | 5 Pp 
In oe ry . 5. 'ab divided by iyes the Quotient bh vw which I multipl 
the hole Diviſor a+vbc, anch it mattes 4+; "Fc, this $0228 from the glven Di. 
vidend ab-+by/bc, there remains d To the Quotient {ought is * 
In the third Example „ .ab divided by vat 7 * AP Vas, by Which I | 
mulcipl the whole Divifor abi; ane the ProduGh 48/2b—y abcd, this ſubtracted 1 
from the given Diyidend 4b * remains to be 


I divide ed FD „ed, and it gives 
whole Diviſ K e 41 0 Nie. 
ing Dividend , Na ves 85 ee 


Gore £7 Sen x ries then 
c Wal ul 
ghd, this bern e th main 


ili n is finiſh'd, and the Quotient ſo 


* 
= = > ET ¶ ᷣ ———— — _ 
s * - 


is Le 
In the ſixth and la mple, ard, aab divided by 1 ſites che Quo this mul- 
uplyingethe v whole eber : roauces E Which ta (tram abe 


given Diridew leaves 0 be yet e eee lden divide + = EV by 


T4 2, 


| 1. and it ehe 80 De 6 * * by, which, 1 multiply the whole Diviſor 
Py 4, and; 1c produges bee = 2. which fubrradted from *. remaining Divi- 
. ent baten d — b 


_- eee ate @ | 
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2 44 Sed. XII. Inline, in UnisMjal * 8 


Univerſal Roots are the Roots of Com pound Numbers or Quantities How to ex- 
preſs Univerfat Roots, and to find Gut their Values, 17 Already been ie un in Ser. 28. 
Chap. 1. Book 1. I ſhall therefore enn to their 1 

1. If the Square Root of an ws Compound Number to be ſ ** or multiplied into 
itſelf, caſt away the univerſal adical Sen V-ory(2); as al ine that is drawn 
over the Compound Number, ang; the Cd Number it el ſhall be the Square 
ot the univerſal Root pro lſo-the-Cnbe-of the Cu..c Root of any Compound 
Number is the Compound ander itlelf, the Line drawn over it, and the- univerſal 
Radical Sign /(3) being caſt May; and o of others- 


As for Example, the Square oft of this univerſal Square Reot Y 1 A 3 218 1 22533 ; 


likewiſe the Square of v 111 N tis 1543 i uo rde Square of 7 DANCER: 57: 


is 15+V3+/2; and dhe Square of Y eee eee 
After the ſame manner the be. 6 5 qr ai Woo * ( 3): TESTS 
V 25 LV, that is 8. 085 — 


Likewiſe the Square of bin?! Nath; * the Cube of \ ( 3) Fa: 


is bbbccc ; alſo the Square'of v : de TAcc 1: is Le- Lic; and ſo of others. 


4. When an upiverſal Root is to-beaiukiplicd-by-a-Rational Quaaiuzy,...ar by 2 
ſimple or compound Surd, or by any univerſal Root; multiply the Square of the Mu. 


tiplicand by the Square of the Multipler, When tha univerſal Radical Sign is Quadra- 
tic ; or che Cube of the one hy the Cube ot the other, hen the univerſal Radical Sign 
is Cubic, Oc. then before that Cublig prefix the given univerſal Radical Sign, ſo ſhall 
this new univetſal Root be the Product Tought.. 
„2 for Example, if it he dęfired to double or multiply by a this univerſal Square Root 
V 40 : I take the Square of 2 which is 4, and the Square of  : 10J-v which 
5 „ firſt FF f this Sect.) is 104.40 2 I multiply Fn vt, by 4, 
and it makes” es 40 , or 40 +4640, whoſe univerſal Square Root, to wit, 
VOI or / * is the Product of . Y multiplicd by 2, or 
the ſaid Produẽt maybe exnreſs'd_ thus a/ 210+/40-: 
Likewiſe if 15 7 8 . 329 dee 8 At Snlrighed by 2, I firſt 
ultiply eagh of thoſe Numpe et | 4 uniyer- 
fal N00 856 ), andi their Cubes 7 be bo 927 age An EY HER 
one into the other make 8 og uct I prefix the univerſal 
Radical Sign a(3)mand1 it gives VG): E 3. ra D 185 V(3) 3432 rag: 0 
v(3)56, which is the Product ſought, to Witz the double of 4/(3) : /( 4(3)64+ {a)27 : 
After the ſame manner if VG): A 3)647-v E* v (a 673 :\ be do be multiplied by 5. 
70 or V(4)1 25, che kroduct will be 0 e eee, : that is, 
1625, 2% 
2 to multiply y : A, 3-: by vs Mic Squares 1285 10-＋C½ and by 1 OY 
multiplied nt into another make 30 10+5v 3», (chat 250 25%T-v 75) whole univer- 
{al $ , to wity 4+ 0 10H54 (@- 250475 Vin che Fade ot 
VV 10 C 3: multiplied b | 
"Likewiſe, ro Multiply Y: 13 v9: by 7 TY 14 that is, 4 by „Where the 
. is manifeſtly 12;) the Squares of th ſal” Roots propoſed are 134-49 
d 5+v/16, which multiplied one into anotif mgke &g-4- 5/9 - V16+/144; 
= univerſal Squar "2x4 ro wit, * 16545 9 9 167-44 44; that 1 15, 144, 
or 12, is the P 
Again, to multiply v T 
and 22 one ALS 
in St. 10, of dus Chap. and 


JT; into 77 nN 1 kiply "heir Squares 2+4/*? 
TT g to the laſt of N compendious Rules 
con torth 1 — 24, that is 5, (to wit, the 

| difference 


* 
* 4 


3 
* * - ö * 


aa 4 


CHAP. 9. The" Arithmetic of Surd Quantities. © 


235 


— 


— l 


Difference between che Squares of à and %.) Laſiy 5 the Square Root of the ſaid 
5 is v5 for the Product ſought.” batt 1 e, 


- — * — 


Jo alſo to multiply Y $+v 2 by // V, their Squares F 2 and 14-2440 


Root, to wit, / 45 %10VT10+14þ 24; 24/20 Nis the Product ſought, 
Moreover; to multiply y V — VF: by too (that is, 
2 by 3, which will pro duce 6) 1I-firft multiply the Square of V :4/144 +4: by the 
Square of = y/ to0—1 : "viz. N 1447-4 by ioo i, and it makes y/144004-4y/1900 
—4y144—F', before which I prefix the univerſal Radical Sign /, and jt gives 
4 : /14400-+4v1006—y 144—4 : which is, one of the Members of the Product 
ſought ; then I multiply inlike manner — Aa by V= : and it makes 
de 100 for the latter Membig Sl. the Prodii gl. Lak. 
ly, both thole Members being joined together giye 2 14400F-4v100—y 144—4: 
==v 24/4002 y 160=v4==2 that is, 144 36, that is, 12—6, or 6, for the Pro- 
duct required... $6” + o 

3. Sometimes the fourth, fifth, and ſixth Rules, in $2.” 4. of this Chap. will be 
uſeful in the Multiplication of uniyerlal Surds. As it it be deſired to multiply 
3y : 2+vy5 : by 245% (Which are Commenſurable Roots, for they are in pro- 


ſo there is produced 24+12V (that is, 247-4720) for the Product fought. 


. Likewiſe, 5v: 6+/9* multiplied by 2/ 6 Voi (chat is, 15 by 6) produces 
' 60+10y9, (that as, 90.) POTENT hn EG hi, | 
Moreover, if 5v : s: be to be multiplied by 30: 19—9: (thatis, 15 by 12) 
I firſt multiply 5 by 3 and it makes 15, then 1 multiply / : 6+y 9: by + 19—; 9: 
and it produces /: 1057+ 13v'9 : which latter Product multiplied into the fotmer 
Product 15 makes 15v : #651349: (that is, 180) the Product fought, »  _ 
4. Sometimes alſo the three Rules before delivered in'Se&. 10, of this Chap. concern- 
ing the multiplying of Binomials and Reſiduals will be uſeful in the Multiplication of 
univerſal Surd Roots. As it this Binomial Root 4/ ::12+v 6: L : 12—4/ 6- be 
to be ſquared or multiplied into itſelf, the Squares of the Parts are 124-v6 and 12— 
4/6, whoſe Sum is 24; then the Product made by the Multiplication of the Parts one 


into the other, viz. Vi 12 +46 into v+1i12—v6 : is 4/138, (tor the Difference of 


ſaid Product is 2/1 38, which added to 24 (che Sum of the Squares of the Parts) makes 
242/138, which is the Square of / 12446: + : 12—v : 6 : Moreover, the 
Square Root of the {aid 2424138, to wit, / 224424138 : is'the Sum of the two 


— 


Parts J: 1254/6: and / :12—v.6:. For when the Sum of two Numbers is multi- 
plied into itſelf, the Square Root of! che Product is equal tc the ſame Sum. , | 
Likewiſe if / * 1044/36 :— v/ © 10—4/36: that is 2, be to be ſquared or multipli- 
ed into it ſelf, the Product will be found 20—2 4/64, that is 4, and the Square Root of 
this 4, to wit 2, is the Difference of the two Roots or Parts Y: 10+ 36 and V:10—\y 36: 
For when the Difference of two Numbers is multiplied into itſelf, the Square Roor ot 


= 


the Product is equal to the ſaid Difference. 1 oy | 
Again, if 6+v : 20—v16: be to be multiplied into 6—y: 20—V16: the Product 
will be found 20; (for according to Rule 3: in Se. 185 of this Chap.) if 20—v16, 


which is the Square of /: 20] be ſubtraded from 36 the Square of 6, there will 
remain 164/16, that is, 20 the Nhduct ſought. . _ 


Likewiſe if Y/20 . % 0—vV'5 : be to be multiplied into * 20—v : 120; the 
Product will be /5, _ I * Size n 

So alſo it : 5+vV 20 16 : be to be multiplied by /: 5 - O xs : (that is 
3 by 1 ;) firſt, the Squares of the univerſal Roots propoled are 3: 20—y16 : 
and 5—\ :20—y16 : theſe multiplied one by the other, by taking the Difference 
of the Squares of 5 and /: 20—y16 : give the Product 3 CN, whoſe univerſal 
eng ae rc ER 007000 Gt {1.3 , Square 

1 | 


1 


* 
— 


1 


* 


multiplied one into ansther give 35Þ-10./ roÞ7V2 220, whoſe univerſal Squate 


portion one to the other as 3 to 4) I multiply 3 by 4, and the Product 12 into 21-55 


the Squares of 12 and VG is 138, whoſe Square Root is „138 ;) and the double of the 


— 


1 1 
” 


* 


w ad 


3 — — | 
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d Square Root, to wit, y : 5-+v/16 - that is 3, is the Product of the two univerſal Square 
R5ots propoſed to be multiplied, : 1 *; v3 208 The : I, 

5. The four preceding Rules of this Section are allo tos be obſerved in the Multi. 


[2 


plication of univerſal Surd Roots expreſs'd by Letters. As if it be deſired to multip] 
aa: by a, 1 multiply their Squares aa+bb and aa one into the other, and there 
comes forth aaaaÞaabb, whole univerſal Square Root {: aaaa-taabb is the Product 


— - 


ſought ; which may more compendiouſly be expreſs d thus, a/ aa - 
55 


. 
pn fe HOSE 2 898999 
— 
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Likewiſe to multiply 


tor thaRtoduds „ ai thts 8 

Again, if / ; aa--12.; be to be multiplied by az, the Product may be ſignified 
by a Pz into / :aa +12: Or, after the Squares of the Quantities propoſed are multi- 
plied one into the other, and thEuniverſal Radical Sign prefix'd, the product may be 


— 


— 


exprels d thus, : A, , ena Þ 2124. 2 108; | - : 

So alſo /be multiplied into Y. i: produces 4/ Le and V. /bc+v a: 
multiplied by V: /ba—ybc :* produces / bycaÞayb—bc—v ab: that is, 
/ : /bbca+y/aab—bc —+/ abc: | | . 

Again, after the manner of the preceding third Rule of chis Section ay: bb—cc 


multiplied by dv : bb—cc : płoduces adbb—adce. © © | 


—_— 


And a/: He: into dy: b—c produces ady : bbc 4 
Moreover, if this Binomial Root Y VV: :- lc be to be Sq 
or multiplied into itſelf, firſt, the Squares of the Names or Parts of the Binomial a 

4/a+ybc and Va—vbc, which added together make 2 %a, then the double Product 


of the Parts is 2V : a+vbc : (for the Difference of the Squares of „/ and be is a—bc, 
whoſe univerſal Square Root doubled is 2y/ :) which double Product added to 


2ya, (to wit, the Sum of the Squares of the Parts firſt found) makes 2 %a C2 :a—bce 
which is the Square or Product defired ; and if the Square Root of this Product be ex- 


traced, it gives Y 2Va+2y : a—bc - which is equal to the Sum of the Parts of the 
Binomial Roots firſt propoſed to be ſquared. r | 


— 
2 — — 
= 
- 


Sect. X III. Diviſion in Univerſal Surds. 


Divide the Square of the Dividend by the Square of the Diviſor, when the univerſal 
Radical Sign is Quadratic, or the Cube of the one by the Cube of the other, when the 
univerſal Radical Sign is Cubic, &c. then prefix the given univerſal Sign 20 the Quo- 
tient, ſo ſhall this new Root be the Quotient ſought, 

As for Example, if it be deſired to divide 4/: 40-440: by 2, I divide 404/40 
which is the Square of the Dividend, by ms of hs Diviſor, 2 * 

Felt. 11. of this Chap.) and there ariſes 1% 40, whoſe Square Root univerſal, to wit, 
: 19+440: is the Quotient ſought, | © 

Again, if it be deſired to divide * 40+4v 40 : by /: 1044/40 : firſt, I take 
their Squares, to wit, 40 4/40 and 10v40 as a Dividend and Diviſor, then be- 
cauſe the Diviſor is a Compound Number, anew Dividend and Diviſor muſt be found 
out, ſuch that the new Diviſor may be a Rational Number ; ſo (according to the R ule 
in the ſixth branch of St. 1 1. of this Chap.) there will be produced 240 and 60 for 
anew Dividend and Diviſor, which give the Quotient 4, whoſe Square Root is 2 the 
Quotient ſought, to wit, the Quotient of /: 40 47/40 divided by Y: 10+4/40 : 

Likewiſe, to divide 20 by / 10—yx : firſt, I teduce their Squares 400 and 10—v'x 
to a new Dividend and Diviſor, to wit, 4000-ſ-400v'5 and 95; then I divide 4000 
300 / by 95, and there ariſes 4273+3v5, whoſe univerſal Square Root, to wit, 
v/ * 42 53+*345 : the Quotient ſought. 2 of p | | 

Another Example (in Rational Numbers expreſs d Surd-wiſe) may be this, viz. ſuppoſe 
it be deſiredito divided /: 4+y 25 : by v : 14-y9 : (that is, by 3 and 2, which gives the 

Quotient 41 ) firſt, I reduce 4+y25 and x+v 9, the Squares of the given * 
| | an 
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and Diviſoly to a new Dividend and Diviſor; ro wit, 4+v2 12 125 ind! 5. 
cheſe give the Quotient , (as has been proved in the latter Example of the Note in 
the preceding S. 11.) the Square Root whereof, to wit 4, is the Quotient ſoughr , 


for if the giren Diviſor / +1 +9 : be Multiplied by che Quotient 2, it will produce 


1 * 


z, which is equal to the given Dividetd Y ALTA : 


Again, to_ divide „ (3) : 8/(3)64+84(2J27 + by 2, I divide the Cube of the 
one by the Cube of the other, vis. 8/3064 T8 /(2) 2) by 8, and there ariſes 


/(3)644v(3)274 whoſe univerſal Cubic Root, to wit, (3) : V64E7(aJ)z7 © is the 
Fe wit, the half ot the Dividend l 4 5 8 *** 4 
2. If the given univerſal Roots, to wit, the Dividend and Diviſor be Commenſurable, 
then (according to the fifth Rule of Sc. 3. of this Chap.) divide the Rational part of 
the Dividend; by the Rational part of the Diviſor, and what ariſes is the Quotient 
ht. As to divide 21/7 6Fy 9: by 3y :6 +\/ 95 I divide 21 by 3, and there 
ariſes 7 for the Quotient ſought. 1 2 — 


Likewiſe. 183 //: V 3—v2 : divided by %% z: gives the Quotient 24. 

3. Diviſion in univerſal Surds expreſsd by Letters depends upon the Rules before 
given: as to divide / aaaa+aabb- by a, I divide the Square of the Myidend by the 
Square of the Diyiſor, viz, aaas+aabb by aa, and there ariſes aa CU, Whoſe Square 
Root univerſal, to wit, : ta reis the Quotient ſoughs; 3 

Again, if it be deſired to divide /: bea f He Vale, by / Ic Va 
I divide the Square of the Dividend by the Square of the Diviſor, viz. „bea C VA. 
bi—gabc by e- -a, (according to the Method in the Examples at the latter end of 
Seck. 1 f. of this Chap.) and there ariſes v $a—v bc, whoſe univerſal Square Root, to wit, 
Ma-. is the Quotient ſought. 


—— 


Moreover, to divide dy : bb +cc : by 3av: bb cc : becauſe they are Commenſurable, 
I divide only the Rational part by the Rational, and there ariſes >; for the Quotient. 


4. Laſtly, when the Work of Diviſion in univerſal _Surds according to the foregoing 
Rules and Examples in this Section, happens to be intricate, or will not work off juſt 
without a Remainder, you may ſet the Power of the Dividend (the univerſal. Radical 
Sign being omitted) as a Numerator, over the Power of the Diviſor as a Denominator, 
and prefix the univerſal. Radical Sign before the Line that ſeparates the Numerator from 


* 
* 


* 


the Denominator; then ſhall the univerſal Root ſo denoted ſigniſie the Quotient ſought. 


— — 


As if it be deſired to divide /: * 2 by Vi V - the Quotient may 
be repreſented by this Fraction *. . 55 — | 
Likewiſe if /; /abb-rbcd * be to be divided by 2.4 ac—d&: you may write 


5 8 to fignifie the Quotient. 


V - 7 ac 4d F 


. „ 
f— 8 2 "—R 4 1 — * Wo 


— 2 


— i 


Sect. XIV. Addition and Subtraction in Univerſal Sud. 


1. When two univerſal Surds propoled to be added or ſubtracted are Commenſura- 
ble, they may be added or ſubtracted like ſimple Surds, (according the Rule in $f; 8. 
of this Chap.) As for Example, if the Sum and Difference of 4 :8+4y3z : and 
z be deſired; becauſe each of them divided by their common Diviſor 
: 2+v3 : gives /4and „, that is, 2 and 1, which are Rational Numbers expreſſing 
the Proportion of the Surds propoſed. T herefore | the Sum of 2 and 1, to wit 3 multi- 
plied into the ſaid common Diviſor gives 34 2 ⁹H for the Sum required, (which 
may alſo be expreſs'd thus, Y 184-4243 ) and the Difference of the ſaid 2 and 1, to 
wit, 1 multiplied into the ſaid common Diviſor y/*2+y/3 : makes Y. 2-+v/3: for 
the Diſſerence of the two Roots firſt propoled. AT 3 

INN Example in Rational Numbers expreſs d Surd-wiſe, viz. let it be required 
to find out the Sum and Difference of v : 99-9) 25 : and y: 25 (that i 
12 and 8; firſt, thoſe univerſal Roots de e divided ©, 2 Saanen Bite 


v: Ir 


4 P I. 
_ = — — 0 


— — 2 rr 
—— 22 ks 4 — 2 


- _ n PR = 
l - = \ 


— — 
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1 25 : give the Quotients /9 and /, to wit z ad 2, rn are 
Numbets Exprefling the Proportion w hich, the giyen Roots have one to Aalen ien. 
fore 3 72, t wit 5, multiplied into "we common Diviſor „ 21755, : giv 
es 
N that is, * 27 3 + 15645, Kto wit 20) which I the Sum ot the Roots 
propoſed; and 32, that is 1, ſtiplied intotlie ſaid yt 11 ** 25 gives 1 1＋ 25: 
chat is 4; for the Difference of the given Roots — * : 


Here. Follow ContraBions of the Work of. Addition and Sethr Figge ; in the: two laſt 
e. with others f like. Nature in Surd Nami expreſs.d b MLetters. 


Aide if 0) uit? 1 'S 3: Th | 2 4. The F F bs wal 
$, az 166 N 2/1 474 + £8 , Hung 1. ; A | . . 3. . 


"What i is the Sum and Düster of * 


* f 


= 


V: F777 : 100 00 5 


I SEES / 2 | x 5 
1 /T af: : ) FJD v4, that is 25 20 „ 9 40 
1 „ 0 7 7 4 W 
© Therefgre from I. 2 =*\/;: 8: | 1 
And from II. N 
19.01 en n aa . — n * y N * 18 
What is the Sum = Difference of y: 99Þ9v 28 > 24. 7; che 8 
FO | The Operation. 


7 * EEE, i (%, chat is, 3. 
N 2 — 1 : - yd: a4 +4v/25 © Chet is 24 
Tͤberefoxe from I. 3% 11 LA = N e 
And from II. = 1 925 = vV 442 


— —— + —_— — — 


10 The Sum, mY * FEE: Vas: = * D 12 118 
The Diſſerence, 1% _ Vas; =wv: 99rÞ9V25 * NA 
— — * | * — * 


— 2 ” 
_— #- — 
way by : 2 — — 
Ls * - 
— — com——————_— 
a 1 a — — 


1 WL 


gh Exdmplt 3 7 i hb | 
What is the Sum 40d Difference of / aaaa-Þaabb : and Val Ta | 
Thoſe reduced, (by St. 6. of this Chap.) give a: CILLA ago by': FW 


— 
—  —— 


— 
1 
— — —— „„ — TW — ꝙ—WG—ũ—— — 


| And thei: Difference is' a © into : 7 7 ing 
” — —  ———— — 1 . ̃ *— een en —ͤ — 
1 4. 


a w 
What is the * an: Difference of & eke, and if —_—_—— 


| PR. 

By diriding each of them by their 
common Diviſor y/ Oo EAM: | — and . 
there will ariſe Rational Quoti- „ *. 
ents, to wit, — = | 1 * 

Therefore the Surds propoſed are ak 
Commenſurable, and inſtead of EIT . and , —— a/ : 00 r, 


them we may write ————— 


Therfor their Sum mall bes £4 2 into 5 Fav: 


% * » ⁊ ”m „ 
That is, — 1 8 farm, rn e 
re « PRA | 


. 


9 - 


m— 


VIS . 2 
| © hom, CF —— 
And * Difference of os giyen Sa, ar. | ie ee 45 
e 5 18-435 . RX Nein 29 7 124 
| —ͤ— — bole en . bal , 
g's pun th * 1 AT & - 7. + is; Ih vin 
as. - I *T le 5. , 8 * ” ES J 1 1 10 4 75 
What is the Sam - =D ots 2 A , 


E 


1 ef 1 +. aaah E Ga 12 1 a ds £ and eee 15 174 

: 4 1. 5 5 F396 :" Me - id N IF IN. © 

(1 bas VP * HW | .I. * 11606 
r e $1 INS fps Ar ane e 5 | | 


The given Roots are Commienſurabid, s has 
one in n. 8 this Ly, and mal be e 17 0 


This 


66,1 of: in (th 1 
Tones hei Sur, 10 be t6 tie” —2 than . tar. o N or 
24 — 2 int r : 
And heir Diſeren 2 cn Pas + 12: * _ 
87 79 and their 8 a 71 A to 
2, en the Root of a Nene is 59 be adde as ay ane in V': 15 2 
of its n 


and then the whole Lo 
be the Sum or Differtiiee of e 
been ſhewn in Rule 4. Seth. 


wee may multiply * angt Number ante To 2 n Aer 
and there will be produced 24+2/ 138, whole univerſal Square Root, to wit, 


y/ : 24+24/138: ſhall be the Sum of the two 70 Roots-propoſed to be added. 5 
Jikewile if Y NN — „e be multiplied into ice, che Produtt 
Will be 24— 2/138, hoſe univetſül Squate Root, . 242 f 
Difference of the ted Rats propoſ ed. * 256 © . 6 — mM 
After the ſame manner the Sum of theſe two Roots, REF Wits e | 


will be found „ 76 Fav 6g : (that ig, 6, to wit 6; )J but their Difference 
Y 20==2) 64 :(that is /, to wit 2.) 


Likewiſe the Sum of theſe Binomial Roots /: . arid 1 r: will be 
found v *IVaÞ-2v 74 und their Dilleryſted tonkbony yankee 


| But if the univerſal Rees propoſed be nor Commenſyrable, not ſuch Bin 
and Reſiduals as a mentioned in the al r We then che I, are be er 


by 4, and fubtra ed 5 0 f 
e 74: be to be agdady Tg | 
for the Sum, and to ſubtract v2. 5—/ 36 from y':- 5 *. 
v : 5—y/3: for the. Remainder. - ct . ? N 
Likewiſe the Sum of L and V : ag—cc : WY: at. + aer 
and their Difference! is 4 . 8 * — =o aa 5 


rm 


5 | 
Se&. XV. Concerning. the C ur linien and Lebe of fin Ronda in Nam- 
bers, agreeable to theſe expounded * 49 505 5˙, 58, 555 54. Elem : 


IO Eucl. SF”, 9 


By way of Preparation to be Conftrutibg of the fix Pinomiats in Numbers I that 
_ premiſe this 2 


2 uno 
To find two W Nanbert Whole Difference ſk be . to a given Ration 


1 4 


Number? &. 5 6. 
| 4 NON. | 
Take any two Nader whih multiplied! one by he other wy prodice chic 
Um- 
4 EY ol 


2 * 


» wh $464 


* | | ſs" g 


ö A : 
1  Conftruftion;of Binomialsr, + _ | . © OK TY 
Number, ; then half the Saß of EIT and halt their Difference ſhall 
be the Sides Or Roofs of the tw en e 29 . 
As if 5 be given for ect | "fought, I ike 5 2 1; 1 


the Produg of tit Muri Diels fa V is 3, and the halt 
of their Difercoce%s 2 ; the Sg the 1 Fand are g and 4, * . 
ſought ; r their Deren i as wa 2 
Difference of to Squates; take 3 


Again, ine ſame Number + 
Number argen as 2, By y this +4 e the given Day, 5, the Qi Quoricuc is 2, there⸗ 
the Mult 


fore the Product Puration . Divifor 2 by the Qugtient * 5; then 
acc ording ng ro the Canon, half * Sum and half the Difference of © ſaid 2 and E © 
7 it, 2 and + ſhall be rh 1 of * Squares Ought; and . the Squares 
themſdyes s and»; rh, as was delired. 
Aftet the . manner L br 2 F Squares BE be found out . 
Numbers, and the Diſferenee of each paiꝶ ſaall h equal to * "Ann apes 2 Nunber | 
The Rar of the Gapnon 1 may be made f bby Wh. . S ble: 


: 23 4 i 8 2 
NN We, 5 ech alt FR ” e be 
This Pele Wade bre MitthMujcre® er gr, ae Nonber, zs cqual to 
the Difference of two Squates, to wit, of the Square of half the Sum, and the Square 5 
; WT"; Difference'of che ſimetwo unequal Numbers 
As 12 be the greater, ang s che leſſer of two Numbers then 
The Square of 3 Eb — — Ace- Pc ibb, * * n P3:1; bn 
Tbe Squate of $6—3b 1 Ne 4˙⁰. "7.048 £52 20 2d 
The Difference of thoſe two Squar&@is <<<. oo A nt ch +31 
'Which Difference eee the Product of the Multiplication of the two proj 
mane. 5 wer the FREED, ang on rs 285 fielt given, 
Is man 2 GIS; N 
n "The Defwidims of Bivonjal 1. | 5 2 _—_— 


Wben che greater Name (or Rurt) of a Binomial is: a Nabend © ION We 
leſſer part is. 4 Surd;:Square Root of ſows Ramona Number; the Square Root of the 


— 4 — — 


* 


0 4 . 


Da the Squares Po is a Rational Number, che Sem of. the the 1wo patts 
n A « * 20 15 . innen 
3 8 > * * 5 e 
* . 5 ale 8) he 1 
: | * 8 "a> o n 
e ptopoled, —————z+ 5... 
«> Fr a — — + 
The Squares of the Names or Parts ate — —2 — 
: ; ty | 7 > "yt 


The Difference of thoſe Squares is is —— 
| Tue Squate Root of that Difference is ——<— = 
Becauſe the e part 3 is Rate Number, and the leſſer part * 5 2 Sund 
Squate Root of iohal Nüpuber 3, and the Difference of the Squares of the Parts, 
vx. 4 is a whoſe Noot 2-15 Re EIA the Binomial 1 to 
wit, 113 is * # firſt Binomlal. \ 3 


1 N: 


— 4 FS ont two ſuch Numbers as may ers a * Binomial. 


1. By the Canon of the preceding Queſtion at the ie beginniq of this 7 
796. find out two Square Numbers, whoſe Difference may be 9 
2 Rational Num en not a Square, | ſuch are theſe Squares — 
2. Their Difference i 
3. Take ſome Ratishal Number at pleaſure for the greater part of | 
” Binomial ſou ght, as ———— | 
4. Then ſay, By oo Rule of. Three, if 9 the greater of the dycSguger 
found out in the firſt ſtep, giye 5 theDifſexence in the ſecond, what 7 
ſhall 36 the Square of the Number taken in the third give? whence 4/20 
the fourth Proportional will be found 20, the I Root whereof 25 
is the leſſer part, to wit. a 
5. I ſay, the of the two Numbers f found N Sir in the third and C «+ ys 0 __ 


Mop here, is a fight Wnagaial, PU TT" 


» 


4 
3 
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1 | 4 


CHAP. 9. Conſtruction of Binomials. 241 

” 7M be Definition of Binomial II. ra 

When the leſſer part of a Binomial is a Rational Number, and the greater part is 

2 Surd Square Root of a Rational Number, and the Square Root of the Difference of 

the Squares of the Parts is Commenſurable to the greater Part, the Sum of the two 
Parts is called a ſecond Binomial. | 


Explication. | 
Let this Binomial be propoſed ! 181-4 
The Squares of the Parts are — ——— j | a . 0 
The Difference of thoſe Squares is ——=—- — "x8 1 
The Square Root of the Difference is 3 7 a 


Becauſe the lefler part 4 is a Rational Number, and the greater Part V18 is the 
Surd Square Root of a Rational Number 18, and the Square Root of the Difference of 
the Squares of the Parts, viz. „, is Commenſurable to the greater Part 183 for (ac- 
cording to the Definition in See. 7. of this Chap. 2. /18:: 1.3, that is, as a Ration al 
Number to a Rational Number) the propoſed Number 4/18 +4 is a ſecond Binomial: 


How to find out two ſuch Numbers as may conſtitute a ſecond Binomial. 


1. By the foregoing Canon find out two Square Numbers, whoſe 
Difference may be ſome Rational Number not a Square; ſuch 


are theſe Squares — — > > LOEB * 
2. Their Difference is — ͤ :—— — 5 
3. Take ſome Rational Number at pleaſure for the leſſer part of 

the Binomial fought, as — —im — c 10 


4. Then ſay, If 5 the Difference in the third ſtep gives 9 the 
greater of the two Squares in the firſt ; what ſhall 100 the Irs 
Square of the Number taken in the third give? Whence you 180 
will find 180, whoſe Square Root ſhall be the greater part, viz 

5. I ſay, The Sum of the two Numbers found out in the — 


and fourth ſteps is a ſecond Binomial, wiz. - 4180 10 


„ 


* 


The Definition Binomial III. 


When each of the two Parts of a Binomial is a Surd Square of a Rational Number, 
and the Square Root of the Diflerence of the Squars ot the Parts is Commenſurab!s 
to the greater Part, the Sum of the two Parts is called a third Binomial, 


| | Explication, 
Let this Binomial be propoſed — — 8 ,y¶2 z 
The Squares of the Parts are.. —4 ® 
The Difference of thoſe Squares is 2 18 


The Square Root of that Difference iL V 18 
Becauſe the two Parts /50 andy 32 are Surd Square Roots of two Rational Numbers 
50 and 32, and the Square Root of the Diflerence of che Squares of the Parts, uz. 
#18, is Commenſurable to the greater Part /50; (for /18 ,v50 :: 3 + 5, that is 
as 2 Rational Number to a Rational Number) the propoſed Number V5obv32 is 
a third Binomial. 1 | e e e E | | 


How to find out two ſuch Numbers as may conſtitute a third Binomial. 
1. Find out two Square Numbers whoſe-Difterence may be ſome 8 


2 rr 2 1 1 my o 
.. * b \ — 4s ah 8 
u vi 
F- 4 ET * 5 2 5 ! : 
Y * 4 . 1 © hand * 


Rational Number not a Square; ſuch are theſe Squares | : 
2, Their Difference iS—— eee ee IE A nn mas wed dee 5 


3. Take ſome Rational Number not a Square; which may exceed 
dhe ſaid Differences 5 by an Unit or two; viz. by 1, when the 
ſaid Difference increaſed with x makes not a Square; but by 2,> 6 
hen the Difference increaſed with 1 makes a Square: So in, 
this Example I take 6, becanſe 5 N makes not a Square 
4- Again, take ſome Rational Number at pleaſute, as K 


Hh 4 5. The 


„ 


— I Ä — 


——_— "OT mn ONT ITY ——_—_— — 


g : . * 1 - "7 TY <1: 
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5. The Square thereof is ͤu' ü — = 144 
6. Then ſay, If 6 the Number taken in the third ſtep gives 9 the 
greater of the twoSquares in the firſt, what ſhall 144 the Square Ds 
Number in the fifth give? whence the fourth Proportional is * 
216, whoſe ſquare Root, to wit v 216, ſhall be the greater patt.) 
7. Say again, If the ſaid Square 9 gives 5 the Diference in the 
ſecond ſtep, what ſhall 216 the fourth Proportional found out 7420 


in the ſixth give? Whence you will find 120, whoſe Squate 
Root, to wit „120, ſhall be the leſſer part — — 
8. I ſay, the Sum of the two Numbers found out in the ſixth ; NE” "08 


—— ——b — 


ſeventh ſteps is a third Binomial, to wit, 


The Definition of Binomial IV. 


When the greater part of a Binomial is a rational Number, and the leſſer part is a 
Surd Square Root of a rational Number, and the Square Root of the Difference of 
the Squares of the parcs is Incommenſurable to the greater part, the Sum of the two 
parts is called a fourth Binomial. 


Explication. 
Let this Binomial be propoſed ʒ· ——— 51/15 
The Squares of the Parts are —— —— _ 1 


The Difference of thoſe Squares i 
The Square Root of that Difference is — — 13 
Becauſe the greater part 5 is a Rational Number, and the lefler part V12 is a Surd 
Square Root of a rational Number 12, and the Square Root of the Difference of the 
Squares of the Parts, viz. 13, is Incommenſurable to the greater part 5; (for 13 
has not ſuch proportion to 5 as a Rational Number to a rational Number) the Num- 
ber 5+4 12 above propoſed is a fourth Binomial, | 


How to find out two ſuch Numbers as may conſtitute a fourth Binomial. 


1. Take any Square Number, as—————- . — 5 
2. Divide that Square Number into two Numbers not Squares, 

25 into 1 6 and 3 
3. Take a tational Number at pleaſure for the greater part of 

the Binomial ſought, as — 6 
4. Then ſay, If g the Square Number in the firſt ſtep give 6 the 

greater of the two Numbers in the ſecond, what ſhall 36 the 

Square of the Number taken in the third give? So the fourth y24 - 

Proportional will be found 24, whoſe Square Root, to wit 

+24, ſhall be the leſſer part -- | 
5. I ſay, The Sum of the two Numbers found out in the third and 6+ 

fourth ſteps is a fourth Binomial, viz. ——— —— —— 24 


| The Definition of Binomial V. 
When the leſſer part of a Binomial is a rational Number, and the greater part is 


IEEE, rr - 


— 1 


2 Surd Square Root of ſome rational Number, and the Square Root of the Diffe- 


rence of the Squares of the Parts is Incommenſurable to the greater part, the Sum of 
the two Parts is called a fifth Binomial; 


— 


—y/ 64-2 


The Squares of the Parts are ͤꝛn-.— 14 


Explication. 
Let this Binomial be propoſed —— -——- 


— 


The Difference of thoſe Squares is —<——— — 2 

The Square Root of the Difference is — — 9.2 
Becauſe the leſſer part 2 is a Rational Number, and the greater part 4/6 is a Surd 
Square Root of a Rational Number 6, and the Square Root of the Difference of the 


Squares of the parts, viz. 4/2, is Incommenſurable to the greater part /s; (for 4/2. 
vG:: I . v3, not as a rational Number to a rational Number) the propoſed Num- 


ber 4/6-Þ2 is a fifth Binomial, . How 


0 a. . 
al * ttt 
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1 7 + « * " 
4 4 Wy 0 4 *. PO P72 1 


CHAP." 9... 
[Fe How to find out two ſuch Numbers as nia conſtitute a fifth Binomial. 
1. Take any ſquare Number, as — — 9 
2. Divide that ſquare Number 9 into two Numbers not Squares, as into 6 and 3 

3. Take 2 rational Number at pleaſure for the leſſer part of the — 
ſought, as. r * —— 
* Then ſay, If 6 the greater of the two Numbers in the ſecond ſtep 
gives g the {quare Numher in the firſt; bat ſhall 4 the Square of 
the rational Number taken in the third give? Whence you will find e 4c 
the ſourth Proportional 6, whole ſquare Root, to wit V6, ſhall be the 
greater part ſought, -——— ———————— :: | 
5. I ſay, The Sum of the two Numbers found out in the thitd and fourth © Lys 
Reps is a fifth Binomial, viz, ———— ————————— S074 


ew al NS; The Definition of Binomial VI. 
When each of the two parts of a Binomial is a Surd ſquare Root of ſome rational 
Number, and the ſquare Root of the Difference of the Squares of the Parts, is Incom- 

menſurable to the greater part, the Sum of the two parts is called a ſixth Binomial. 


n —u. 
— 


n 


_— 


” £. + WF” 


ROT, - Explication. SK 0 
Let this Binomial be propoſed — „AT 
The Squares of the Parts are 4 3 | 


The Difference of the Squares of the Parts is 2 8 
The ſquare Root of that Difference Is — ———— v2 
- Becauſe the two Parts v5 and Y are Surd ſquare Roots of two rational Numbers 
5 and g, and the ſquare Root of the Difference of the Squares of the Parts, wiz. „/, 
is Incommenſurable to the greater part v5, ; (for /2 has not ſuch a Proportional to v5 
as a rational Number to a rational Number) the Number 4/5 +vV above propoſed is 
a fixth Binomial. | ey | | 


ODE EET 
— 


— . —_ * . — — — _ — - IF 
"> = _ — — — — — 
Df bag. -— > n = S — - 2 
— — — — — = 
* - 
* — 20 iT 7 * — I o _ 
+ — * — - = 
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How to find out two ſuch Numbers as may conftitute a fixth Binomial 
1. Take two ſuch prime Numbers that their Sum may not be a 


Square AS e e rer, eee 
2. Their Sum is 
z. Take alſo any ſquare Number, aas: „-. — 9 
4. Take again ſome rational Number at pleaſure, as —— (KüuH(ſ — 6 
5. The Squate thereof is | | 
6. Then ſay, If 9 the ſquare Number taken in the thixd ſtep, gives 

12 the Sum of the two prime Numbers in the firſt, what ſhall: 36 2 

the Square in the fiſth ſtep give? Whence you will find 48, whoſe ( v4 

ſquare Root, to wit, 4/48, ſhall be the greater part, ——-— J 
7. Say again, If 12 the Sum of the two, prime Nymbers in the firſt 

ſtep, gives 7 the greater of thoſe ptime Numbers, what ſhall 48 the V28 

fourth Proportional found out in the ſixth ſtep give? Whence yu, 

will find 28, whoſe ſquare Root, viz. 4/28, ſhall be the leſſer part, 

I ſay, the Sum of the two Numbers found out in the ſixth and mt 48L-v/48 


7 and 5 


y——— — — — — 


——_ * - —_ — 


. 36 


-— 


venth ſteps is a ſixth Binomial, vil. w.. 
It of every one of thoſe fix Binomials the leſſer part be ſubtracted from the greater 
by interpoſing the Sign —, the fix Remainders anſwer to the ſix Lines which Euclid in 
* Prop. $6,87,88,89,90,91. of his Elem.” 10. calls Apotomes or Reſidual Lines; as, 


bb. Ty 4: 1. 3-v. 5 
| & II. Aa 1 4; LS” 1 v1) * "| $i II. „ EG 4 
0 1 III. Y50 32 By changing E into — III. „5-5 32 
ut of Mei IV. 5＋ VI: 18 made Refituat IV. 5—y ral 
p V.vV 6 2 nil nol fro api 6= ia) 
VI. v 5+v 3 | VI 7 5—v 3 


The precedent Conſtructions of the ſaid. fix Binomials; are demonſtrated itt Prop. 49, 
50,5 1,5 2,534. Of 10 Elem, Euclid. 3 
1 il h 2 | Now 


* 
9 # 


* 1 oo titted —_ * * — 
» = jt — add 
_ CE 
_— * q * 
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Now if any Binomial or Reſidual be given, we may eaſily find out another of the 
ſame kind in this manner, viz. For the firſt and fourth Binomials, it it be made as the 
greater Name or Part to the lefler, ſo any Rational Number aſſumed for the greater 
Part of a new firſt or tourth Binomial, to a fourth Proportional Number, this Num- 
ber ſhall be the leſſer Part or the new firſt or fourth Binomial. Bur for the ſecond and 
fifth, if it be made as the leſſer part to the greater, ſo any Rational Number taken for 
the leſſer part of a new ſecond or fifth Binomial to a fourth Proportional, the Number 
ſo produced ſhall be the greater part of the new ſecond or fifth Binomial. And laſtly, 
for the third and ſixth Binomials, if ic be made as the greater Part to the leſſer, (each 
of which is a Surd Square Root) ſo any Surd Square Root aſſumed for the greater part 
of a new third or fixth Binomial, to a fourth Proportional, there will come forth the 
leſſer part of a new third or fixth Binomial. (The reaſon of this Operation is manifeſt 
per Prop. 15. Elem. 10. Eucl.) And after a new Binomial is found out; its correſpon- 
dent Reſidual is alſo made by changing the Sign ＋ into —, as before has been ſaid. 

As for Example, if a firſt Binomial 3 +4/5 be propoſed, to find another like toit; 
I take a Rational Number at pleaſure, as 8, for the greater part'ot the Binomial 
ſought, then by the Rule of Three as 3 is to v5, ſo is $ to a fourth Proportional, to 
wit /, {or the leſſer part ſought, therefore 8+ +3 ſhall be a new firſt Binomia), 
and 8—+*32 a new firſt Reſidual; and ſo of the reſt. 


ni: i. 


—— — — — 1. —— 4 
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Sect. XVI. Concerning the Extraction of the Square Root out : Binomials an Reſidu al: 
conſtituted in ſuch manner as has been ſhewn in the preceding Sect. 15. 


Every one of the Binomials and Reſiduals, whoſe Conſtruction has been ſhewn in 
the preceding Sect. 15. has a Square Root, that is, ſuch a Binomial or Reſidual that 
if it be multiplied into itſelf will produce the given Binomial or Reſidual ; as may be 
evidently collected out of Prop. 55, 56, 57, 58, 59, and 60; alſo out of Prop. 91, 
93, 94, 95, 96, and 97 ; of the Tenth Book of Euclids Elements. 

As for Example, a Binomial of the firſt kind, ſuppoſe 5+4/48, has a Square Root, 
to wit 2 /, for this being ſquared (or multiplied into it ſelf) produces that Bino- 
mial 74-48, whoſe greater part 7 is compoſed of 4 and 3, the Squares of the Parts 
of the Root 2+v3 ; and the leſſer part /48 is the double of the Product made by 
the Multiplication of 2 into /3, the Parts of the Root 2+v; * all which is evident 
by the Multiplication of 2F /; into itſelf. The like effe& will be found in every one 
of the reſt of the Binomials conſtituted in the preceding Sect. 15. Therefore if a Bi- 
nomial be propoſed, and its Square Root deſired, there is given the Sum of the Squares 
of the Parts of the Root, (which Sum is the greater Part of the Binomial propoſed) 
and the double of the Pro duct of the Parts of the Root (which double Product is the 
lefler part of the Binomial propoſed) to find out the two Parts of the Root ſeverally. 
And therefore in order to the Extraction of the Square Root of a Binomial, it will be 


' requiſite to ſearch out a Canon for the ſolving of this following 


QUESTION. 


The Sum (0) of the Squares of two Numbers being given, as alſo (e) the double Pro- 
duct of the Multiplication of the ſame two Numbers, to find the Numbers feverally. 


RESOLUTION. 


1. For one of the two Numbers ſought put — — 4 
2. Then foraſmuch as the double of the Product of their 2 % 3, 
tiplication is given c, therefore the Product itſelf is 2 
3. Which Product divided by the firſt Number a gives the x . 8 
4. Therefore the Square ot the firſt Number i — aa 
5. And the Square of the other Number is— | | 2 
| 4aa 


* » 


CHAP. 9. Extraction of / (2) out of Binomials. 
"Wo I's og — —— - 
7. Which Sum muſt be equal to & the given Sum of _ * 

Squares; hence this Equation, —= ——- - aa — 2 


8. From this Equation after due Reduction, there will ariſe baa—aaaa=ic 
9. And from the laſt Equation (per Canon in Seti. 10. Chap. 15. Book 1.) there will 
ariſe this following Canon, to find out the two Numbers ſought, viz. 


CANON I. 


Eto 15 % K Ac the greater Number. 


— 


— 


ic. : = the leſſer Number, 


That is in Words, 83 
From a quarter of the Square of the given Sum of the Squares, ſubtra& a quarter of 
the Square of the douhle Product given, then add and ſubtract the Squate Root of that 
Remainder to and from half the given Sum of the Squares, ſo ſhall the Square Roots of 
the Sum and Remainder of that Addition and Subtraction be the two Numbers ſought. 


b- + Y/ bb—c C 


10, Moreover, becauſe 5 = 4b+/ : De: 
| 1 6 —= 
11. Therefore * 2 * — N- N 1 — fe : 
d—y/bb—c. _ 
12. Likewiſe, becauſe — — = t—y : 3bb—cc: 
13. Therefore ———— y . VM Acc: 


2 


14. Therefore from the eleventh and thirteenth ſteps another Canon ariſes vo ſolve 
the Queſtion, vix. 


CANON 2. 
* ce. : = the greater Number, 
2 * 
7 .. = the leſſer Number. 
2 


That is in Words, 


From the Square of the given Sum of the Squares ſubtra& the Square of the double 
Product given, then add and ſubtra& the Square Root of the Remainder to and from 
the given Sum of the Squares ; ſo ſhall the Square Root of halt the Sum and Remaind- 
er of that Addition and Subtraction be the two Numbers ſought. 


By che help of either of thoſe Canons we may extract the Square Root of a Bino- 
mial or Reſidua), but I ſhall uſe the latter only; whence ariſes ; 


A general Rule for the Extraction of the Square Root out of Binomial: and Refiduals. 


From the Square of a greater part of a given Binomial or Reſidual ſubtract the Square 
of the leſſer, then add the Square Root of the Remainder to the greater part, and ſub- 
tract it alſo from the ſame ; laſtly, connect the Squate Roots ot the half of that Sum 
and Remainder by the Sign + if a Binomial be propoſed, but by — if a Reſidual : 
ſo you have the deſired Square Root of the given Binomial or Reſidual. 

The Practice of this Rule will be ſhewn at large in the following Examples. 


Example 1. | 
Let it be required to extract the Square Root out of this fitſt Binomial 27+v704 
The Operation. 
1. From the Square of the greater part 27, viz. from ———729 
2, Subtta& the Square of the leſſer part 4/764, to wit, 45 
3. The Remainder is 5 m_ — 
4. The Square Root of that Remainder is —————— 3$_. 


5. To 


i 


Hftfaction of v.( 2) out of Binomials, : : L 30 Il 


5. To which Square Root add the greater part —— 1 27 

6. The Sum is — — 4 9. 

2 The half of that Sum i — — e471 op: 
8. The Squate Root of the ſaid half n is the greater part of che ern? P. 
Root ſought, to wit, — 5 4 

1 hen from the greater part of the given Binomial, viz. Hom 27 

10. dubtract the Square Root before found in the fourth ſtep, to wit, 5 

11. The Remainder 15 —————-— — — — 22 
= The halt of which Remainder is ———— — — — 11 
. The Square Root of the ſaid halt Remainder i is the leſſer part oe 7 | 

"ak Root ſought, to wit. — — I1 


14 1 ſay, the two Names or Parts in the eighth and thirteenth ſteps ; 4 / 
being connected by T ſhall be the Square Root ſought, to wit—— 4 11 
But if — inſtead of + be prefix'd to the lefler part of the ſaid Root, it will give 
4, 11, which is the Square Root of the firſt Reſidual or Apotome 27—y 704. 
The former of thoſe two Roots anſwers to the Irrational Line called (in Prop. 37. 
& 55. lib. 10. Elem. Eucl. ) a Binomial Line, and the latter anſwers tO the Irrational 
Line called (in Prop. 74. & 92.) an Aporome or Reſidual Line. 


The Proof of the Root above extracted out of the firſt Binomial, is made by multiplying the 
| Root into itſelf thus : 


m : 5 1 

__ ca 0 theSquares of the Parts of ++: 11, the Root 464-1 ß ent l. 27 

The Product ofabelameParty n multiplied one into the other is 4%/ 11, that is, V 176 

The double of the ſaid Product is ——- — - 8/11, that is, Y 176, 
I he Sum of the ſaid Sum of the Squares of the Parts and 
the double Product is — 275-4704 

Whence it is manifeſt, that 27+v 7c 704 is the Square of 4 LV, therefore this is 
the true Square Root of that firſt Binomial; which was to be proved. Moreover, if 
the ſaid double Product be ſubtracted from the ſaid Sum of the Squares of the Parts, 
the Remainder 27—v 704 is the Square of 4—V 11; therefore this 1 is the Square Root 
of that firſt Reſidual. 


„ | 
Let it be required to extract the Square Root of this lecond Binomial 9144 76, 
4 Operation. by | 
155 1 the. Square of the greater part Y, -viz,, from 1444 


2. Subtract the Square of the leſſer part 6, t to \ wit — 36 
3. The Remainder i — TART? 7 
4. The Square Root of that Remainder is — 71 
5. To which Square Root add the Lee part, (by the 3 

Rule in Seff. 8. of this Chap.) ir 94A 
6. The Sum is — — — 748 


fy * The half of which 2} e —— a 12 

The Squate Root of that hal 15352 is the greater part 

al e rt er t, to wir, — — — & 1 Ii) 

9. Again, from the greater part © of the given Binomial, inowial, & 2.42 
| + 


viz. from — _ 
10. Subtra& the Square Root befote found it in the he fourth Js | 
„ (by the ſaid Rule in Sect. 8.) vix. $ 
. The Remainder is — — —— 4/27 
The half of which Remainder iL A 
3. The Square Root of the ſaid half Remainder is the 5 
„ part of the Root ſought, to wit 7 
14. 1 ſay, the two Adr in the eighth and 158 th ſteps 
being connected by the Sign + ſhall be. the be Roor ©, ui H 


' fought, to wit. eee 
And if — inſtead of + be prefix d to the leſſer part of the aid Root, it wil give 

1 (4)12—v (4074, which! is 1 Square Root of the ſecond reſidual 2&7.<6, 1 
e 


ol this Chap. is maniteſt) makes the Sam -— 7%, that is, / 


Line called (in Prop. 76. C 94.) à ſecond Medial Reſidual. 


4 —— —— * * „ —— . 


= 
2 
. 
0 
— 
. 


C H A P. 9. Extraction of / (2) out of Binomials. „ 247 
The former of thoſe two Roots anſwers to the Irrational Line call 7 


& 56 lib. 10. Elem, Eucl.) a firſt Bimedial, and the litter anſwers 
Line called (in Prop. 75- & 93.) a firſt Medial Refidual. 


ed (in Prop. 38. 
to the Irratiogal 


The Proof of the Root above extracted out of the ſecond Binomial, 


The Squares of the parts of YC) the Root | 
WS ieee wr and 92. 


Which Squares added together (as in Example 6. Sc. 8. 


The Product of the Parts, viz. „ (4) 12 into (4) 2 is V(4)81, that 3 
The double of the ſaid Product 6 
Therefore the Sum of the Sum of the Squares of the. | 

parts and the ſaid double Product is ——— ; CVE*7Þ6 ö 

Whence it is manifeſt that /**36 is the Square of V(4)12{-v(4)*2, therefore 

this is the true Square Root of that ſecond Binomial, which was to be proved. More- 

over, it the ſaid IPs Product be b eee from the ſaid Sum of the Squares of the 

Parts, the Remainder /**3—6 is the Squate of v(4)12—y( 9223 theref, _— 

the Square Root of that ſecond Reſidual. ; % +4; ersteren is 


_ 


Example * ; | 25 | 
Let it be required to extract the Square Root of this third Binomial VE=*£:1. 89: 


The Operation. 8 


—— — — — _ 
_— - 
— 


_——_— — ——— — 


— 2 — 


| © 

1. From the Square of the greater part ,, wiz,.from + 245 . 
2. Subtract the Square of the leſſer part, to wit,.yav — 80 "+ 1 
3. The Remainder is kͤ ⁰ ¼ 94 bY. 1 
4. The Square Root of that Remainder is — p LR 
5. To which Square Root add the greacer part = — o/2SL 
6. The Sum 15— - — — 223 
7. The half of which Sum is — See 4 745 | 
8. The Square Root of that half Sum is the greater part l 
ol the Root ſought, to wit — —— y (4)*$ | 
* from the greater part of the given Binomial, viz. 2 8 

TLONM) — ——_—_— —ů — | : 
10. Subtra& the Square Root before found in the fourth t ROS: 

ſtep, to wit, — . 1 * 
11. The Remainder is — — 5 | Wy 7 
12. The half of which Remainder i — 
13. The Square Root of the ſaid half Remainder is the? N Ip 

leſſer part of the Root ſought, to wit, - Ra 2k, gag v(4)15 


14. I {ay, the two parts in the eighth and thirteenth ſteps SE ak oe 
being connected by ＋ ſhall be the Square Root ſought, VCA er, 
to wit, r tb ers 

And if — inſtead of + be prefix d to the leſſer part of the ſaid Root, it gives 4 (40 
1:—v(4)15, which is the Square Root of the third Refidudl S 80. © 

The former ot thoſe two Roots anſwers to the Itrational Line called (in Prop. 39. 
57. lib, 10. Elem. Eucl.) a ſecond Bimedial, and the latter anſwers to che Itrational 


—— — 


The Proof of the Root above extraed 25 of by: 77 7 i 28 

R 5 ee i 15, . n 
ne 
—Tr. . rather 

partsayd the bid double Prod is —— beef 89 

de der this ih RN — yr — ich — 1 . 


Mote- 


——̃—̃ 
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—— 


Moreover, if the ſaid double Product be ſubtracted trom the ſaid Sum of the —— | 
of the Parts, the Remainder go is the Squate of / 0 * (4/455 therefore 
* is the Square Root of that third Reſidual. A ory 


| Example 4. | Ne 
Let it be required to extract the Square Root of this fourth Binomial —7 ＋ 28 
11 Operation. | Fl | 
| 1. From the Square of the Feater part 7, viz, from Lal -49 50 + 
| 2. Subtract the Square of the leſſer part 4/20, to wit, 20 | 
| 2. The Remainder 1s —öt rr J | 
4 4. The Square Root of that Remainder is —̃ — 7 E 
| 5. To which Square Root add the greater part 
| 6. The Sum is - —ä — 14055 
7. The half of which is - — 2+4*2.. 
8. The Square Root of that half Sum i is the greater part 3 


2 744; 
of the Root ſought, to wit. — Vi: 2/37 F 
9. Again, from the greater part of the given Binomial, | 8 
We many — — — 7 EE 


10, Subtra the Square Root before found in the fourth } 
„ to wit, — — ; ag 
The Remainder is — ——— E 29 
= The half of which Remainder is - 2/22 
13. The Square Root of the ſaid half Remainder is the 3 
1 part of the Root ſought, to wit. q̃ʒ 


14. I ſay, the two parts in tae eighth and thirteenth ſte ps 
(the former of which is a Binomial, and the latter a Refi. 3 
dual) being connected by + mall be the Square Root V. 55 a2. 
ſought, to wit, ——————— 
Which Root anſwers to the Irrational Line called (in Prop 49 | & 58. Tit.” 10. Elem: 

Eucl.) a Major Line. 
And if the leſſer Name of the faid Root be ſubtracted from the greater, by inter. 


poſing the Sign —, it gives V : 3+v *3 *t— „:- : which is the Root of the 
fourth Reſidual 7 u, and anſwers to the Irrationa! Line called (i in Prop. 77. ul 95. 
lib. 10. Elem. Eucl.) a Minor Line. 


De Proof of the Root above a out 11 the Sid | Binomial,” 


The Squares oſ the Parts of the Root found out are 2 ＋ 22 and *. 
Thergfore the youu of the wat be fo 00 1 ph —— Z+2, . 4 is, 7. 
The Product of the Parts will un Rule 2. 328 

1 2. of this Chap.) — —— e | FTE l that is,v's 
The, double 4 che ſaid Product is — —gꝛ w20 0 
Therefore the Sum of the ſaid Sum ol the Squares of the} 

Parts and the ſaid double Product is - my + v2: 20 


| Whence it is manifeſt that 73+/ 20 is the. 11 of /: TTV: + y:; 3— — Oy : 
therefore this is the Square Root of that fourth Binomial ; which was to be proved. 


Moreover, if the ſaid double Product be ſubtracted from the ſaid Sum of the Squares 


of the Parts, the Remainder 720 is the Squate of \/- Z-+v 4 — b3v 3: 
therefore this 1s the Square Root of that fourth Reſidual 7%. 


7  Exemple. 5. 
2 it be N to extract the Square Root out of this fifch Binomial, * - 
\ The Operation. 
From the Square of the greater part / 20, biz. from 20 
Subtract the Square of the leſſer part 4, to mt, or — — 16 
The Remainder is nee 1 % 
The Square Root of that Remainder is ————————— 2 | 


To which Square Root add the greater part: —— 4/20 . O 93542 
| 6. The 


un. , 
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6. The Sum is ————— — - 71012 
7. The half ot that Sum is — — „54 


8. The Squate Root of the ſaid half Sum is the greater X 
part of the Root ſought, to wit. — Pr: 


9. Again, from the greater part of the given Binomial, : 


VIL» from — — — v 20 
10, Subtract the Square Root before found in the 
fourth ſtep, to wit, | — u ,2 0 
11. The Remainder ix 1060 
12. The half of which Remainder is — ——— ——-— {4 72 
13. The Square Root of the ſaid half Remainder is the Ca 
leſſer part of the Root ſought, to wit V 2 1 


14. I ſay, The two Parts in the eighth and thirteenth 
ſteps, (the former of which Parts is a Binomial, and ay ,— = 
che leſſer a Reſidual being connected by + ſhall bef Y * I + II 
the Square Root ſought, to wit, — 


Which Root anſwers to the Irrational Line called (in Prop. 41. & 5g. lib. 10. Elem. 
Eusl.) a Line containing in Power a Rational and a Medial Refangle. And if the lefler 
Name of the ſaid Root be ſubtracted from the greater, by the interpoſition of the Sign 


—, it gives / *4/5+1*—vy : V5—1 : which is the Square Root of tne fifth Reſfi- 
dual /20—4, and anſwers to the Irrational Line which (in Prop. 78. & 96. lib. 10.) 
is called a Line making with a Rational Space the whole Space Medial, 


The Proof of the Root above Extracted out of the fifth Binomial. 


The ſquares of the Parts of Y V I- + v VII-: 

(the Root found out) are 8 x VI and 5—1 
Therefore the Sum of the ſaid Squares of the Parts is 4/5-+yy, that is, 20 

The Product of the Parts multiplied one into the o- — ; 

ther (according to Rule 2. Secd. 12. of this Chap.) is 3 v*5—1: that is, 2. 

' The double of the ſaid Product is 

Therefore the Sum of the ſaid Sum of the + /204- 

of the Parts and double Product is 8 4 


Whence it is manifeſt that /20+4 is the Square of y/ : 5-1: + 1 
theretore this is the Square Root of that fifth Binomial ; which was to be proved. 
Moreover, if the ſaid double Product be ſubtracted from the ſaid Sum of the Squares 
of the Parts, the Remainder y/20—4 is the Square of v VI: — / „51: 
therefore this is the Square Root of the ſaid fifth Reſidual / 20—4- 


pry 4 


Example 6. © 
Let it be required to extract the Square Root of this ſixth Binomial V20+/$. 


The Operation. : 


1. From the Square of the greater Part, /20, viz. from 20 
2. Subtract the Squaae of the lefler part V8, to wit — 8 
3. The Remainder is — . un 12 
4. The Square Root of that Remainder is 412 


5. To which Square Root add the greater part———— 20 

6. The Sum is — v20T-v12 

7. The half of which Sum is — - ——————— a STv 3 

8. The Square Root of the ſaid half Sum is the great- Þ ae : 
er part of the Root ſought, to wit, :vV5t+v3: 

9. Again, from the grcatgr part of the given Binomial, 


viz, from — © = a 
10. Subtract the Square Root before found in the fourth 
ſep, viz. 1 eee eee e. 8 12 
11. The Remainder LS nn Cs | — v20—V12 


12. The þalf of which Remainder — ——— — Ne 
| 1 
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1 3. The Square Root of the ſaid half Remainder . r. 
the leſſer part of the Root ſought, to wit, — 
14. I ſay, the two Parts in the eighth and thirteenth 


ſteds (the former of which Parts is a 25 v5 TR 7 4 * 77 75 ; 


and the latter a Reſidual) being connected by + 
ſhall be the Square Root ſought, to wit, 
Which Root anſwers to the Irrational Line which (in Prop. 42.& 60.) lil. 10. Elem, 
Eucl.) is called # Line containing in Power two Medial Rettangles. And if the leſſer 
part of the ſaid Root be ſubtracted from the greater, by the interpoſing of the Sign 


==, it gives / :V5+v3,; - / :v5—v 3: which is the Root of the ſixth Reſidual 
x/20—v8, and anſwers to the Irrational Line which (in Prop, 79+ & 97.1ib, 10. Eucl.) 
is called a Line making with a Medial Rectangle a whole Space Medial, 


- The Proof of the Root Aloe extrafled out of the fixth Binomial, 
The Squares of the Parts of v JT yY Z. 5 
the Root ſought are — —— — > VSV andy/5—y3 
Therefore the Sum of the ſaid Squares of the Parts is——— v 5+v5, that is, V 20 
The Product of the Parts multiplied one into the other is / 5—3: that is, /2. 
8. 


The double of the ſaid Produtt is x —— 
Therefore the Sum of the ſaid Sum of the Squares of the 
Parts and double Product is hi. 4 e ; vV20+/8. 


Whence it is maniſeſt that Y20 Cs is the Square of / :/5+v3: + V :/5—v; : 
therefore this is chat Square Root of the ſixth Binomial ; which was to be proved. 
Moreover, if the ſaid double Product be ſubtracted from the ſaid Sum of the Squares 
of the Parts, the Remainder /20— * is the Square of Y :y/5+43: —4/:v5—v3;: 
therefore this is the Square Root of that ſixth Reſidual. 

Note, In every Binomial and Reſidual conſtituted according to the preceding Sec. 


115. the Square Root of the Difference of the Squares of the Names or Parts is equal 


to the Difference of the Squares of the Parts of the Root of the Binomial or Reſidual. 
As in the firſt Binomial 27+y/704, whoſe Square Root has before been found 
4+v11, the Square of 27, to wit 729, exceeds 704, the Square of 4/704 by 25, 
whoſe Square Root 5 is equal to the Difference of the Squares of the Parts of the Root 
of the Binomial propoſed, to wit, the Difference between 16 and 11, 
This Property may be demonſtrated thus; let I repreſent a Binomial Root, 


- whoſe greater Part is 6 ; then the Square of that Root is id , this divided 


* 


into its Names or Parts makes the Binomial 4þ+d more 25 %; then the Squares of 
the Parts of this Binomial are bbbb+ 2bb4+dd and 4bbd, and the Difference of thoſe 
Squares is 8þþb—2bbdJ-dd, whole Square Root bb—d is manifeſtly the Difference of 
the Squares of the Parts of the Root bÞ4/d firſt propoſed ; which was to be ſhewn. 
The like Property may be demonſtrated in a Reſidual. 


How to extract the Square Root out of a Binomial defign'd by Letters, if it has a Binomial 
| Root. | 


\ 


By the ſame general Rule which has before been exercis d in extracting the Square 
Root out of Binomials expreſs d by Numbers, we may extract the Square Root out of a 
Binomial deſign'd by Letters, when it has a Binomial Root, as will be evident by the 
following Examples; where for the more apparent diſtinction of the Parts of the given 
Binomial, inſtead of -+ I ſet the Word [more] between the Parts, and inſtead of — 1 
ſet the Word | ec} between the Parts of a given Reſidual. 


3 Example I, | 
Let it be required to extract the Square Root out of | "I 
this Binomial —— -. ada ET ee + sd more 26d . 


5 The Operation. | 

1. From the Square of the greatet art, (which ſuppoſe _ 
to be bb Ed) viz. 8 HE (FE — * 44 Nadi da 

2. Subtract the * of the leſſer part 26 74, to wit, " +Fodbbh «+» £4 

9H t -; | 3. 0 


n 


* r 


1 8 FEISTY 


— — 


1 
-» 


4 oa” £8 - + 
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— — 


777 he Remainder is 3 TRAY 
4 The Square Root of that NKemahe 8 1 2 + dd 


5 . To which Square Root add the greater part, to Wit, . 1. 4 


6* The Sum 1 JS ,o— — _ —— — 255 ay 1 ** 
The half of which Sum i . 715% LIP UL ods 1 75 2 Dr d 
8. The Square Root of the ſaid half Sum is the greater part = MEFS SO 
the Root ſought, to wit, Cr 1 iT .> 
Then from the greater part of the given Binomial, viz. from E Dirty GT . > 
6 Subract the Square Root before found in the fourth ſtep, to wit, 54 Fr d 
11. The Remainder is — - — | WY R 
12; The half of which Remainder iL 5 1 


13. The Square Root of 'the ſaid half Remainder is ; the leder lefler 1 
part of the Root ſought, to wit, — ay 


14. I ſay, The twoParts in the eighth — thirteenth b ſteps being > | 2 
3 * by 18 + ſhall be the Square Root ſought, "2 


Which Root bei ng ſquared; or multiplied i into it ſelf, _ Weng produce the 
given Binomial % Ed more 26 


* 


—_ | - (11 Rf #1 LV/ 33 IF 


Wes r ed Rauf „ de ai) ebe T ,g1 
Let it be required to extra the Square Root out e * ny bu 
of this r a —— — — en unte e, * 
| vt OTA > be 02 4 e Wo i 
Mel s . ' 3 'E The Operation. - 188 60 N " 1 F CT. 
I. Prom the Slubre of ths alike part n FO pe. Qt 6 M © AL — 
9 
2. Sabratt the ſquare fbr leſſer part Van. to wir, „ ne rd 
Rem . Wenn enn T 3 1 N 
3- The ainder i is” r gn er =? ance 25 
3 | 20 ax ee xx 200 . ** 
4: The Squat of tie Remainder is PINT” 5 0 oye SH 8 
£1 R 5 . ik 
5. To whichSquare odt add. DEE part, to wit, 8 um 2 * 
6: The Sum is — — — IG Qt 2mm 0 + L, Ft, + navig 
75 The Half of which Sum 1s ——— £4 dt Lo, TEEN SF 0 Jar 13 mm 21 (17 my 333 41519 A 
8. The Sqtare.Rovt_df the aid half Sum is 15 che d 97.01 997 9290095 07 4.184 11 
greater part of the Noot fought; to wit, 3 DA ene dd Bins 03 2A 
9. Again, from che . of the given Binomi-7, baits iM Na 
1 viz; from = mm 7 a 
10. Subtra& the 2728 vt bound in the? = a 
fourth ſtop; to wit; 7 NT. 
11. The Remainder is — — mmm 2 12 
| m 
269 1442 3 1 2120 Hani G3 6 411 PS. 
12. Te alf of Wie A { l. 2 12 55 | 2 ol dv +, 
Non ©.) 10 1G 207 
13. The Square Root of the {aid half Remainder i is ELK 2 N 7 
the leſſer part of the Root ſought, to wit. or xy 


* I ſay the two Parts in the eighth and thirteenth 
ry being connected by ,- ſhall be che Square 
t ſough to Wit, — *- — — M10 TY) 8 


Which Binomiäl Root beidg ſquared,” edles into 1 ta, \ i hai "LY the 


ka... aa 8 


\ cx 16 al! 311 aui 4 i 4 chene . 5 
L vo 4 Lag % 53 Exanipte 3. 4 k C2 n N Oe. "11 1 r 
et it br emis 6 ge Square. Roor our eats ws 0 
2 this Binomial, — b - y ab, more „ 


li 3 — 


- 
oy © %  - $ 
* 4 = 
w+ » » 
A . — ene — S MEET TY _ 


— 
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The Operation. 


1. From the Square of the greater part, viz. from — anal TL 2aabb+abbh 
; 4aabb 


2; Subtract the Square of the leſſer part, to wit, —— _ 
3. The Remainder is —  aaab—1aabb+ abbh 


4. The Square Root of that Remainder i j— — 2 140 
1 To which Square Root add the greater part, to wit, . aÞ+b ab 
6. The Sum iIg———— — 24 ab 
7. The half of Which —8——— mad 
8. The Square Root of the ſaid half Sum is the great- fe 
er wha the Root ſought, to wit — 5 ab. or VA aa 
9. Age, Sou the — of the given Bi Binomial, 2h 4 
10. Subtract the Square Root before found i in the foutth T 
5 ep P, vix ** — —-— — —— —ũ—ä a—b/ab 
11. The Remanider is — ens ene news onres | 26./ab 
12. The half of which Remainder is —————— b/ab 


13. The Square Root of the ſaid half Remainder is the pms 
leſſer part of the Root ſought, to wit 1 v :byab: or V(4)abbb 
14. I ſay, the two parts in the eigth and thirteenth br IP 
ſteps, being connected by +, ſhall be the Square are V:avab: | v : byab: 
Root ſought, to wn : 
15, Which Binomial Root may be alſo expreſs'd thus v(4)aaab+y/ abbb 
be Proof may be * by multiplying the Root found our into it G 


2 


Example 4. 0 


Again, if the Square Root of this Reſidual be deſired i 
Tbe Noot being extracted by the precedent Method Eat 2v/aked 

vill be found = 75 * VN =v 5TVhes 
Which Root may alſo be expreſs'd thun 4 | 

Bur it it happen that when the Square of che leſſer part of oh opt JR 
ſidual is ſubtracted from the Square of the greater part, the Square Root of theRemain- 
der and the greater part are not Commenſurable, (according to the Definition before 
given in Sets. 7.' of this Chap ) there is no more to be done in. ſuch à caſg but ta 
prefix before the given Binomial, or Reſidual the Sign , witha Line drawn over both 
its Parts, to denote the univerſal Square Root of the ,giv-n Binomial or Kc ſidual. 


As to extract the Square Root out of this Reſidual V= 77 46, I write 
. F-. which kind of Roots are commonly called Univerſal.” 


—— — 


— 


” e — 3 


. 


7 8 1 
Seck. 47. Quetions to aue the 3 Ruks of the . 


X 


— QUESTION 1 


"IP 


To divide 100 into two ſuch Parts, that if each art be , 
the Sum of the — may make 37 : ind ty the other N 


u» aAESOLUTION.. $1 aa one 
4 For one of the parts ſought put METER of 2:1. ew; . 1 
Then conſequently the other part is —= beo ede 
8 Therefore according to the ic import of the — SC? LSD? — 
this Equation ariſes, uur, — — 1 ae“ 


4. Which Equation duly = gives— — — iso- n 2000... 
5. Wherefore by reſolving the 8 by the ee 
Canon in Sef. 10. Chap. 15. Book x. the two values 
. of a, which are the deſired. parts ot ies, will be(- 
found theſe, to wir, — — — — 
AD ; 14 


WD. 


9 LD af l 
* 
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6. The Sum of che ſaid Parts or Numbers found out is manifeſtly roo, ſo it remains 
only to prove that, 8 | r 


S 2 
50-1055 goÞ+1oys5 2. 
, SY * 


= LE 


The Proof. — — 
7. To add thoſe two Surd Fractions in the ſixth ſtep into one | 


Sum, reduce them to a common Denominator, viz, multiply 
50 P10 % by 50 E10 / and the Product (by the firſt of the 
three compendious Rules in _—_ o. ot this Ch.) * 8 rg | 5 
Like wiſe multiply 50—10v5 by 50 - 10 5 and the Pro- 1 St 
: du& (by the 24 of the ſaid three Rules) will be 3000—1000Yy$ 
9. Then take the Sum of thoſe two Products for the Numera- 5 , | 
tor of a Fraction or a Dividend, to wit, 6000 


* — 


10. Alſo multiply the two Denominators of the Surd Th 8 


3000Þ+ too 5 


** 


ons in the ſixth ſtep one by the other, (according to the laſt 


of the three Rules above cited) and take the Product for ac 2999 
Denowinator or Diviſor, viz. ——- ————— 

11. Laſtly, the Numerator in the ninth ſtep being ſet over, ** 
the Denominator in the tenth gives the Sum of the twop = 1 
Surd Fractions or Quotients in the ſixth ſtep, viz. ——— J 290 


Which Sum is manifeſtly 3, as was to be proved. 


1 Another Proe. 
The Quotient that ariſes by dividing 0 C1 by 50-1000 
(according to the Rule of Diviſion in the ſixth branch of © 1 7 
$8. 11. of this Chap.) is2s —: 
Likewiſe the Quotient that ariſes by dividing 50—1ov 5 by 'Y 


The Sumi of thoſe two Quotients is manifeſtly 3, (as before.) 


* 
* 1 
& # 
_ 


— 
os. 2 7” 


1 


* 
th. 
—_ 


— — 


JT... oe WS TED. 
* To divide a given Number (luppoſe 6) into three ſuch tinequal Numbers in con- 
tinual Proportion, that the Sum of the Squares of the Extremes may be to the Square 
of the Mean in a given Proportion; bur the firſt Term of this Proporcio muſt exceed 
the double of the latter Term. Let it therefore be deſired that the Sum of theSquares 
of the Extremes may be to the Square of the Mean as 3 to 1. 
RESOLUTION. 
1. For the mean Proportional put 3 
2. Then becauſe the Sum of all the three Proportionals muſt } : « 
make 6, and the Mean is a, the Sum of the Extremes ſhall be 3 
1 3. Therefore the Square of the Sum of the Extremes is — 36128 La 
4 | 4. Bur by. (Theor. 3. Chap. 6. of this Book) the Square of che -| 
2 Sum of the Extremes. of three Numbers continually pro- ; 
2 portionaſ is equal to the Squares of the Extremes, together 1 
with the double Square of the Mean; therefore from the 36— 12-4 
Square in the third ſtep I ſubtract zaa (the double Square(. * 
the Mean) and there remains the Sum of the Squares of \ 
oh 3 to wit, . 
5. But (according to the Queſtion) the Sum of the Squares 
ol che Extremes mult be equal to the triple *. 2 


Mean; therefore from the fourth and firſt ſtep chis Equa- 36—1 2 - ja 
tion ariſes, viz, - — 1 CS 
6. From which Equation after due Reduction this ariſes, wiz.: I- 
7. Therefore by reſolving the laſt Equation ( according to a 4073479 | 

Canon in Sect. 6. Chap. rs.) the Value of a, that is the = the Mean 
wean Proportionat fought will be diſcovered, wis,——— * 


— — 


8. And a 


— 


"IE 
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fer by an equal E. to wit, Unity? — 
by an equa Exceſs, to wit, Unity — 


8. And from the ſeveuth and ſecond ſteps the Sum : rt 12 & (US 217 
of the Extremes will be alſo made known, viz. Sum of the Extremes 


9. Then (as is manifeſt by Queſt. 4. Chap. 16. Book 1.) the Sum of the Extremes of 


three Numbers continually proportional being given, as alſo the Mean, the Extremes 
ſhall be given ſeverally by this following 


CANON. 


From the Square of half the Sum of the Extremes ſubtra& the Square of the Mean \ 
and cxir5t the Sqbire Root of the Remainder ; then this Squate Root being added to? 
and ſubcracted from the ſaid half Sum, will give the Extremes ſeverally. Therctore? 


10. From the Square of the halt of A, that is, from 14S ian 
11. Subtra& the Square of *Z—+, viz, —— —— Lok L245 
12. The Remainder is —— — * . at 1% | 
13- The Square Root of that Remainder Wy extracted by the - 7 a 
general Rule before delivered in SefZ. 16. of this Chap. for eb a $5 —2 
Root our of Binomials) will be found 
—v >, gives the 7 


oP. * 


16. Wherefore (in the ſeventh; fourteenth and fifteenth Reps) three Numbers continu- 


the Mean, as will appear by oo” Boop 8 
T_T e . | » Fe WP + ee 
me Provf, oO 


| W. 4 9 c 33 - b103%4 

Firſt, the Pfodu& made by the Multiplication of the firſt and third Numbers one 
into the other, that js, ot 3 into -, is 5—3v*+, which is alſo the Square of 
the ſecond Number 4/*3—+, (as will eaſily appear by Multiplication ;) therefore the 
ſaid three Numbers are Propↄttiovalss. ett Tow! dad, mn 2 

Secondly, The Sum of the ſaid three Proportional Numhers is 6 ; for the Mean 
Added to; v the tefſer Extreme, makes 3, to which adding the greater 
Extreme z, the Sum is 6, = = "K * 0 


— 6 8 | 
Ar he Sym of the Squares of the Extremes 3 and 2—v*+ is equal to the 
triple of the Square of the Mein , —3; for the ſaid Sum, as alſo the ſad triple 
vare will by Maftiplication” be found zi —g9/*:. Therefote all the Congitiotis in 
e Weeſtich ade ichen. „ „ RR | ee e e 


Sr üb of 101619003 31 39.4 eee 2 Siduph 5+ 
Put thit' the tiecelſity of Determination angexed to the Queſtion may be af, . 


nifeſt, it remains to prove, that if three unequal Numbers be in continual proportion, 


the Sum of the Squares of the Extremes is greater than the double of the Square of 
the e.. , 


Let three unequal Numbers in continual Proportion b 1 $412 20" = 
poſed, ſuppoſe .thele, ——_—__ —U-ç‚P - 4 u, i ber 


Then their Squares ſhall be alſo proportionals, (per 23 Prob © 
6 Elen. Euel.) We. — * | e %. 06713248 . &t 

Therefore (by 25 Prop. 5. Elem. Eucl. ——— — 44 er t- 28e 

But aa Fee is the Sum of ithe Squates of the Extremes of the three Proportionals 
expoſed, and 2ae is equaPto'the double Square of the Mean Proportional ;*whetefore 
the Thedrem Is-ptoved, and eonſequently the Determination is manifeR 8 . ah 
to be annexed to the Queſtiou propoſed, that'there may be à poſſibility of finding out 
what is thereby deſired / The Determination may alſo be ea ly inferr'd fromthe Ca» 
non in the foregoing ninth ſtep; —— CC. 8-\8 


Os — x 


0 


- * 
2 « a £4 k 4 od 1 E 4% * * Y . * - * * my 
18 ins en Ii eee 99k } IH 

r bs) % . " 1 * 
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* * 
1 5 a - = * a * N a * 
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12 117 y $4 4 + 1» $6.0 4715 MYTH — 193779 p 193! 
UESTION 3. AA 


OSS c_—_ 


. " 3 1 rr "IF | * I & -» — 14 
What is the Product made by the continual Multiplica - ,.”— 
tion of theſe four Numbers "one into another, which dit- G 


2 
Dj 


— 
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AInſto. The deſired Product is exactly — g 


„ Fx 7 100 
For, (by the laſt of the three com pendious Rules before delivered 
in Seti. 10. of this Chap. for the Multplication of Binomials and /101—1 
Reſiduals) the Product of the firſt and fourth Number is 
' Likewiſe the Product of the ſecond and third Number is T y1or+1 
Laſtly, the two laſt preceding Products being multiplied one 
into another (by the ſame Rule) make — . 100 
QUESTION 4. Boy 
1. If a, ö, c, be ſuch Quantities, that — aa C =b 
What is the Value of a ? | = 
2. Anſw. By the Canon in Sef?. G. Chap. 15. Book 1. a cc: —+ 


By which Value of à the Equation propos d may be expounded (as is uſual) by the 
following | 


| 1 Demonſtration. e 
3. If - — — — — a =V:bh+he: ie „ 
4. Then conſequently by adding 3c to each part a Lie =y Acc 


- And by multiplying each part of the laſt E- | 
; . it ſelf ———— — $ aaÞþca-icc Acc 
6. Wherefore by ſubtracting 45 cc from each en 
part, there remains — — — — aa Eca =b, 
Which was to be proved. 15 | 
Note. This Demonſtration is formed in the way of Compoſition by the ſteps of the 
Reſolution of the ſame Queſtion in Se, 5. Chap. 15-'Book 1. but in a retrograde or 
backward order ; for-the firſt ſtep in the Compoſition (or Demonſtration) is the laſt 
in the Reſolution, the ſecond ſtep in the Compoſition is the laſt but one in the Reſo- 
lution ; and ſo by returning backwards by the ſteps of the Reſolution, the Demonſtra- 
tion ends in the Equation propos'd to be reſolved. But this is largely haridled in my 


fourth Book of Algebraical Elements. 


| un. 2URS TION i914; 
1. If a, 6, &, be ſuch Quantities that 
What is the Value of a? 


2. Anſw. By the Canon in Sec. 8. Chap. 15. Book 1. 3 =$b+y : A: 
By which Value of a the Equation propos d may be expounded, . by the 


c—aa—ba=k 


tollowing 
Demonſtration. : 

12 - — LI 
po Then by lubtracting 36 from each part in ED 
5. And by multiplying each part of the laſt Equa- * : k+4bb ; 

tion into it ſelf, een 8 aa—baÞibb=k-3bb 
6. Wherefore by ſubtracting 363 from each part, 464 bd 51; 


Which was to be proved. 


| QUESTION. 6. 
1. If c and n be put for ſuch known Quantities, 


that — — — 2 ↄ n not S=2c> 
2. And if a be put for a Quantity unknown, and 1 
3 is the Value of a? e wi N 
3. Auſw. By the Canon in Se. 10. Chap. 15. 87 hs 2 
Book 1. theſe two values of a will be Pom bt a=3 be- dice — n: 
D. eee eee —_ OO CF rw | | 200 Acc n: 
| 22 of which values of a the Equation propoſed in the ſecond ſtep may be ex 
. g 5 1 ene L eg FP ww 
N 8 if either 1c /: #cc—n or e cen: be put equal to a, then 


oy D, 
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4. Firſt, if — 2 2—2— — ern ernment onmmnmnmnmmnmtm— 5 | | EA 

5. Then by faberathing 1 ic from each part a—i= " N 
6. And by multiplying each part c of the laſt nds 11 | 4 
tion into it ſelf ————- LILY, „ „ te bc- 


aaÞtce cc ca- 


7. And by adding ca to each part 


4 And by ſubtract ing 1 ack e 5 7 08 
9. And by adding x to each part — R aa En ca f 
10. Wherefore by ſubtracting aa from each part n=ca—aa 
11. That is, ————— —(—w-ìükwpq̃ ·ẽ ꝛ ena = 
Which was to be proved. 
Again, if — — — . n. arc -N: dcc—n: 
13. Then by adding y : FR: to dann 5 a r : hin: =ic 
13. And by ſubtracting a from each part ———- VI 3cc—n : c- 
14. And by multiplying each part of the laſt - 8 '2 LS 
quation into it ſelt —̃ — — dee S dee cn Tas 


15. And by adding 6 to each part ca LA — 


16, And ſubtracting $cc from each part „ ca—n 
17. And by adding ꝝ to each part ——— —— ca Pat Wh 
18. Wherefore by ſubtracting aa from tack pore ca—aa=n 


Which was to be proved. 


— — 


"QUESTION 7. 


140 and c be put for ſuch known Quantities, that c is greater than b, bu tes than 
163 and if a be put for à Quantity unknown; 
1 — Ne = 2 45 . baa 

f ED 4 the © 
What is the Videe of a? | "ny 


9 ———— — - - 


3. Becauſe the Squares of equal Quantities are alſo equal, by multiplying each part of 
the Equarion id the * into it ſelf, this is produced, vix. 


a — baa 
40 . 


Ft Then to che end che Surd Quantity in the Equation in the third * may ſolely 
make one part of an Equation, let — be ſubtracted from each part of that Equati- 

wn; pe this will remain, viz, | 8 

bs -, 7% f | —f SEE a*%—gb* baa 25 8 2 bag—caa 


— F —— — 


= * 
1 - 


4 
a *: ” 
«+ 


„ 


— * — — — 


4 
5. And to the end the radical Sign in ahe firſt — of the laſt Equation may - abit; let 
each part be multiplied by it ſelf, ſo an Equation in Rational Quantities will be 
a* —gb? _ 4bba*—qbca* + ccaa' 

produced, vix. 4 45 
6: And by reducing the laſt Equation to a common Denominator gcc, and then by mul- 
tiplying each part by the ſame 4cc, this Equation i in Integers will be produced, viz. 

» cca" — 9 = 4a — 4b:a* + cca- 

7: And from the Equation in the laſt preceding ſtep, after due ReduQion is made, to 
2 thoſe Quantities wherein a* is found to poſſeſs one part, this following Equa- 
tion ariſes, - viz. 4bca* — 4bba* = gb*cc 

8. Then by dividing each part of the laſt Equation by 46c—46b, to the end that 4 
may ſtand alone, this Equation ariſes, viz, 
2 = OF CC -: 4 9b ce 


1 1 1 2 Ic a4c—4b 


gbbce . b ce e e 
But — — — into — 
5 ; 4 — 4—46 
| 4 \ 10. There 


— <a - _ * 


1 — — 
. —_————— — bd os b by 
o : * 7 . 
, % P 
< . * 
E I R RIOT 


4 * Re, g 
10. Therefore from the two laſt preceding Equations, by exchanging equal, Quatiticies 
this Equation ariſes, vx. 0 nodes „ OT SG ID | 
w—_ my |  wvnety C**0 | obbce. . | * 5 20. 10 40 A127 3 ; | 


1 | | ii 13:0- 3 a= mo ' 6 3 1 3 
” —6 11810 N 


9 r on al 3 41 1224470 51 21810 + | 
11. And by extracting the Square Root out of each ꝓart of the Equation in the tenth 
a . > JICIIZ ion 


* * 


114 


N T3 * 10 41 \ 
, _-_ 


_ ſtep, .this ariſes; . 25 N 2 Lime 1 , : 
throes ve 115 2 211 BÞ91in 2: 1 #1 1 <a 
ers 02-53 - 1448 04 f — — . 112 '\ 3 ne Jy \F 
P on av 1 | : M! #2: 11 As 2 : ** | Wo £4 * 7 . 
12. Wherefore by extracting the Square Root out of each part of the Equation in the 
' eleventh ſtep; the defired Value of à is dilcdved, Vie eee e eee e 
* , N 4 1 aud — 24) af My Ig ky 8 
{ ; TEE | | 8 abc \ 1 "C b 7 q >} WAP Val an 
ihn slots ̃ e into CESS x 7s 7 ini 
2 2 c—b 8 1404 
3 | 1 _ | 1 I "Ip | T3 33444 ©J 114 Nr ah 
| An Example of Queſt! 5: in Numbers, _ Tm 
13. It -—— —— b — 16 10 Jv s, * | yt 8 8 
14. And rr c. — 25 | 0, 99 7 we i 
15. And z — 4. e 8 nnn 
3 . 001 0 - 1aaq-36b Va- 36 aa 1 f 
16. And it — ——— — a mg Tt N = — 1 . 
2 a , Jen 7 c 837012 
What is the Number a2? n 


17. Auſw. From. the thirteenth, fourteenth, and twelfth ſteps, ar = NN 800, 1 2. 
By which Value of à the Equation propos d may be expounded, as will appeat by 


18. If b,= 16, c(= 25, and a = Soo; then it will follow that 
er by: ant 200 aa—z366' ba LTP * 
Jõö;öo 
Note, The Numbers to expreſs the Values of l and c muſt not be taken at pleaſure; 
but ſuch that the Number c may exceed the Number 5, and be leſs than 2b, as is pre- 
ſcribed in the Queſtion ; the former part of which Determination is diſcovered by the 
Denominator c—b of the Surd Fraction in the 17 5 ſtep, and the latter part of the 
Determination is manifeſt by the latter part of the Equation in the fourth ep, where 
caa is to be ſubtracted from 2hbaa, which cannot be. done ſo as to leave a Remainder 


| 


BED. ee, Ca RAGE 88 


1 


greater than nothing, unleſs c be leſs than 2. 


« * 
| i FY 
| 4 
— ä * "oY 3 . LS bd * 
SDS ? * p J 4 b i = 1 " * 7 CY — — 
* + % # we * e a , 
- 


0 3 14 1 
Sect. XVIII. 4n Explanation of Fran. van Schooten's General Rule to extract 
what Root you pleaſe out of any Binomial in Numbers, having ſuch @ Binomial Root 

as is efired: Set ne . 

D . 

Firſt, if the given Binomial has Fractions in it, muſſ be freed from them by multi- 
plying the Binomial by their Denominaror. As for Example, to extract vV(3,) that is. 
the Cubic Root out of / 242 121, 1 multiply the Binomial by 2, and it makes 
968 E25; for V 242 multiplied by V4, (that is, by 2) produces 968; and 121 
into 2 makes 25. Likewiſe, if there be propoſed ./**3--/<22, I firſt multiply it by 
5, and it makes V242+3*+, chen this Bidomal multiplied by 2 produces (as be- 
fore) 96825 ; and ſo of others. tee 5 


5 : 


Secondly, it neither of the two parts of the given Binomial be Rational, it muſt be 


reduced by Multiplication or Diviſion to another Binomial that ſhall have one of its 2 
Parts Rational; which Reduction may always he done by the Multiplication of either of 
Part, but oftentimes more briefly by the Multiplication or Diviſion of the lefler Num- > 

ber. As for Example, 4/242-|-\/ 243 may be multiplied by y/ 242, and it makes 242 2 
58806 ; but more compeudiouſlly by Va, and chere comes forth 22+v/486. After the «+ 
ſame manner: /(3)z9093 +/(6)17578125 may be firſt multiplied by V(3)3993, and 3 
the Product again by (3) 3993, ſo there will be produced anothet Binomial, whoſe „ 


Rational Part is the abſolute Number 399 


| —— e. "= _ EM a ” = mY : K 399 "00 
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3 3 but more briefly by V(3 )9, and there will = 


*y "A 
©'% 2 x » % 
«+ - - = 
9 bo I 
4 Þ 2” 
4 
„ 
" . * 
* * = "hg 1 


: " 
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© 


I 
: 


f — 2 
= - — — 


be produced another Binomiat whofe rational Part is 33 ; and yer more compendiouſi 


if the Binomial propos d be divided by) 3, there will ariſe, 11 T α⁵⁹ , »: 1; 


© "Bur here is to be noted, that when one part of a,Binomial is rational, whether it be 
of a Binomial firſt given, or of anotheł deduced-{as above) from that given, then alſo 
the Square of the other part ought td be tationatʒ otherwiſe no Root can be extracted 
out Sg Binomiab, ox the other deduced e r iP 2d Ja b t 

muſt firſt extract the ſquare Rootꝭ and then out of this the Cubic Root; and to extract 
„ we muſt firſt extract / (, and then out of the Cubic Root found out we muſt 
again extract y/(3); and ſo of any, other Root whoſe Index id Coripoſit Number. 
But ast the Extra&ion of the Square Root out of a Binomial, H: Rule has been al- 


ready given and exemplified in the preceding Sect. 16, ſo that here there is necd only 


= 


that 1 ſhew how to extract v(3), y (5), v (7), „(II), and ſuch like whoſe Indices 
are Prime Numbers, 10 WE". 8 7 

Fourthly, to extract (3), (5), y (7), or the like Root, whoſe Index is a Prime 
Number, we mult firſt of all try whether out of the given Binomial there can be extract- 
ed a Binomial Root which has one part rational, but that may be diſcovered by ſub- 
tracting the Square of the leſſer part of the given Binomial from the Square of the grea- 
ter, and extracting the Root out of the Remainder, to wit, the Cubic Root of (3) 
be to be extracted out of the given Binomial, or che Root of the fifth Power, if (3) 
be to be extracted: and ſo of others. For it, the Root of the ſaid Remainder be not 
a rational Number, then the Binomial Root ſought will certainlywwant a rational part, 
vix. each of its parts will be Surd :; in which. Cafe, in order to extract the Root, the 
given Binomial muſt be multiplied, by the Difference of the Squares of the Parts, if 
the Queſtion be concerning the Extraction of the Cubic Root; or by the Square of the 
ſaid Difference, it /(5) be ſought ; ot by the Cube of the ſame Difference, if (7) 
be required; or by the fifth Power ot the ſaid Difference, if 4(1r1)beiſought; and fo 
of the reſt. Bywhich Multiplication another Binomial will always be produced, wherein 
the Root of the, Difference of the Squares of the Parts will be the ſame with the Difle- 
rence of the Squares of the Parts of the former Binomial.. 

As to extract the Cubic Root out of 25+yg68, I firſt ſubtract 625 the Square of 
25, from 968 the Square of 968, and there remains 343, whoſe Cubic Root 7 is a 
rational Number; which argues that the Root of the given Binomial, if there can be 
a Root extracted out of it, a Binomial which has one of its Parts rational. 


Likewiſe, to exttact the Cubic Root out of 221 4/485, we mult ſubtract 484, the 


Square of 22, from 486, and extract the Cubic Root out of the Remainder, 2; but be- 


. 8 


cauſe that cannot be done exactly, it ſhews that the Cubic Root of 22+4/486 wants 
a rational Part; and therefore 224/486 muſt be multiplied by the ſaid Remainder 
2, that there may be a Binomial 44 +v 4944, wherein the Cubic Root of the Difference 
of the Squares of the Parts in 2. | 

So to extract / (5 ) out of 11 +125, becauſe 121 the Square of 11 ſubtracted from 
125 leaves 4, which conſidered as a fifth Power has not an exact rational Root, we 
muſt multiply 4 N25 by 16 the Square of 4, that there may come forth 176 
432000, where y/(5) of the Difference of the Squares ot the Parts is 4. : 

Again, to extract v (7) out of 338 +114 242, wherein the Difference oß the Squares 
of the Parts is 2 ; becauſe this 2 is not the ſeyenth Power of any rational Number, the 
given Binomial may be multiplied by 8, that is, by the Cube of 2, and it makes 2704+ 
7311488, wherein the ) of the Digerence of the Squares of che Parts in 2. 


he RD L . : 0 i i n 
. * 140 2411. & 4 . Fo 


When a Binomial given, or another deduced from it, (if need be) by the Precedent 
Preparation is ſuch, that one of its parts and the Square of the other part, as allo the 
Root of the Difference of the Squares of the Parts, (to wit, the Cubic Root when 
Y, or (5) when 4 (5) is ſought) are rational whole Numbers; then out of a: 


Binomial ſo qualified /(3), or y(5), or V(7), Cc. may be extracted, if it has ſuch a 
A 2.53 -, : 


Root, in manner following, viz. ' 


Firſt, extract the Root of the Difference of the Squares of the parts of the Binomial | 
qualified as aforeſaid; vizi the Cubic Root when V(3) is ſought, bur v (5), when, (5), - 
or (7) when (7), Cc. which Root ſo extracted is to be reſerved tor a Drusen. 


* 


dly, to extract /(6) out of a given Binomial qualified as abòꝭvè is ſiippofett we 


—_——  — 


9 


G HAP. 9. 
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* 


„Secondly, find out 2 Rational Number a little greater than the Root ſought with this 
Caution, that the Rational Number found out may not excced the ſaid Root above 45 
which may eaſily bz done by Vulgar Arithmerick, and take the ſaid Rational Num- 
ber for a Divilor..000f . IV DILL  .g- SI4OTER 8 | 
- Thirdly, divide the ſaid. Dividend by the ſaid Diviſor, and if the rational part of the 
,iven Binomial be greater than the other part, add the Quotient to the ſaid rational 
iviſor, and the halt of the greateſt whole Number contained in the Sum ſhall be the 
rational part of the Root ſought ; then from the Square ok chat rational part ſubtract 
[rhe Root of the Difference ot the Squares of the parts, (to wit, the Dividend firſt found 
out as above) fo the Remainder ſhall be the Square of the other part, when ſuch a Root 
As was required can be extracted out of the ven Binomial; which you may eaſily try 
by multiplying this Root found out into itſelf, according to the degree of the Power 
repreſented by the given Binomial: foi the R oor found out being multiplied into itſelf 
cübically, if /(3) was ſought, or five times into itſelt if „(5 was ſought, ought to 
Prodoce the given Binomial. ee D | . 
But if the rational part of the given Binomial be leſs than the other part, then after 
you have found out the Quotient, as above, ſubtract it from the rational Diviſor, and 
the half of the greateſt whole Number contained in the. Remainder ſhall be the ra- 
tional part of the Root ſought do the Square of which part if there be added the Di- 
vidend firſt found out as above, the Sum will be the Square of the other part, when 
the Binomial propoſed has a Root; but by multiplying the Root found oh into itſelf 
as belore, you may eaſily try whether it be a true Root or not. 6 
3 Example 1. To. extrat i the Culic Root ont of 20--v 392. 
Firſt, che Difference of the Squares of the Parts of the given Binomial; viz. the Ex- 


.ceſs of 409, the Square of 20, above 392, the Square of 4/392 is 8, whoſe Cubic Root 
J reſerve for a Dividend 1d r T 
. 4, Secondly, I feek a rational Number that may be ere than the Cubic Root of 
20 E392, che given Binomial, yet ſo that the Exceſs may not be greater than ; to 
_which end I extract the Squafe Root of 392, and find it to be greater than 1 9, but leſs 
than 20; then to 20 the rational part of the given Binomial I add 19 and 20 ſeverally 
aud it makes 39 and 40, which are the neareſt rational whole Numbers that can ex- 
preſs the true Value ot the given Binomial; . whence the Cubic Root thereof will be 
found greater than 3, but leſs than 35: this 35 (which according to the Caution before 
given) exceeds the true Cubic Root ot the given Binomial by an Exceſs not greater 
char +, I reſerve for a Diviſor. Aid Kt | 
Thirdly, I divide 2 (the Dividend before reſerved) by the ſaid Divifor 35, and the 
Quotient is #.., Now becauſe 20 the rational part of che giyen Binomial is greater than 
the other part 392, I add the ſaid Quotient; to the ſaid Diviſor 35, and it makes the 
Sum 4c herein the greateſt whole Number is 4, whoſe half is 2 the rational part of 
the Root ſought : by the help of which rational part the other part is eaſily diſcovered 
for if from 4 the Square of the ſaid 3 you ſubtract 2, the Cubic Root of the Difference 
of the Squares of the parts, of the given Binomial, there will remain 2: the Square of rhe 
other part. So that 2/2 is the Cubic Root of 20 EN 392 the Binomial propoſed 
as will appear by the. Proof; for 2+v/2 being multiplied into it ſelf cubically produces 
20+» 392, and for the ſame reaſon 29% is the Cubic Root of 20-2. 
| Example 2. To-extra the Cubic Root out of 44 Þ+v 1944s. 
Firſt, the Cubic Root of the Difference of the Squares of the Parts is 2 for a Divi- 
dend. Secotidly, the Square Root of 1944 is greater than 44, but leſs than 45 - theſe 
added ſeverally to 44 the rational part of che given Binomial, make 88 and 89, 'whoſe 
Cubic Roots being extracted, do ſhew that the Cubic Root of the given Binomial is 
greater than 4, but leſs than 245; this rational Number 4*, which according. to the 
Caution before given exceeds the true Root ſought by an Exceſs not greater than 4.1 
take for a Diviſor- Thirdly, I divide the ſaid Dividend 2 by the ſaid Diviſor 47 and 
the Quotient is g, which I ſubtract from the ſaid 43, (1 ſubtract, becauſe 44 the ra- 
tional part ot the given Binomial is leſs than the other part 4/1944) and there remains 
47x ; then the half of 4, the greateſt whole Number contained in 45 L, is 2, which is the 
rational Part of the Root ſoughr. Laſtly, to 4 the Square of the ſaid 2 I add 2. the 
Cubic Root of the Difference of the Squares of the Parts, and it makes 6:the.Square of 


the other part. So that 2 7 s is the LEN fought, as will appear by the Proof ; 
q | : 2 A yi " 49 "FAM 
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ſor if it be multiplied into itſelt cubically, it produces 44 E/ 1944 the Binomial pro- 


poſed ; and tor the ſame Reaſon /6—2 is the Cubic Root of / 1944—44. 


Example 3. To extract vV(s) ont of 176 3 2000. 


Firſt, the Difference of the Squares of the Parts will be found 1024, whoſe (5) is 
4 for a Dividend. Secondly, the Sum of the Parts will be found greater than 354, but 
leſs than 355 ; and conſequently (5 of the Sum of the Parts is greater than 3, but 
leſs than 3+. Thirdly, by the ſaid 31 I divide the ſaid 4, and the Quotient is 12, which 
I ſubtra& from the ſaid Diviſor 35, (becauſe the rational Part of the given Binomial ig 
leſs than the other Part) and there remaitis 2 24; then the half of 2 (the greateſt hole 
Number contained in 2:4) is 1, the Rational part of the Root ſought, Laſtly, the 
Square of the ſaid 1, to wit 1, added to 4 (the /(5) of the Diffetence of the Squares 
of the Parts of the given Binomials) makes 5 the Square of the other Part. So that 
i145 is the (5) of the given Binomial 176+v 32000, at leaſt if any /(5) can be 


extracted out of the ſame ; but 15 multiplied into itſelf five times makes 176-þ 


\/32000; therefore 1 CY is manifeſtly the deſired (5) of 176+4 32000. 


Example 4. To Extract O out of 2704 7311488. 


Firſt, the / (7) of the Difference of the Squares of the parts in 2 for a Dividend. Se- 
condly, the Value of the given Binomial will be found greater than 54079, but leſs than 
5408 ; whence the (7) thereof will be dilcovered to be greater than 3, but leſs than 3. 
Thirdly, by the ſaid 33 I divide the Dividend before found 2, and the Quotient is +, 
which I add to the Diviſor 35, (becauſe the Rational Part 2704 is greater than the 
other part) and it makes the Sum 4:2; and therefore 2 the half of the greateſt whole 
Number contained in 4.4, is the Rational part of the Root ſought. Laſtly, from 4 the 
Square of the ſaid 2 I ſubtract 2, to wit y(7), ot the Difference of the Squares of the 
parts of the given Binomial, and there remains 2 for the Square of the other part. So that 
2+ 2 is the deſired y/(7) of the given Binomial 270447; 11488, for this is the ſe- 
venih Power of 2-+v 2, as will appear by Multiplication. | 

But here is to be noted, that when the given Binomial has been multiplied or di- 
vided by ſome Number, and thereby reduced to another Binomial, and the Root of this 
latter is found out, we muſt divide or multiply the Root found ont by the Root of the 
Number by which the Binomial was multiplied or divided; ſo there will come forth 


the Root of che given Binomial. 


As for Example, becauſe to extract the Cubic Root out of V242-þ 124, we firſt 
multiplied this Binomial by 2, and found 25 +4/ 968, whoſe Cubic * by the Rule 
before given will be found 1-4/8; this muſt be divided by /(3)z, and the Quotient 
4(3)++v(6) 128 ſhall be the Cubic Root of V 242+122 the Binomial propoſed. 

But that the Reaſon of the ſaid Diviſion by (302 may the more clearly appear, let 


there be put d -V. then it follows that ddd=25+v 968, and _ = 4/242 + 12! 


(the Binomial propoſed.) Therefore by * the Cubic Root out of each part 
of the laſt Equation there ariſes /(3 5, that is, 7 =(3) : J/242TT121: But 
by ſuppoſition d- 8; therefore 14-48 divided by (302, that is to ſay, „(ö30. 


IAI) r28 ſhall be the Cubic Root of / 242 + 121 ; which was to be ſhewn. 


Example 2. To extract (3) out of V**# N. 


Firſt, to prepare it for Fxtraction we multiplied by 4/5, and found v 242+ 122, 
whoſe (3) (as appears in the laſt preceding Example) is / (3) +4 (6)128, which | 
by dividing by /(6)5 gives the Quotient V(6)i+v (6)*** for the deſired Cubic 
Root of /**5-+/**;. The Reaſon of which Diviſion by 4/(6)5 may be thus manifeſt- 


ed, let there be put d=y/(3):+v(6) 128; then it follows that ddd=y 242+ 125= 


V into 5, whence 77 1 therefore the Cubic Root ol 
ddd, that is, 


4 
each part of the laſt Equation being extraRed there ariſes (3 3 (6 )s 


(for (3) of v5 is V(S)5)=v(G3)*/7FVE : Bur by Suppoſition d=v(3)5+ 


691283 


il 


i. 


LH 
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Ve) tas; therefore YK) +v () a8, divided by y (6)5 gives the true Cubic Root of 


; which was to be ſhe wn. 


Example 3: To extract Y(ö3) out of /242 +243, ,  _ 
Firſt, (accgrding to the ſecond Rule of the precedent Preparation) I multiply it by 
42, and there comes forth 22+4/486 ; this multiplied by 2 (according to the fourth 
preparatory Rule) makes 44+v 1944, whoſe Cubic Root (as before has been ſhews) 
is 27, which mult be divided by /, and there will come forth 42Tv3 for 
the Cubic Root ſought of /242-+4 243, Bur to manifeſt the Reaſon of dividing 
2+V6by v2, let there be put =2 +46, then ic follows that ddd=44+y 1944= 


22 + 486 into 2, whence 25 ==22+4/486, and this Equation divided by 2 (becauſe | 
in the Preparation we multiplied by /( 2) gives 78 242 +y243 ; therefore (3) 


being extracted out of each Part of the laſt Equation, there ariſes . 3) * 
is S846 d £5 ; ET SEE | | 
that is, 7 608 or 7½ = (3) : v242+243 : But by Suppoſition 422 Hs; there- 


fore 2 f divided by V2, viz the Quotient Y2 7 / ſhall be the Cubic Root of 
v/ 242+v 243 ; which was to be ſhewn. 


| Example 4. To extract v (5) out of 3) 3893 CN) 1757812. 
Firſt, (according to the ſecond Preparatory Rule) I divide the given Binomial by 
*u/(3)3, and (then according to the fourth Preparatory Rule) I multiply the Quotient 
(3)1331+v61953125 by 16; and there comes forth 176+v 32000, whoſe y/(5) 
(as has before been ſhewn) is 17, Now this Root 1 C- divided by V(5):6, 
and the Quotient multiplied by (C150; will diſcover the true /(5) of /(3)3993+ 
3017578125; the Reaſon of which Diviſion and Multiplication may be made mani- 
teſt thus ; ler there be put d= A4 5, then it follows that ddddd = 176] 2000; 
and by dividing each part of the laſt Equation by 16, (becauſe in the preparatory Work 


__dadddd | 
we multiplied by 16) there ariſes ——=/(3)133t1-+v(6) 1953125 : and by mul- 


| addddx (2022 
tiplying each part of this Equation by /(3)3, there will be produced - 2 . 
(3)3993+v (6)17578125. Therefore y/(5) being extracted out of each part of 
N . 1 dddddxy/ (3); _ dy(1t5)3; 
the laſt Equation there will ariſe \/(5) 76 that is, Dei equal to /(50 
of y/(5)133t+v(6)17578125, But by Suppoſition d i C, therefore 1+y5 
mulriplied into Y(15)3, and the Product divided by 50 16; or 1445 divided by 
„is, and the Quotient multiplied /(15)z produces the true (5) of vV(3)3993 
4-y/(6)17578125 ; which was to be ſhewn. * 


| The Demonſtration follows. "8. LM 7 
The Certaitity of the preceding Rule will be made manifeſt by the three following 
Propoſitions. | — 
: P 


If a Binomial, whereof one part and the Square of the other are Rational Numbers, 
be multiplied into it ſelf cubically, there will be produced another Binomial, the Square 
of whoſe leſter Part being ſubtracted from the Square of the greater Patt, leaves a 
Cubic Number, to wit, the Cube of the Difference of the Squares of the Party of 
the Root or firſt Binomial. | 

To make this maniteſt, let there be propoſed the Binomial I E, this multiplied in- 
to itſelf cubically produces b + 3bb/d EAA, to wit, the Cube of b4-4/4. 
Here you are to note well, that although in that Cube there be four Parts or Members, 
yet they are to be eſteemed bur as two, one of which, to wit, 6b 4-36d, may deſign a 
Rational Number, and the other 34b,/4-{-4/d (or 366 ) an Irrational or Surd 
Number, whoſe Square is Rational; whence it is manifeſt, firſt, that the Cube of a Bi- 
homial is allo a Binomial, viz: 64+ y/d multiplied into itſelf cabically produces this 


8 
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Binomial BBb4-36Ptiore 38/4474 (or Ad) Seeotidly, the Rational pare 


bbb1-3bd is manifeſtly compoſed of the Cube of the Rational part of the Roor, and ot 
the triple Product made by the Multiplication of the ſame Root into the Square of its 
other part, And läſtly, the Difference of the Squares of the ſaid Far % Id and 
.366/d4+d\y/d is equal to the Cube of -d, or of d—bb, viz. to tt Cube of the 


Difterence ot the Squares of the Parts of the Root 5 f. d. For the Squares of 13} C314 
and 30⁰⁹ E are bbvbbb4-6bBbba4-gbbdd and gh5bbg+-6bkdd+ ddd ; and it theſe 


Squares be ſubtracted one from the other, the Remainder is either Lb AN 


- $664d-—ddd, which is the Cube of 66 —4; or elſe the Remainder is ddl 


zb bb ag bhbbbo, which is the Cube of 4—bb. | 
To-illuſtrate this Propoſition by Numbers, let there be put 4=2 and-Vd=6 ; hence 


3 


the Binomial 2+v6 multiplied into it ſelf cubically produces the Binomial 444 


v 1944,. wherein rhe Difference of rhe Squares of the Parts (vi, the Remainder when 


\ 4593 che Square of 44 is ſubtracted from 1944 the Square of 1944) is 8, to wit, the 
Cube of the Difference of the Squares of the Parts ot the Binomial Root 24-4/6. 


_ Likewiſe this Binomial 2 C multiplied into itſelf cubicaily produces the Binomial 
20+yv/392, wherein the Differences of the Squares of the Parts, to wit 8, is the Cube 
of the Difference, of the Squares of the Parts of the Root 2 0. 
The ſame Properties adhere alſo to a Reſidual, Root, viz.,rhe Cube of the Reſidual 
Root b2 V is allo a Reſidual, to wit, Yb an. 3bbv d+dv.d, (or 35b—dxvd;) 
and the Difference of the Squares of the Parts of the latter Reſidual is equal to the Cube 


ot the Diftercnce, of the Squares of the Parts of the Roots of firſt Reſidual, 


. . 

7 2 ry = W % . : k 
a 0 „ 1 

— 81 0 . " 0 , + + 


C f > Bo 5 nB 0; Þ..c24 
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If a Binomial, whereof one Part and the Square of the other are the rational Numbers, 


be multiplied by che. Difference of the Squares of the Parts, the Product wilibe another 


Binomial, herein the Difference of the Squares of the Parts is a Cubic Number, to 
wit, the Cube of the difference of the Squares of the Parts of the Root multiplicd. 

Io make this manifeſt, let there be propoſed the Binomial 3 Ed, and ſappoſe b 
greater than V/, then 2 d multiplied by =, the difference of the Squares of the 
Parts, will produce this Binomial, to wit, 5% -d more bbyd—dyd, the Squares of 
-whoſe Parts are bbbbbb—2bbbbdj+bbd and bbbbd—2bbdd +4dd ; then this latter Square 


ſubttacted from the former leaves bbbbbb—3 bbbbd+3bbdd—dad, which is the Cube of 


-bb—4; the difference of the Squares of the Parts of the firſt Binomial þ+yd. The 
ſame Property would appear if we ſuppoſed b leſs than T. e: 

I 0 illuſtrate this Propoſition by Numbers, ſuppoſe +22, and /d = 486; whence 
the Binomial 22/486 multiplied by 2, the difference of the Squares dt the Parts 
produces the Binomial 44+/1944, wherein the diqerence of theSquares of the parts 


is 8, which is the Cube of 2, the difference of the Squares of the Parts of the former 


; Binomial 32-Þ-v/486. , 8 


P.R O P. 3. WA 

If the difference of the Squares of any two — be divided by a Number which 
doth not exceed the Sum of thoſe two Numbers above +; then the Quotient added to 
the ſaid Diviſor will give a Number greater than the double of the greater of the ſaid 
two Numbers, but the Exceſs will be leſs than Unity. And if the ſaid Quotient be ſut - 
tracted from the {aid Diviſor, the Remainder ſhall be greater than the double of the 
leflet of the two Numbers, but this Exceſs alſo ſhall be leſs than Unity. 
© To manifeſt this, let a repreſent the greater ot two Numbers, and e the leſſer ; alſolct 

| | aa e 


z repreſent ſome Fraction not greater than ; then I ſay, firſt, 4 Te L 


ae 
is greater than 2a, but the Exceſs is leſs than 1, which I prove thus: 
It is evident that aa bee CU Czaο Czbe +2baþ aa—ee is greater than 244 . 
za Paba; therefore by dividing each of thoſe two Compound Quantities by a eL, 


it follows, that the firſt Quotient a be STE ſhall be greater than the latter 


aa —ee | 
2bc +bb 


| Quotient 24; and if this Quantity be ſuhtracted from that, the Remainder Y 


| a e 
will be leſs than 1. For by Suppoſition 6 is not greater than 3, therefore he is leſs wy 
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Then according to the Rule, n 


2 92693 * mn | 
To extract (3) out of 100+/7803, _ | 
+ Firſt, from the Square of 100, that is, from —— 10000 
Zaubtract the Square of 'V 7303, that i; 7803 
The Remainder 1s — —— 1197 bg 


'T he Cubic Root of that Remainder is = — 13 (=bb—d) 


Which Root 13 is (by Prop. 1.) equal to the Difference of the Cranes of the Parts 
of the Binomial Root ſought. | | | 
Secondly, find out a rational Number greater than the Sum of the Parts of the Cu- 
bic Root ſought, with this Caution, that the Exceſs may not be above +, viz. 
J o the greater part of the given Binomial, - that is, to 100 
Add the neareſt Value in whole Numbers of the other ? 
part 7803, that is —— — — — & | 88 or 39 
So the Sum ſhews that the Value in whole Numbers of? - *: 
the given Binomiat falls between -———- 4. 188 and 189 | 
Whence the Cubic Root of the given Binomial is greater than 55, but leſs than 6: 
ſo that the Exceſs of 6 above the true Root ſought is leſs than wary i 


Thirdly, having found ont (as above) 13, the true Difference of the Squares of the 


= 


— —-t 


y 
* 3 


- 


Parts of the Cubic Root ſought; and 6 a rational Number, which excceds not the 
true Sum of che ſame Parts above 3, we may by the help of Prop. 3. and 1. find out the 
Parts ſeverally in this manner, viz. 6 2 San Nt 
ec Divide the ſaid — — — — — — — — —— 13 | 
2m By the ſaid — wo — | ene Pe, . — r 

And the Quotient i L!Xͤͤ ! 5 


| —— — — 2 
- _ Which added to the ſaid Diviſor 6, makes the Sum . Lk 
- Which Sum 84 docs by (Prop, 3.) exceed the double of the greater (to wit, the ta- 
int Part of the Cubic Root. ſought, but the Exceſs is leſs than 1 :- therefore 77 1 
s than the faid double, but 83 is greater than the ſame; and conſequently Bo 
the (aid greater Part is ſuppoſed to be a rational whole Number, the double theres 
muſt necefirily be 8, to wit, the greateſt whole Number between 74: and 82 and there- 
fore the laid Parr it ſelf is 4, which being found out, it is eaſy to find the cher! rt; 
for (by Prop. 1) if from 16 the Square of the ſaid gteater Part 4, there be ſubtracted 13 
the Cubic Root of the Difference of the Squares of the Parts of the given Binomial, 
there will remain 3 the Square of the other part; ſo that the Cube Root found out is 
4+ 3, which will appear by the Proof to be the true Cubic Root ſought; for 447 
being multiplied into it ſelf cubically produces the given Binomial 100 /½7 903 Aid 
for the ſame Reaſon 4—/3 is the Cubic Root of roo—y7803. Ts 


To theCube of 4 the rational Part of the Root found our, taot ddr eng: 
Add the Product of thrice that Part multiplied into the 2 year 200M. in. 
Square of the Surg Part found out, viz. the Product — 36, that is, 34 
And it makes the Sum — — — 100, that is, 4% |-34d 
ä | Which 


G ; —_— 21 5 | 18.2. 3- 3 
Or more briefly the Proof may be made ibu: 
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Which Sum is the Tame With the rational part of the 6; given. Dc, and therefore 


it proves that 4+#5 is Cubic Root ſought, 


In like manner to extract (ñ gut of 44+v 1944, where the rational Patt 
leſs than chan the other part /i 5544 we ma 580 ppdſe (as before) bbb+36d to be SY 
366 +dxv4 (that is, 3#b/d+4d),to. be 1944 ſo that 20 C more 3342/4 

may deſigu the given Binomial 44 E 1944, and irs Cubic Root bH-v4 the Root 
* whoſe lefler — be Hale ebe greatet *; chen ace ra the Rule, 


= 4 4 040174 
ch 10 £94555 denne 


ect twimonif 0 30 v aur V) out lu. 
1i&4 1 
„ 72 * 05 N of * 9445 wink bm 


1944 | 
Subttact the Square of 44 — k .ͤbͤ W 44 | ars 

The Remaindet is —— ell! 8 0K 21d 
The Cubie Root of that Remainder is 2 (=4-4) 


Which Root 2 is (by o 1.) * to the Difference of the Squares of the Parts 
of the Binomial Root ſoug : 

Secondly, find out a al Number greater * the Sum of the Parts of the 
Cubic Roct ſought; with this Caution, that the Exceſs may not be . 2, Which 
may be done thus, wiz. -—— 5 

To the leſſer part of the given Binomial, viz. to ad + 

Add the neareſt Value in whole Numbers of the Wa 00 
part y/ 1944, that is... CLI — os, des Py 

So the Sum ſhews that the : Valpe i in whole Numbers. 88 and 80 
of the given Binomials falls between 9 1 10 

Whence the Cubic Root of the given Binomial is greater than 4, but leſs han al j 
ſo that the Exceſs of 4+ above the true Root ſought is leſs than 4. 


Thirdly, having found out 2, the true Difference of the Squares of the Parts 5 the 
Cubic Root ſought; and 145 a rational Number, which does not exceed the true Sum 


ol the ſame Parts above 3, we may by the "EP of e. 3. and x. find out the Fans 


ſeverally in this manner, viz.” 


| Divide the ſad 2 iii IS 8 _ 4 
By the ſaid — en 1 — — —4¹ 0 
And it gives the Quortedt — —_—_ 750 85 7] 
Which ſubtracted from the raid Divifor 4, there remains 411 


Which Remainder 4r; does (by Prop. 3.) exceed the double of the leſſer Part (which 
in this Example is the rational Part) of the Cubic Root ſought, but the Exceſs is leſs 
than 1 : therefore 3 7 is leſs than the ſaid double, but 475 is greater than the ſame, 
and conſequently- becauſe the ſaid lefſer Part is a rational whole Number, the double 
thereof muſt neceſlarily be 4; to wit, the greateſt wholeNumber between 3x7 and 4:7, 
and therefore the ſaid Part it ſelf is 2, which being found, it is eaſy to find the other 
Part; for if to 4 the Square of the ſaid leſſer Part 2, there be added 2 the Cubic Root 
of the Difference of the Squares of the Parts of the given Binomial, the Sum 6 ſhall 
be the Square-of the other part; ſo that the Cube Root found out is 2 2+v 6, which 
will appear ta be the true Cubic Root ſought; for 2+v/6 multiplied into it {elf cubi- 


cally produces the given Binomial 4 1944. And for the ſame Reaſon y/6—2 15 
the Cubic Nan = 194444 * 


D: . 


. | Or more briefly the Pri wa be made thus: 
7 the Cube of 2 the rational Part of the Root found 


Add the product X thrice that Part multiplied into the 


Square of the Surd Part found dur. vix. the Froduaà —- = 36, that is, 30d 


And the Sum i 44, that is, bbb3bd. 
Which Sum is the ſame with yu Ras Part of the given Binomial, and therefore 
it proves that 2-46 is the Cubie Root ſought. . | 
Laſtly, what has here been ſhewn concerning t the Demonſtration of the Extraction of 
the Cubic Root, may eaſily be applied to tlie Extraction of the other. Roots before 
mentioned, lo that there is no need of further Diſcourſe in this Matter. Ee 
Ac 4 21 ird: bs , 
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An Explication of Simon Stevin General Rule, to extraft one Root 
out of any poſſible Equation in Numbers, either exattiy or very nearly 
true: | & 

| ; More? O85 (181! » ne 

1.T,* Quations falling under any of the Forms in the fourteenth and fifreenth Chapters 
L. of tic ficſt Book of theſe Elements, are capable (as has there been ſhewn) of per- 
ſe& Reſolutions in Numbers, viz. the Value of the Root or Roots ſought in any of 
| thole Equations may be found out and exprels'd exactly, either by ſome rational or 
irrational Number or Numbers; but the perfect Reſolution of all manner of Com- 
pound Equa ions in Numbers I have not found in any Author. And ſince an Expoſi- 
tion of the General Method of Vieta, the Rules of Huddenius and others to that Pur- 
oſe, would make a large Treatiſe, and after all leave the curious Analyſt diflatisfied, 
1 ſhall not clog the: Elements with a tedious Diſcourſe upon thoſe difficult Rules, 
which at the beſt are exceeding tedious in Operation, and ſome of them uncertain 
too; but rather purſue my firſt deſign, which was to explain Fundamentals, and ſucli 
Rules as are certain and moſt important in this profound Art. However, I ſhall lead 
the induſtrious Learner to a few ſteps further, in order to his underſtanding the Reſo- 
lution of all manner of Compound Equations in Numbers, and in this Chapter explain 
Simon. Stevin's General Rule, which with the help of the Rules in the following ele- 


venth Chapter will diſcover all the Roots of any poſſible Equation in Numbers, either 
exactly if they be rational, or very nearly true if irrational. 


QUESTION r. 
1 4a TC S 40188, what is the Number a ? 


RESOLUTION. . 


This Equation not falling under any of the three Forms in Sef2. 1. Chap. 15. Book 1. 


cannot be reſolved by any of the Canons in that Chapter, and therefore accordi 
Simon Stevin's General Method I fearch out the Number a by tryals thus, * 8 ng do 
1. 1 Suppole — ——_—— We i | 


Is — 2; 2 

Thence it follows that bo — 21 
Ade —— KF {Ge + 2e PERIITG 648 264 = 26 
Thercfore—— hs 


g aaa E26 = 27 
Which 27 ought to have been 40188, but it's too little; whereby I find that by 


ſuppoſing à to be 1 did not hit upon the true Number a, and therefore I make ano- 
ther tryal in like manner as before, vix. | 


- 


2. I ſuppoſe — — | —̃ä — 


10 


Thence it follows that C pas . 
And- I DO CEN fe en OT ee —264 —= 269 _ 
Therefore CENT ENTER PRESS > > al 

Which 1260 being yer too fittle, I make a third tryal, viz. | 

3. Iſuppoſe . —— —— 3 88 
Thence it follows that e 


Which 1002600 exceeds the juſt reſult or abſolute 


part of the Equartion firſt propos'd, and therefore the true Number a is leſs than 1003 


bur the ſecond tryal ſhews it to be greater than 10, and therefore the whole Number 
which expreſſes the exact, or at leaſt part of the Value of a, muſ: neceſſarily conſiſt of 
two Characters, and conſequently the firſt (towards the left Hand) muſt be one of theſe 


nine, 1, 2, 3, 4, 5, 6, 7, 8, 9; but becauſe by the ſecond Inquiry 10 was found too 
little, .I now make tryal with 2 for the firſt Figure of the Rom a, Fn 9 | 
4. I ſuppoſe — — 3 
Thenceü⸗˖ł⸗ uo 8 WY | 
b 8 5 —̃ä— — aaaÞ26a = 85 20 
Which Reſult 85 20 being yet leſs than the juſt Reſult 40188, I make tryal = Viv, 
5. I ſuppoſe ——cc = 3 9 30 3 
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V bich is yet too little; therefore, 
6. I ſuppoſe — —— — a = 40 
Thence — 64 A 65040 


Which 65040 being greater than 40188, it ſhews me that the true Root or Value 
of a is leſs than 40; but by the fifth Tryal it is greater than 30, and conſequently the 
laſt Figure of the Root is 3. wr. 4418 4 | | 

Now the ſecond Character of the Root mult neceſſarily be one of theſe, viz. o, , 
2, 3, 4, 5» 6, 7, 8, 9; and becauſe it has been diſcovered, that the true Value of the 
Root a is greater than 3o, the ſecond Character cannot be o, I therefore make try} 
with 1, and ſuppoſe a=31 ; which proving too little, I make tryal with 32, 33, za, 
ce, ſeverally in like manner as before, and at length I find 34 to be the true Number 
4 (ought, by which the Equation propos'd may be expounded ; for if a=g4, then 
conſequently. aaa+-26a=40188. , | 

II. But if after tryals made (as before) the Value of à the Root ſought happens to 
fall between two whole Numbers that differ by Unity; then tryals are ro be made with 
the leſſer whole Number increaſed with „e, , r, Cc. until you have found the 
Value of a in ſome mixt Number conſiſting of a whole Number and ſome certain tenth 
parts of an Unit. But if the ſaid Value of a happens not to be expreſs'd exactly by 


the ſaid leſſer whole Number increaſed with certain tenth parts, then you are to make 


tryals with the {aid leſſer whole Number increaſed with a Decimal Fraction, having 
for its Numerator a Number greater than 10, but leſs than 100 and for its Deno- 
minator 100, as with 535, 15, Oc. and by proceeding in that manner you may find 
the exact Value of the Root a, when its fradt ional part is exactly equal to ſome Deci- 


mal FraRion : or elſe approach infinitely near to the ſaid exact Value when tis Irra- 
tional or-Surd, as in this following | 


QUESTION 2. 
11 —— -aaaa+508 = 1846 38.6801; (or 18463 87 ;) what is the 


Number a ? r 
K ESOLTLUT ION. 


Firſt, I ſuppoſe a= 1, bur this proving too little I put a = 10, this alſo proving too 
little, I aſſume a = 100, which after tryal I find to be greater than the true Number 
a, and conſequently the Number à falls between 10 and 100 then making eryal with 
20 J find it too little, but making tryal with 30 J find this too grear, and therefore 
the true Root à falls between 20 and 30. Again, making > = with 21 I find it too 
great, but 20 was before found too little; therefore the true Root a is between 20 and 
213 then I make tryal with 20.1, (that is, 20:3) 20.2, 20.3, Cc. and at length find 
20.7 to be the true Number @ ſought ; for if a= 20.7 (that is, 2075 it will make 
aaaa C50 = 184638. 6801 the Equation propoſed. n 

But if 20.7 had proved too little, and 20.8 too great, then tryals muſt have been 
made with 20.71, (that is, 2029, 20.72, 20.73, Cc. In like manner, if 20.7 had 
been too little, but 20.71 (tha is, 20.22) roo great, then tryals muſt have been 
made with 20.01, (that is, 2055) 20.702, 20.703, Oc. This will be partly ex- 
ercis'd in reſolving the Equation in this following 


OUEST IANS 


If ————— 20a = 1954, what is the Number a ? 

Anſe—————a = 8.308, &c. found out by tryals as before. 

III. When the Value of (a) the required Root of an Equation happens to be leſs 
than Unity, then trial is ro be made with as; but if this prove too great, then with 
18, Cc. Now ſuppoſe .1 (that is, 25) be too great, . oi (that is, 5) too little, 
then tryal muſt be made with .o2 . 03.04, Cc. until you have found out the 
greateſt Figure that muſt ſtand in the ſecond place of the Decimal Fraſtion expreſſing 
the Root ſought; ſuppoſing then ſuch Figure to be found 8, viz. that .o8 (or „0 
is jeſs, but 09 (or 1282) is greater than the Root, tryal muſt be made with . 081, 
(that is, rer) 082 | +083 | Ge. as in this following 


| i = | QUESTION. 4 
H—————— aaa+ 32404 = 269, what is the Number a ? 
A, . 4 = oz, Cc. that is, -, Oc. 
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IV. The preceding Examples may ſuffice to ſhew the, Uſe of this General Method, 
when all the Terms of the unknown part of an Equation are Affirmative, ( viz, when 
+ is prefix d to each Term) in me Caſe there 15 but, one Affirmative Root; in the 
ſearch whereof by Tryals (as before) if the Numbers aſſumed ſeverally for the Value 
of the Root fought do aſcend greater and greater, then the abſolute Numbers reſult- 
ing from thoſe aſſumed Values will likewiſe aſcend ; and contrarily, if the aſſumed 
Roots do deſcend from a greater to a leſs, the Reſults will likewiſe grow leſs and leſs : 
whence by comparing an abſolute Number reſylting from an aſſumed Root with the 
juſt ablolute Number of the Equation propos d, you may certainly know (if the ſaid 
Reſult and juſt Abſolute. be not equal to one another), whether you are to take a Num- 
ber grearer or leſs than that laſt before aſſumed. , k a 

But when the unknown part of an Equation conſiſts of Affirmative and Negative 
Terms mingled one with another, then the ſearch by Tryals will be more intricate 
and doubtful than before; for ſometimes it will be hard to diſcern whether a follow- 
ing aſſumed Root muſt be taken greater or leſs than that which was taken next before. 
Moreover, a compound Equation of this latter kind may happen to be ſuch, that it 
may be expounded by as many ſeveral affirmative Roots, as there be Unities in the 
Index ot the higheſt unknown Power, viz. a Cubical Equation may be ſo conſtituted, 
that it ſhall have chree different affirmative Roots, a Biquadratic Equation four ſeveral 
Roots ; and ſo of higher Equations, as will be ſhewn in the follow ing Chap. 11. But 
in what manner ſoever any poſſible Equation is conſtituted in Rational Numbers, this 
General Method will always find out one affirmative Root, either exactly true, or at 
leaſt very near the Truth, as will further appear by the following Queſtions, 


a QUESTION... 
12 nm— — 4 2242 L157 =360, what is the Number « ? 


RESOLUTION. 


1. I loppoſe ——— ——. = — 
Thence it follows that ana—22aa+157a = 136 

Which 136 is leſs than the juſt abſolute. Number 300, and therefore I make another 
Tryal, viz: ; l * 

2, I ſuppolle — — — — 

Thence it follows that — — a - 244-1578 = 370 

Which 370 exceeds the juſt abſolute Number 360, and therefore I conclude there is 
one affirmative Value of a, (either Rational or Irrational) between 1 and 10; which 
Value, after Tryals made with 2, 3, 4, 5, I find to be 5; this will conſtitute the Equa- 
tion propoſed, for if a= 5, then aaa 2 244 C15 7a will exactly make 360. 
But there arg two other Roots or Values of a, to wit 8 and 9, 'cach of which will 


likewiſe conſtitute the Equation firſt propoſed, but how they are found out will be 
ſhewn in Sekt. 9. of the following Chap. 11. a 


10 


QUESTION S. 


If ——— 200 -- = 46577 (juſt,) what is the Number a? 
| | RESOLUTIO N. 
1. 1 Suppoſe —- — ä — n | | 
Thence ——— ——32004a—aaa = 3199 (leſs than juſt) 
2. I ſuppoſe ——— 10 
Thence - — 3 200 -. = 31000 (leſs than juſt) 
3. I ſuppoſe — — ———— -— 2 = 100 © 
Thenee — 


3 200a—aaa = —680000 (leſs than juſt) 
Now becauſe the ſecond Reſult (or abſolute Number) | 3 1000 is Affirmative, and 


the laſt Reſult 680000 is Negative, I make tryals with Numbers between 10 and 100 
for the Value of a; for if the Equation propoſed be poſſible, before the affirmative Re- 
ſults fall off ro Negatives, there will be a Root or Value of a producing an Affirmative 
Reſult either exactly equal, or very near to the juſt Reſult 46577 ; therefore 
4. I ſuppoſe — — 4 2 20 
hence — 3 = 56000 (greater than juſt) 
. 2 
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which Root, after Tryals made with intermediate Numbers (as in former Examples) 
will be found 15; 7, Se: Moreover, becaufe by ſuppoſing a 20 theRefult 56009 
happened to exceed the juſt Reſult 46577, but by putting a=100'the Refult —680000 
proved to be leſs than the ſame 46577, it ſhews there is an Affirmative Value of 7 be- 
tween 20 and 100, which Value after Tryals made will be found 47; ſo that there ure 
rwo affirmative Roots or Values of a found out, to Wit, is, 7, Cc. (or 15 75, &c.) 
and 47 ; the former of which will nearly, and the latter exactly conſtitute the Equa- 
V. Florimond de Beaune in the latter of two ſmall Treatiſes printed in 1659, con- 
cerning the Nature, Conſtitution, and Limits of Equations, ſhews how to find out Li- 
mits within which the Roots of all compound Equations not àſcending above the Bi- 
quadratic kind are confined ; which Limits when they may be diſcovered without much 
Trouble, and are not very wide aſunder, will help to leſſen the Tryals%n the General 

. Method before delivered. As in the laſt Example, where A N 0 


Tbe Equation ptopoſed was — 32004 — 46 
Firſt, becauſe aaa muſt be ſubtracted 17 ev. r 4 4 3/1 

and leave aRemainder equal to 465 77, it preſuppoſes | > © © 32008 

Therefore by dividing each part by a t 7 ＋ 120 
And by extracting the Root out of each part, 8 3 | 
Again, from the Equation propos d by Tranſpo- - © 2 0 

Gtion 'tis evident that —— — ED 3200 46577 = aaa 

| Whence tis alſo manifeſt that — —ͤ— | g200a LU 46577 
And conſequently by dividing each part by 3 200, 1 . 14 . 


Thus it is found that the Value of à the Root ſought is greater than 14.5, Cre. but 
leſs than 56.5, Cc. and therefore Tryals according to the General Method aforeſaid 
need not be made with any Numbers that are not within thoſe Limits. hp, 

From the premiſes tis evident that this General Method ſinds not a perſect Root of 

an Equation, unleſs ſuch Root be a whole Number, ot elſe a Fraction exactly equal to 
ſome Decimal Frad ion; or laſtly, a mixt Number compos d of a whole Number and 
a perfect Detimal Fraction. ed Fe. k Jo ae int 
Note. When the Cocflicients or known Numbers multiplied. into any of the un- 
known Powers under the higheſt, (which muſt have no Coefficient but Unity) are 
Vulgar (not Decimal) Fractions, or mixt Numbers whoſe fractional Parts arg Vulgar 
Fractions; likewiſe, when the abſolute Number that ſolely. pofleſles t latter part of 
the Equation propos'd is a Vulgar Fraction, or mixt Number whoſe tractional part is 
a Vulgar Fraction ; all thoſe Vulgar Fra&ions muſt be reduced to Decimal Fractions, 
or elſe the Equation mult be reduced to another Equation in Integers (by Se. 7. in the 
following Chap. 1 1.) before you enter upon the Reſolution by Tryals as aforeſaid. 
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C HAP. XI. 


Extractions out of the Algebraical Treatiſes of Vieta and Renates des 
Cartes, concerning the Conſtitution and Reſolution of Compound E- 
quations in Numbers, eſpecially thoſe which have many Moots. 


I, HE Scope of this Chapter is, firſt, to ſhew how to form an Equation that ſhall 

[ Have as many different Roots or Values of the Quantity ſought as ſhall be de- 
fired; then how to free an Equation from Fractions, and to caſt away the ſecond Term ; 
and laſtly, how to find out the Roots of all manner of Compound Equations in Num- 
bers, either exactiy if they be Rational, or very near the Truth if Irrational. = 
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having many Nobts. bat ee 
But that the Learner may the more eaſily perceive the meaning, I ſhall premiſe a 
few Definitions in three Sections next following. ; | 
II. When the known abſolute Number in an Equation ſolely poſſeſſes one part 
thereof, lex it be transferr'd to the other part by the Sign —, and then there will be an 
Equation which has o or nothing for one part, and the other part is by Cartefius called 
the Sum of-the Equation propoſed. As for Example, it this Equation be propoſed, 
viz. aaa—9aa-26a=24, by tranſpoſition of 24 It makes aaa—gaa+26a—24=0, 
whoſe firſt part 1s ca Sym of the Equation propoſed. 


III. In the Equations handled in this Chapter I put a, e, or y, to ſigniſie an unknown 
Quantity, and by the firſt Term of an Equation is meant the higheſt unknown Power, 
to wit, that which has moſt Dimenſions or Degrees of a ; by the ſecond Term that 
which has fewer Dimenſions by one than the firſt, and ſo downwards, As in this Equa- 
tion, aaa—9gaa4Þ+236a—24=0, the firſt Term is aaa, whoſe Index is 3; the ſecond: 
Term is —9aa, where the Index of aa is 23 the third Term is +264, where the Index of 
a is 1; and the laſt Term is —24, the known abſolute Number, whole Index is o. 

IV. The Roots of an Equation are of three kinds, viz. either Affirmative or Nega- 
tive, or Impoſſible. An Affirmative Root is a Quantity greater than Nothing, as 5 

or 4-20. A Negative Root (which Carteſius calls a falſe Root) expreſſes a Quantiry 
whoſe Denomination is oppoſite to an Affirmative, as —5 or -—20 ; theformer of which 
wants 5, and the latter 20, of being equal to Nothing. Laſtly, impoſſible Roots are ſuch 
whole Values cannot be conceived or comprehended either Arithmetically or Geome- 
trically ; as in this Equation, a=2—vV—1 where /—1, that is, the Square Root of 
, is no manner of way intelligible, for no Number can be imagined, which being 
multiplied by irſelf according to any Rule of Multiplication will produce -. 

V. Theſe things being premiſed, Iſhall proceed to the forming Equations which ſhall 
have many Roots: JOIN: | 


n 1 > 33x P R O P. I. 
Jo form an Equation which ſhall have two Affirmative Roots. 


5 2 1 1 a —= 2, that IS, 1 2 = Oo 
z N „ 74 = 3, that is, —3 = 
2 2. Then by multiplying the ſaid a—2=o by? 

'a—3=0, this Equation is produced, viz, 4. aa - 
3. That is, by Franſpoſition.ͤ:æ᷑ 5-344 


,” 


1 


o 
O p 
6 


Which laſt Equation falls under the laſt of the three Forms in $8. 1: Chap; 15. 
Book 1. and may be expounded by either of the two Roots or Values of a, which by 
the Canon in Sec. 10. of the ſame Chap. will be found 2, and 3, to wit, thoſe from 
which the ſaid Equation was produced by Multiplication, as above. 1 

Again, if this Equation a#4+-6a—55=0, (that is, aa46a=55) which has one af- 
firmative Root, to wit 5, be multiplied by a—6 = o, there will be produced aaa—9 14 
+330= o, (that is, 91a—aaa=330o) which has two affirmative Roots or Values of 


a, to wit 5 and 6, which may be found out by the Rule hereafter delivered in Setz. 9. 
of thisChap) N | 


| $5 t P R O P. II. | e 6 7 ; 
To ferm an Equation which ſhall have one Affirmative and one Negative Root, 
1. SuppoſepaooèÄůäͤ — . 3, that is, a—3 = © 
* es 8 2 thar is, a2 ＋2 = o 


2. Then by multiplying the ſaid a=; = o by} © © E 
a+2 = o, this Equation is produced, 1211 e 
3. That is, — 


— — 


2 1 - : * | \ 4 
— my n 8 1 „ oo  m——_—_ — 42 — a — 6 i 
: — +4 


* 


Which laſt Equation falls under the ſecond of the three Forms in St. 1. Chap. 15. 


Book 1. and may be expounded by either of theſe two Roots or Values of a, whereof 

is Aſffirmative and the other Negative ; which after the manner of reſolving Duet. 1. 

in Sect. 7. of the lame Chap. will be found g and 2, to wit, thoſe from which the 
ſaid Equation was produced by Multiplication, as before. | 
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To form an Equation which ſhall have three Affirmative Roots. b 


a = 2, that is, a—2 ='0 
1. Suppoſe ——— —— —A.—äͤ— ; 8 = 33 that is, 4—3 = © 
| 2 = 4, that is, a—4 = © 
2. Then by multiplying the three laſt Equations 
(in each ot which the latter part is o) one into — 2 0 
another, this Equation will be produced 
3. That is, by Tranſpoſition of — 24, — aaa - a 264 = 24 
Which Equation may be expounded by every one of theſe three affirmative Roots or 
Values of a, to wit, 2, 3, and 4; which may be found out by the Rule in the fot. 
lowing Sect. 9. of this Chap. 59”. 
The ſame Equation may likewiſe be formed altogether by Letters thus, viz, let the 
ſaid known Roots 2, 3, and 4, be repreſented by 5, c, d; and then £ 


a = b, that is, a—b, = 0 
4. Suppoſe- — —2 = c, that is, a—c, 2 o 
4 d, that is, a— d, = o © © 
5. Then by multiplying thoſe three laſt Equations, in each of which the latter part is 
Nothing, one into another, this Equation will be produced, viz: - . 
— 6b be Þ- 
— 21 E048 aka = 
| — d cd | 
That is, — — aaa — gan ＋ 268 — 24 = 
PROP. IV. | 


To form an Equation which ſhall have three Affirmative Roots, and one Negative Root. 


1 | 05 = 2, that is, a—2 = 0 

1 - Da — 3, that is, a&—3 2 0 

1. Suppoſe er * =" = 4, that is, a—4 = © 
| | 4 @ -, that is, a5 = o 


2. Then by multiplying the four laſt Equations, in each of which the latter part is 
o, one into another, this following Equation will be produced, wiz. | 
; aaaa—4aaa—19aaT 1064a—120 = 0 
That is, —4 106 = 120 
Which laſt Equation may be expounded by every one of theſe three Affirmative 
Roots or Values of a, v:z. 2, 3, and 4, and by one negative Root —5; every one of 
which may be found out by the Rule in the following Sect. g. of this Chap. 
The ſame Equation may likewiſe be formed altogether by Letters thus, viz. let the 
ſaid known Roots 2,3,4, and —5+ be repreſented by b, c, d, and A; then, 
4 a = (, that is, a—b = 0 
| f | TR c, that is, a—c = o 
3. Suppoſe — * * = #4, that is, a—d = © 
a =—>þ, that is, a+f = o 
4. Then by multiplying the four laſt Equations, in each of which the latter part is o, 
one into another, this following Equation will be produced, viz. | | 


| 11 | 


7 
— me | — bd) 
aaa 1 aa To | F. | a—bcdf = o. 
| + 3 | | 
That is, — . 6 * 
aaaa — 4aaas — 1944 +1064 — 120 = 0 


After the ſame manner you may form an Equation, which ſhall have as many Roots 
as you pleaſe, either all Affirmative, ot ſome of them Affirmative and ſome Negative. 


VI. 06- 


_ aa+a—20, whoſe firſt Term aa has but 


: * 6 


S . ws ha ving many Roots. 
VI. Obſervations upon the preceding four Propoſitions. 
1. By wh@ has been ſaid tis evident, that ſometimes an Equation may have as ma” 


ny Roots as there de Unities in the Index of the higheſt unknown Term ; 1 ſay, ſome- 
times, not always: for altho this Equation aaa G air o, as to its number 


of Terms and Signs, be like to the Equation formed in the preceding Prop. 3, ſo that 
one may think it has three, Roots, yet it has only one affirmacive Root, to Wit 2, and 


no other Root either affirmative or negative can conſtitute the ſaid Equation, for tis 
produced by the Multiplication of this impoſſible Equacion aa—4a-+ 5=0 by 
a—2 = o; but that aa—4@a+5=0, that is, 4a—aa=5 is an impoſſible Equation, the 
Determination in Set. 9. Queſt, 1. Chap. 15. Book 1. makes manifeſt. 

In like manner, altho this Equation aaaa—6oaaeþ1650a4—22500a+1 15344 = o, 
as to its Number of Terms and Signs be like to an Equation that has four affirmative 
Roots, yet that Equation can be expounded only by two affirmative Roots, to wit, 
12 and 18, and by no other Root either affirmative or negative; for *tis made by the 
Multiplication of aa—30@-+216-= o, which has too affirmative Roots, 12 and 18, 
into this impoſſible Equation, aa 30 534 = o. 12 4 155 

2. Foraſmuch as Diviſion reſolves or undoes that which is compos d or done by 


Multiplication, if the Sum of an Equation which is produced by the Multiplication 


of two or more Equations one into another, (according to the Method in the preced- 
ing four Propoſitions) be divided by a Binomial compos'd of the unknown Quantity 


(a) leſs by the value of any one of the affirmative Roots, or more by the value of one 


of the negative Roots, the Quotient ſhall be an Equation in which the firſt Term has 
fewer Dimenfions by one than the firſt Term of the Equation ſo divided. And if the 
Quotient be divided in like manner, there will come forth an Equation whoſe firſt 
Term has tewer Dimenſions by one than the former Quotient. As for Example, let 
there be propoſed the Equation in the preceding Prop 4. to wit, aaaa—44aaa—1 942 
+ roa64—120 = o, which was made by the continual Multiplication of a—2 2 o, 
a—3=0, a+5 o; I ſay, It the Equation propoled be divided by any one of the 
Binomials a—2, 4—3» 4—4, a+5, the Quotient will be an Equation wherein the 


firſt Term has only three Dimenſions, which are fewer by one than thoſe in aaaa the 


firſt Term of the Equation propoſed. So if the ſaid aaa 
So be divided by a—2 =o, there will ariſe 24a — 244 
the ſubſequent Diviſion, 


4—2 ) aaaa—4aaa—19aaÞ106a—120 ( aaa—2aa—23a P 


—4aaa— 1944 1064a—120 
—23a+60 So, as you ſee by 


aaaa — aaa Tis 
2a - 1 9aa 
—2aaa + 4aa 
—23a8106a _ 
—23aaT 46a 
y —k — —ͤ — W 
604 —120 
604 —120 
0 0 


Likewiſe if the Quotient, to wit, che Equation aaa 244 —2 


| 34 TCO = 0, where 
the ficſt Term aaa has three Dimenſions, be divided by a—3 


So, there will ariſe 
| 2 two Dimenſions. And laſtly, if the ſaid 
latter Quotient aa Ca- 20 be divided by a—-4 o, there will come forth a ſimple 


Equation, to wit, -a-{-5 = o, that is the negative Root a = — | | 
The like Diviſion may be practiſed with the literal Equations at the latter end of 

Prop. 3. and 4. in the preceding Sec. 5. | 
3. If acompleut Equation, that is, 

ced by the Multiplication of poſſible E 


ip quations one into another, you may diſcover how 
many affirmathve, and how many negative Roots that Equation bay, by this Rule, viz. 


As often 2s — follows next after , or A next after , ſo often there is an affirmative 
Root; and as oſten as two Signs — or two Signs + ſtand next to one another, fo often 
there is a negative Root. As for Example, in this Equation, (before formed in Prep. 4.) 


. do 


ſuch in which all the Terms are extant, be produ- 


, TIE "ET * 
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to wit, aaa , e- OG 1 o, becauſe next after the firſt Term aaa 
there follows aaa, it ſhews there is one Affirmative Root; and becauſe next after 
—4aaa there comes —19ana, it ſhews that the Equation has one'negarſt Root. A- 
gain, becauſe next after —19aa there follows + to6a, it hints there is another Affir- 
mative Root; and becauſe next after Cosa there follows —120, it ſhews there is a 

third Affirmative Root: ſo that the ſaid Rule diſcovers the Equation propos'd to have 
three Affirmative Roots, and one Negative Root. * 

4. It is alſo maniteſt from the manner of forming Equations according to the Pro- 
poſitions in the preceding Sect. 5. that in every Equation which has as many Affirma- 
tive Roots as there be Dimenſions in the firſt Term, the Co- efficient or known Quan- 

tity in the ſecond Term is equal to the Sum of all the Affirmative Roots; and the 
known Quantity in the third Term is equal to the Sum of the Products of every two 

of the ſaid Roots multiplied one by the other, and the known Quantity in the fourth 

Term is equal to the Sum of the Products of every three of the ſaid Roots; and ſo 

forward when there be more Terms: but the laſt Term, to wit, the abſolute Quan» 

tity given is equal to the Product of all the Roots multiplied one into another. As in 
the following Equation (before formed in Prop. 3.) viz. 


— 6 be 5 
89 5 bed = o. 
| — 4 cd 

That is, aaa aa 264 — 24 0. 


Firſt, the Sum of 2, 3, and 4, (that is, of 5, c, d) the three Roots of that Equation 
is 9, which is the known Number of the ſecond Term —gaa. Secondly, the Sum of 
the Products of every two of the ſaid Roots multiplied one by the other is 26, that is, 


led Hd, which is the known Coefficient of the third Term +26a,or Cd ed 
into a. And laſtly, the Product of all the three Roots multiplied one into another is 24, oc 
led, to which prefixing — it makes 24, or - bea, the laſt Term of the Equation propos d. 
The like Properties enſue when the Sum of the Numbers of multitude of Affirma- 
tive and Negative Roots is equal to the Number of Dimenſions in the firſt Term of an 
Equation; ſaving that here in ſumming up all the Roots which compoſe thoſe known 
Quantities in the ſecond Term, and likewiſe the Products which compoſe the known 
Quantities in the following Terms, reſpe& muſt be had to che Rules of Addition of 
J- and — in ſuch manner as the Equation propoſed if it be found altogether by Let- 
ters will dire& ; as you may eafily perceive by the Equation formed in Prop. 4. of the 
preceding Secz- 5. 


VII. How to free an Equation from Fraflions, when tis incumbred therewith in 
the ſecond, third, or any of the following Terms. Which Work is by Vieta called 
Ifomceria. 


The Rules in Chap. 12. Book 1. ſhew how to reduce an Equation, ſo as that the 
firſt Term may have no Coefficient but Unity; but if after any Equation is ſo reduced 
there happens to'be any Fraction in the ſecond, third, or any of the following Terms, 
ſuch Equation may be reduced to another whoſe Terms ſhall be all Integers, by the 
Method in the five Examples next following 


| „ Example 1. 
1. Let this Equation be propos d to be reduced to another j 4 4 


in Integers, viz. — = 225 


[73 4 "The Operation. 
2. Suppoſe e = 2a, (2a, becauſe 2 is the Denominator of 
dhe Praction 2). —— — ty 
3. Then divide each part of the laſt Equation by 2, (the d 
Denominator aforeſaid) and there ariſes 3 

| 4- And by multiplying each part of the Equation in the 
J third ſtep cubically, there comes forth 
1 5: Again, by multiplying each part of the Equation in the 

| third ſtep by +, (the Fraction in the ſecond Term of the 
+ Equation firſt propoſed) it makes 


—  — 


. 
a [x &|F vl « 


--< 
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6. Then add the two laſt Equations into one, and the ( ce 3e 5 \ 
Sum is—— — —s 3+, = aaa 
7. But by Suppoſition in the firſt ſtep —— — —— 225 4a 
8. Therefore from the two laſt Equations (by 1 Axiom} eee  3e _ | 
I Elem. Euclid.) — | — — 3 mu — 225 


Which laſt Equation being reduced to Integers (by x _ 1 
4 Sekt. 2. Chap. 12 Book 10 gives A eee-]- Ge wer” 1800 
Therefore an Equation is found out, which is altogether expreſs'd by Integers; and 
- when' the Value of e in the laſt Equation is diſcovered, the Value ot @ in the Equation 
propos d is confequently known; for by the third ſtep à e, therefore if e be 12, 

then a ſhall be 6. | 


= v8 Example 2. ; 

Again, If this Equation be propos d. a4 A 2 

It may be reduced in like manner as before in Ex- RY 

ample 57 this, Vi. ————— ſy | ere Eee 1060 
And it e be 10, then a ſhall be 35. 


3 , Example 3. Sect" | x 
2 So likewiſe this Equation 2pm aaa aa = 122 
| May be reduced to this; eee }-3ee = 1300 
. And if be 10, then a is 5 | 
: | | | Example 4. 
4 1. Again, let there be propoſed ——————— a4 Ala = + 
| ation. A 
2. Suppoſe e = 12a, (12a becauſe 12 is the Denomi ? 3 
nator of the Fraction +3 in the ſecond Term) oo» 47 
3. Then divide each part of the laſt Equation by 12, | £5 AGF 
(the Denominator aforeſaid) and there ariſes —— * 1 
4. And by multiplying cubically the laſt Equation, | eee | 
it produces —— Cy TC IT 
5. And by multiplying the Equation in the third ſtep „ 
by ++, it makes ee 14 4 


6. And by adding the two laſt Equations into one,. ee . 120 
N the Sum makes kkꝛpüĩ⸗łũé„é„⸗ÿ⸗„)Fn con ö 
7. But by the Equation propoſ edi ẽ 3 ＋ = aaa 114 
8. a from the two laſt Equations (by x A-; eee 1 
iom. 1 lem. Euclid) —————- — — 4 1728 . 144 Sc "4 
Which Equation reduced to Integers gives eee PEI; 2e = $208 
Thus an Equation is found out in Integers; and when the Value of e is diſcovered: 
the Value of a in the Equation propos'd 1s conſequently known ; for by ſuppoſition in 
the ſecond ſtep e is to a asto 12 to 13 therefore if e be 18, then a ſhall be 13. 


3 . Example 5. 
1. Again, let there be propoſed a- ,ẽf 45 1044 P89 = . 


a Operation. 
2. Suppoſe e = 6a, (6a becauſe 6 is the — 


of the Fraction ?!! e = Ga 
3. Then by dividing each part of the laſt Equari CLE 
by 6, there ariſes n — 3 
4. And by quaring the laſt Equation it makes — ————— 25 = aa 
5. Likewiſe by ſquaring each part of the laſt Equati- x: : 
on, there will be produced : g — ne. 1 a8 


6. And by multiplying the Equation in the for) 
ſtep by that in the third, the Produa is — | Ty 


Mm | | 216 


33 


| , ” 
a 6 — — — 


err F 


4 2 ; _— — 
Rain proparttary e Reſolution 00 K lt 
— 3 | ä tag = — — 
F. And by multiplying the laſt Equation by 10, it gives} . 
this, vx. PER 6 — —— —„— . 216 g 
8. And by multiplying the Equation in the fourth ſtep 2. 6. 
by 458 it produces . ee _ « 216 | i 66 
9. And by multiplying the Equation in the third ſtep , 23e _ 1 a 
by 1043 the Product will be 26 [0474 


F 


10. Then by connecting the Quantities which ſtand in the firſt Parts of the Equations 
in the fifth, ſeventh, eighth, and ninth ſteps, together with 89, by the ſame Signs 
- which reſpeRively pr to each Term of the Equation propoſed, the Sum ſhall be 
-v!tqual to the Sum ot the fame Equarion, and conſequently equal to Nothing; hence 

- * * this Equation ariſes, viz. 3 1 26- -h 

| eece Ideee 275ee 625e 5 
1298 216 Fo 216 7 El 1 1 
11. Which Equation being reduced to Integers (by Seft. 7. Chap. 11, Book 1.) gives 
* tete — Goeee + 16506 e — 22500e + 115344 =: Os 4 ; 

Thus an Equation is found out whoſe Terms are all Integers ; and the Value of the 
Root e in this Equation is to the Value of the Root @ in the Equation propoſed as 6 


to 13 (for by Suppoſition in the ſecond ſtep e= 6a.) and therefore if e be 12, then a 
ſhall be 2; or it e be 18, then a ſhall be 3, ..» 


VIII. How to take away the ſecond Term of a combo und Equation, 


The Rule is this; Divjde the Coefficient (that is, the known Quantity) multipli- 
ed into the ſecond Term of an Equation propoſed, by the Index (or Number of Di- 
menſions) of the Power which is the firſt Term. Then it the Signs of the; firſt and 
ſecond Terms be unlike, (viz. if one be + and the other —) ſubtract the Quotient 
from the Affirmative Root ſought; but if the Signs be like, (that is, both + or both 
—) add the {aid Quotient to the Affirmative Root; then Equate the ſaid Sum or Re- 
mainder to ſome Letter to repreſent an unknown Quantity, and proceed accofding to 


the Method in the following Examples; ſo at length a new Equation will ariſe, where- 
in the ſecond Term is wanting. | | — | 


® 

Example 1. 
1. Let there be propoſed this Equation -—— ———  aa—6ba = 72 
2. That is, ——_ — — — UUjü—n | | aa—6ba—7J2 = . 0 


3. Here the Number of Dimenſions in the firſt Term aa is 2, and the known Number 
multiplied into. a making the ſecond Term 6a is 6; this divided by the faid 2 gives 
3, which ſubtracted from the Root a (becauſe the Signs of the firſt and ſecond Terms 
are unlike) leaves a—3, which is equal to ſome unknown Number, let it be e ; then, 

4. By Suppoſition — — — a=3i= e 


5. And conſequently by adding 3 to each part of that 2 
- - Equation there ariſcs | ra —a = e+3.: 


6. And by ſquaring each part of the laſt Equation — 


* 


comes forth . 12 


n 


—— aa eee 


7. And by multiplying each part of the Equation in 
the fifth ſtep by the Coefficient 6 in the propoſed e ——>— 6a = 6e+18 


{| _ Equation, it makes — hs - — | 
er” "yl 


8. Then by ſubtracting the laſt Equation from that in? | | 
the ſixth ſtep, there remains rene 


9. And laſtly, by ſubtracting 72 (the laſt Term of the » 
Equation propos'd) from the Equation in the 0 aa—64a—72 = ee—81=0 
ſtep, there remains —— | ' 


Thus you ſee an Equation is found out, to wit, ee—8 1 = o, which i” equal to the 
Equation propoſed, and it wants the ſecond Term; (for there is not any Number ofe 
in the Equation found out.) Now if the Value of e be made known, then the Value 
of a is conſequently known; but the Equation found out, to wit, ee—8x = ©, that is, 
ee Ss gives e = 9, and by the fifth ſtep a = e+3, therefore a= 12 


Example 
| | 


6 

CHAP. 11, Gf Compound Equations in Numbers. 275 
Example 2. 

1. Again, let there be propoſed this Equation, viz.——aa-6a = 216 


——— 


2. That i.. —— — aa +64—216 = © . 
3. Here (as before) I divide 6, the Coefficient in the ſecond Term 6a, by 2, which - 
denotes the Number of Dimenſions in the firſt Term aa, and the Quotient 3 I add 
to the Root a, (becauſe the firſt and ſecond Terms ot the Equation have the fame 
Sign +) and the Sum @ Ez; is equal to ſome unknown Numbers let it be e; then, 
4 By Suppolition ——— ——- — = m—a|z = e 
5. Therefore by ſubtracting 3 from each part of that 
Equation, there ariſes — 


6. And by ſquaring the laſt Equation there comes 

forth ———- .- . 
7. And by multiplying the Equation in the fifth ſtep, - * 

by 6, it produces — — 4 gie 
8. Then by adding the two laſt Equations into 13 2 

the Sum is ——— 85 
9. And by ſubtracting 216 (the laſt Term of the E- 

quation propos d) from each part of the Equation C a« +64—216 — ee—225=0 

in the eighth ſtep, there remains —— | "IF 

Thus an Equation found out, to wit, ee—z25=0, which wants a ſecond Term, 
(for there is no Number of e in that Equation;) and when the Value of e is made 
known, the Value of à in the Equation propos'd is known alſo ; but the Equation 
&—225=0, that is, ee=225 gives e 15, and by the fifth ſtep a e—3 ; therefore 
a—=12, that is, 15 —3. 1 . 


— — — — 


— 


—— = e—6e 5 


aa 64 = e—9 


Example 3. 


1. Again, let this Equation be propos d aa 18a =" 
2. 2 to the Rule before given, I divide 18 the —.— bee the ſecond 
Term —18aa by 3, which denotes the Number of Dimenſions in the ſirſt Term aaa, 
and rhe Quotient is 6, this I ſubtract from rhe Root a, (becauſg the Sjgns of the 
firſt and ſecond Terms are unbke) and the Remainder is 26, which is equal to 
ſome unknown Number, ſuppole it be e; then * F 


3. By Suppoſition — — —— re 
4. Therefore by adding 6 to each part of that Equati-? e 
on there ariſes w ⁊ ͤ⸗ü⸗“kl.G a—=e+6 
5- And by ſquaring the laſt Equation it makes — — aa ce EI ze 36 
6. And by multiplying the two laſt Equations one by © ofa 
the other, the Product is - — — 4 aaa eee 18eeT- Lo8e-j-216 


| by 18, (the Coefficient in the ſecond Term of the 184 18e f 2166 C648 5 


} 


\, * 


9. Then to the Equation in the ſixth ſtep, adding 696, (to wit, the laſt Term of 
Equation propos d) the Sum is bp «ing 5 0 , 2 778757 e in J the 
| | aaa - = rb | Fr 
10. Likewiſe, by adding che eighth Equation to the 
9 7 2110; 183 C74 = 18ee+-223e+690; 82 5 
a1. Laſty, by ſubtracting the Equation in the tenth Rep from chat in che ninth, rhis 
- following Equatjon remains, vc. a 


yenth, ie makes ls ES 


Thus an Bquation is found out, to eee which watts the ſe⸗ 
<ond Term, (to wit, the Power ee;) and when the Value of | he Raot's is made 


b fon Ir COD NY if wn allo, for by che wb ep n 
r/o mens Mallbo By and qual to IIa, then a ſhall be 
equal30 4/1125. eie equal te ben 1 


Mm 2 . Example 


— 


R Rs _ _ — 


276 Ro 2 Reſolution of Equations. E. 


_BOOK 11 


Example 4. 


1. Again, let there be propoſed = aaaaÆ Ca r 14a EG- 100 — O0 
2. According to the Rule before given, I divide 6 the Coefficient in the ſecond Term 
| +6aaa by 4, which denotes the Number of Dimenſions in the firſt Term aaaa, and 
the Quotient is z, which I add to the Root a, (becauſe the Signs of the firſt and 
. ſecond Terms are like) and the Sum is a + 4, which is equal to ſome unknown 
Number, let it be e, then, 
3. By Suppolition ——- — a LA = e 
4. Therefore = 
5. The Square of the laſt Equation iD? aa = ez—3e+2 
6. And the two laſt Equations multiplied 7 
one by the other make 8 2 
7. And the Equarion in the ſixth ſtep 
being multiplied by that in the fourth aaaa = eece —Gece ee 
ſtep, will produce 
8. And the Equation in the ſixth ſtep a, 
tiplied by 6 produces — — 
9. And the Equation in the fifth ſtep _—_ 
tiplied by 11 produces 
10. And the Equation in the fourth ſtep 
multiplied by 6 give ———-— 
11. Now * 


3 


aaa = cee — lee *,e—*Z 


Cana = (ece— fee -e 


1144 = flee—33e 4 


6 = 6e—g 


tis manifeſt, that if from the Sum of the firſt Parts of the four laſt Equations 
there be ſubtradted 100, the Remainder will be equal to the Sum of the Equation 
firſt propos'd equal to o; therefore alſo if 100 be ſubttacted from the Sum of the lat- 
ter parts of the ſaid four Equations the Remainder ſhall be equal to o, viz. 
; | eeee — ee 99 77 == 0. 
12. In which laſt Equation the ſecond Term, to wit, the Power eee, is wanting, as was 
deſired. And when the Value of e is made known, the Value of the Root à in the 
' Equation propoſed ſhall be known alſo; for by the fourth ſtep a=e—2, but (by the 
Canon in Sect. 2. Chap. 15. Book 1.) the Value of e in the Equation in the elventh 


ſtep will be found Y 14+ 101 : and therefore a = /:'15+y 101 t:—4, 


IX. The Uſe of the preceding Rules of this Chapter, in the Reſolution of all manner f 
Compound Equations in Numbers. . eee 

After an adfected or compound Equation different from any of the three Forms in 
Sef?. 1. CBap. 15. Book 1. is prepared for Reſolution by the Rules of CBap. 12. Book i. 
and reduced (if need be) to Integers, and the Sum of all the Terms made equal to o 
(or Nothing) according to Sæct. 7. and a, of this Chap. ſearch out (by the Rules of 
Chap. 8. of this Book) all the juſt Diviſors to the laſt Term (that is, the known abſo- 
lute Number of the Equation ſo reduced.) Then try. whether any one of thoſe Divi- 
{ors connected to the unknown. Roo e by or , will divide the total Sum of the 
ſaid reduced Equation without leaving a Remainder; for when ſuch Diviſion ſucceeds, 
either the known, paxt of the ſaid Binomial Diviſor is the deſired Value of the Root a, 
or at leaſt the Quotient gives-an Equation,” whoſe fitſt Term has fewer Dimenſions by 
one than the Equation divided ; and then the Root of this new Equation, if its firſt 
Term be a Square, ma 'be found out by ſome of the Canons in Sec. 6, 8, 10. of Chap. 
15. Book 1. But if the fitſt Term contains' three or mote Dimenſions, let this Equa- 
tion be examined by Dixie", (av before and if none at thoſe Diviſions work off juſt 
without a Fraction, then By taking awiy tlie ſecond Term; (by the Rule in Sect. 8. 
of this Chap.) another Equation more ſimple, and ſuchi'as may he ręſdlved by ſome 
of the Canons in Se. 5, 8, 10. Chap 19 Book r. will' fometimes ariſe. But if none 


> 


of thoſe ways prove eflectual, you may by the general Method in the foregoing Chap- 


10. find out ons affirmative Rot very near A true Rog and then joyting this Roo! 
found ant to the unknown 8 ta by the Sign —, youothay by this Bingmial divide 
Oe Equation, and proceedtofind out the reſt of the Roots vety uear the Truth. All 

hich will be made mäflifeſt by the following Que ſtiols 4 % % n 067 4 
NENT I | 24 2 UE 5 Jr 


— 
- 
- 


4 


| TUESERIEGN 1: .. | 
t—- aaa 9445-26, = 24G wn... . | 
1 Gn, 5 738 What is che Winkber 4 
RESOLUTION. a 
Firſt, (by the Method in Sect. 5. Chap 8. of this Book) I ſearch out all the Num- 
bers that will ſeverally divide the laſt Term 24 without a Remainder, and find them to 
be theſe, viz. 1, 2, 3, 4,6, 8, 12,24. Then by examining in order whether the total Sum 
of the Equation propos d may be divided by a—1-or a EI, by a—2 or a+2, Cc. 1 
find it may be exactly divided by a—2 without a Remainder, and the Quotient is aa— 
7a-12, as you ſee by this following Diviſion. ; 
| a—2 ) aaa—gaa+26a—24 ( aa—7aÞ12' 
aaa 2a | 


£1580 2 T3 YT "* . 

Therefore 2 the known Number in the Diviſor a—2 is one real or affirmative Root 
of the Equation propoſed ; for as well the Diviſor as the Dividend was ſuppoſed equal 
1 to Nothing, viz. a—2=0, whence a S 2; the Quotient alſo is conſequently equal to 
3 o, viz. aa - lz o, that is, 7a—aa = 12 ; hence (by the Canon in Sec. 10. Chap. 
15. Book 1.) two other affirmative Values of the Root à will be diſcovered, to wit, 4 
and 3. So that three real Values of a, to wit, 2, 3, and 4, are found out, by every 
one of which the Equation propos d may be expounded, as the Proof will eaſily ſhew. 


1 


QUESTION 2. 


1. aA 2244} 1574 ++ Dc 00 . 8 
That is, it aaa - 2a 15e - 36 = + ot What is a rad 
| 5 RESOLUTION 

_ Firſt, the Diviſor of the laſt Term 360 will be found theſe, 1, 2, 3, 4,5, 6,8, 9, 10; 
12,15,18,20,24,30,36,40,45,60,72,90,120,180, and 360; then by examining in Order 
whether the Sum of the Equation propos d may be divided by a—1 or a+, by a—2 
or a Pa, by a—3 or 4 Pz, Te. I find that a5 will preciſely divide the ſaid Sum 
without a Fraction, and theretore 5 is one affirmative Root, or Value of a; then the 
Quotient aa—17a4-724=0, that is, 174—aa=72, atiords two other affirmative Va- 
lues of a, to wir, 8 and 9. Thus you ſee three real Values of a, to wit, 5, 8, and g 

are found out ; by every one of which the Equation propoſed, to. wit, aaa—22a41- 
1574 = 360 may be expounded, as will appear by the Proof. N 
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Firſt, the Diviſors of the laſt Term 330 will be found x, 2, 3, 5, 6, 10, 11, 15, 22, 30, 
55,66, 110, 1 j 5, and 330; then S 2 the = of the Equa- 
tion propos d, to wit, aaa 9j 30 may be divided by a—1 or a EH, by. a—2 or 
3, Te T ind ir may be divided by, 6-4, and lexve vo Remainger3 therefore nee 
Do gives a=5, which is one affirmative Root of the Equation propos'd, and the 
Quotient aa-+5a—66=0, that is, aa+5#=66'affords another affirmative Value of 
a, to wit 6. So that two real Values,ot a are found out, by each of which the Equay 
tion propos d may be expounded ;, for if a 5,.0r.a.= 6, from either Suppoſition it 
follows that 91a—aaa = 330. . RRC | 
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| OUESTIO N- en geg _ 7 TE 
To find two Numbers whoſe Sum ſhall'be'5,; and that if the Sum of their Squares 
be multiplied by the Sum of their Cubes, the Product may be 457. 
i | R E- 
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| RESOLUTION. | . 

This Queſtion may be ſolved by the Canon of Queſt. 13. Chap. 16. Book 1. but that 
Canon being raiſed from Poſitions that lie out of the common Road, I fall here ſolve 


the Queſtion in the ordinary way, and ſo it will exerciſe the precceing Rules of this 
Chapter, Firſt, then, 22 


1. For ont of the Numbers ſought put — — 2 
2, Therefore the other Number is. 5—a 
3. The Square of the firſt Number is aa 
4+ The Square of the ſecond iv ——— 4 103 P25 
5. The Sum of thoſe Squares 1S wenn ——.——— 242 1045-25 
6. The Cube of the firſt Number is —e—————— aaa | 
7. The Cube of the ſecond is⸗'òyaw. aaa 1-154 95-125 
8. Therefore the Sum of thoſe Cubes is + 15aa—75aÞ125 
9. Which Sum being multiplied by the Sum of the Squares in the fifth ſtep gives this 
Product, wiz. zoaaaa - 3 O 1375 - 31254 + 3125- 


10. But according to the Queſtion, the Product in the laſt ſteꝑ muſt be equal to the 
given Product 455, hence this Equation ariſes, 
zoaaaa - o, = - 31254 C3125 = 455. 
11. And by ſubtracting 455 from cach part of the laſt Equation this ariſes, 
7 Tar at=2 12580-2070 = 0. 
12. And by dividing every Term in the laſt Equation by 30 this ariſes. 
| aaa IO. 43 Za1—T04tan 8g = o. 

13- Then by ſuppoſing e = 6a, and proceeding according to the Example 5. in Sect. 7, 
of this Chap. to free the Equation in the preceding twelfth ſtep from Fractions, this 
will be produced, viz. 

| eece Goeee 165 οο 22500 ＋ 115344 = 0. 

14. Now the Diviſors of che laſt Term 115344 will be found 1, 2, 3, 4, 6, 8, 9, 12, 18, 

24427, Oc and alter iryals made by Divifion, (like as in the three laſt preceding 

Queſtions) I find that e—12 = o will preciſely divide the Sum of the Equation in 

the thirteenth ſtep, and therefore 12 is one true Value of e. Again, the Quotient 

of that Diviſion being eee—q8eeÞ1074e—g612, I ſeek the Diviſors of the laſt 

Term 9612, and find then to be 1,2,3,4,6,9,12,18,27,36, Cc. Then after tryals 

made (as before) 1 find that e—18 will exactly divide the ſaid exe —q8ee+1974e 

—9612, and therefore 18 is one other affirmative Valne of e; and becauſe the Quo- 

tient of the laſt mentioned Diviſion, to wit, egg—zoe +534 = o, that is, 30e—ee 

= 534, is an impoſſible Equation, (as is evident by by Determination in Se. g, 

Queſt, x. Chap. 15. Book 1.) I conclude that the Equation in the thirteenth ſtep has 

no other Root or Value of + beſides 12 and 18 before found. But becauſe by ſup- 

poſition mn the'thirteenth ſtep e = 6a, 7 of 12 and likewiſe of 18, that is, 2 and 3, 

mall be the true Values of u to ſolve the Queſtion, for their Sum is 5 ; and if 13 

the Sum ot ther Squares be multiplied by 35 the Sum of their Cubes, the Product 

is 455, as was deftred. | | 


* 
- 
" % # «+ © 
* 
a 


Sometimes the taking away of the ſecond Term of an Equation (by the Rule in 
Sect. 8. of this Chap.) will be an Expedient to find out an Eq uation reſolvable by ſome 
of the Canons in Se. 6, 8, and 10. Chap. 15. Book 1. when tryals by Diviſion (as be- 
fore) will be in vain, as will appear by the following fifth Queſtion, which 1 find re- 
ſolved two manner of ways in Page 319. of Cartefius his Geometry, ſet forth with 
Comments by Fran. van. Schoten, and Printed at Amſterdam 1659. 

f 7 uation 

To ſmd fontNiinibers in Arithmetical Progreſſion continued, ſuch chat their common 
Difference may be Unity, and the Product made by their continual Multiplication 100. 
o 9:1, ett OE BL | 4 7, F oops 
1. Por the feſt Nutiber put —a!«－unun d4 


3. The thirxdꝛyax —— — — 442 | | 


4. And the fourth 


3. Therefore the Product ot their-.continu-? | „„ „ 
al Multiplication iL L aaa Ge 14 N Ca. 


ww 


| e 
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6. Which Product muſt be equal to 100, “ aaa I Gaαẽ/ 14 f = 100 
, 83 — — aaa 6aaa{11aa+64—100 = 0: 

8. Of which Equation the laſt Term 100 may be divided by 1,2,4,5,10,:0,25,50, and 
100; but Diviſion being tried by 4 — or + 1, by a— or +2, by 4 — or +4, Cc. 
it proves ineffectual. 1 hen by taking away the ſecond Term, ( as in Example 4. 
Se. 8. of this Chap.) this Equation ariſes, viz. eee—21ee—99, , in Which 
the Root e (by the Canon in Seti. 8. Chap. 15. Book 1.) will be found equal to 


VTi v 101 + but in tKking away the ſecond Term @ was put equal to e, and | 


therefore a=y: 14+y/101 : A; and conſequently from the firſt, ſeccnJ, third, and 
fourth ſteps, L | | 


* 17 i : 

ee 
R | . | 4: 15+v 101 C471 

Which Numbers exceed one another by Unity, and the Product of their Multiplica- 


_ Another way of Reſolving Quelt. 5. 

For the firſt Number put a—1+, for the ſecond a—2z, for the third à EZ, and for 
the fourth a 14; then by multiplying theſe four Numbers one into another, and 
comparing the Product to 100, this Equation ariſes, viz. aaaa—244a= 99:+; Whence 
the four Numbers ſought will be found the ſame as before. 1 


< OUESTION 6: 


Jo wo wo 


1.——1f.— 8a*+63aa—a*—3414 1304 
2. That is, i. — 4 —82 6344 T3414 C1304 = 0; 
What is the Number 4? | 
; RESOLUTION. 


3. The Diviſors of the laſt Term 1304 are 1, 2, 4,8, 163,326, and 1304 ; then after 


Tryals made by Diviſion, (as in the preceding Queſtions) I find a—8=o will exactly 
divide the Sum of the Equation propoſed without any Remainder, and therefore 8 
is one affirmarive Value of the Root a. Again, becauſe the Diviſors of 163 the 
laſt Term of this Equation aaa—63a—163=0, (which was the Quotient of the ſaid 
Diviſion) are only Unity and 163, I try to divide the Equation laſt mentioned by 
a—1 and a+1, likewiſe by a—163- and a+163; but none of theſe Diviſions 
_ "working off juſt without a Fraction, and there being no ſecond Term to be taken 
away, I ſearch out one affirmative Value of à out of the {aid Equation aaz—6 Ja— 
163 So, (that is, aaa—63a=163) by the General Method in the foregoing Chap. 
10, and thereby diſcover a=9.0055, Cc. then I divide the ſaid Cubic Equation 
aaa—63a—163=0, by a—9.0055=0, and the Quotient (the Remainder after the 
Diviſion is ended being neglected) is aa+9g.0055aÞ+18.09993025 o; but this 
Equation cannot poſlibly have any affirmative Root, and therefore I conclude that 
the Equation firſt propos'd to be reſolved has only two affirmative Roots or Values 
of a, to wit, 8 and 9.0055, Cc. found out as above. | 


By the like Operation it will appear, that this Equation a* 
—21131 = © may be expounded by every one of theſe three Roots or Values of a, to 
wit 11, 7.1125, Cc. and 15.8874, c. but by no other affirmative Root. 

When the Index of the Power of the unknown Quantity in every Term of an Equati- 


on is an even Number, the Reſolution of ſuch Equation will admit of ntracti 
which will be made manifeſt by this following: A * ennie, 


QUESTION 7. 
a*—29a*Þ-244a*—576 = 0; What is a= 7 
RESOLUTION 


2. Here becauſe the Indices of the unknown Powers are even Numbers, 
ro wit, 6, 47 and 2, put 5 


7 -. 
1. 11 — 


—174' —212aa{-4979a 


„ As Oo earn 4 - 


= 
* 
A of --< — as - o = * <= > 0 
8 - — 8 — — — 4 — - - — 

C —— = — F 22 _ - * - LA . = 

— _ = oY - . _— 
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= 1 ˙ öà— — ˙ — 
— " v4 -—- — * dl * 
* . * 
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_ * 


„ eee 2 
3. Then for — — 0 write 2— 29e 
4% + 2444* 8 + 244 e 
4. To which Powers of e joyn —5 76, the laſt Term of the given Equation, and it males 
| e — 29e 244-57 = 0 | 
5- Which laſt Equation being reſolved by Diviſion, (in like manner as in the preceding 
Examples of this Section) there will be tound three affirmative Values of the Root 
e, viz. 4, 9, and 16 ; then becauſe e was put equal to aa, the Square Root of ty 
9, and 16, that is, 2, 3, and 4, ſhall be three Roots oF Values of a in the Equation 
firſt propoſed, to wit, a —294 2444 576 = o, as may eaſily be proved. 


I might here ſhe w how to reduce a Biquadratic Equation, not falling under any of 
the three Forms in Sect. 1. Chap. 15. Book 1. to a Cubic Equation, and ſometimes into 
two Quadratic Equations, but I ſhall ſpare that Labour for theſe Reaſons: F rſt, that 
Reduction being ſubject to many Caſes, is very tedious and troubleſome. Sccondly, ſuch 
a Biquadratic Equation is ſeldom capable of being reduced into two Quacratic Equati- 
ons; and when tis reduced to a Cubic Equation, this may happen to be ſuch as its Root 
or Roots in Numbers cannot be perfectly found out by any Rules hitherto publiſh'd by 
any Author. Thirdly, by the Method in this ninth Section all the Roots of any Cu- 
bic, Biquadratic, or other Equation of higher degrees, may be found out in Numbers, 
eicher exactly if they be Rational, or as near the Truth if they be Irrational, as ſhall be 
needtul for any practical Uſe. And laſtly, my undertaking (as I have before hinted) is 
not to handle all, but the moſt uſeful Rules only in this profound Art. | 

Note. The Reſolutions of the preceeding Queſtions of this ninth Section do clearly 
ſhew, that there is no ſmall Labour in making Tryals with the Diviſors of the laſt Term 
of an Equation to find its Root or Roots; and therefore to leſſen that Work, firſt, it 3 
will be convenient to make ſome tryals by the general Method in the foregoing Chap 10. | - 
to find out Limits within which the Root or Roots of an Equation do fall, or to argue 
the ſame from ſome things given in a Queſtion producing the ſaid Equation, and then | | 
ro make ſtryals only with ſuch Diviſors of the laſt Term as fall within thoſe Limits;  * 
but when all Contractions are uſed, the Work is ſufficiently laborious, ſo that one 
chief Scope of an Analyſt in reſolving a knotty Queſtion muſt be to frame his Poſitions 
with ſuch Artifice that the Reſclution may end in as ſimple an Equation as is poſſible. 
And altho one Way of Reſolution may produce an Equation, comp«ſed of high Pow- 
ers, yet oftentimes by another way you may come to a more ſimple Equation, as 
may partly appear by the foregoing fourth and fifth Queſtions of this Section; but 
the skill of finding out the moſt {imple and facil ways of Reſolution, is not attainable 
(as I conceive) by any certain or conſtant Method, but rather by much Uſe and Ex- 
erciſe in the ſolving of Queſtions. | 


Se&, X. Concerning the Reſolution of certain Cubic Equations in Numbers by two Rules, 
the Invention whereof Cardanus attributes to Scipio Ferreus. 


1. All Cubic Equations after the ſecond Term is taken away, when there happens to 
be any, (by the Rule in Sec. 8. of this Chap.) are reducible to theſe three following 
Forms, in which a repreſents the Root or Quantity ſought, but p and q known 


Quantities. | 
aaa = — 6aT 20 aa = - 
aaa T 64 ＋ 40 | | aaa — FT 4. 
aaa = +91a—330 aaa = +pa—q 


2. Now let it be required to reſolye the firſt of thoſe Equations, viz. 
If aaa = —6aÞ20, or aaa = —pa-b-q; 


| What is the Value of a ? ” R 
] - Preparation. 

3. Suppoſe — — ee -y 

4. Suppoſe alſo- — 20 = ece y 


5. And — — — — 6 g ze 
6. Then by multiplying each part of the | 
Equation in the third ſtep into it 0 aaa = ere — 3eey- 3 - ü 
Cubically, this is produced, viz - 82 And 
7. 


} 


— — — — — 
C HAP. 11. 


7. And by multiplying the Equations > 
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in the third and fifth ſteps one 0 64 = zeeyzeyy 


— 


the other, it makes 


8. And by ſubtracting the Equation in) 


the ſeventh ſtep from that in the, 20-64 = eee—3eerJ-3e39 - 


fourth, there remains — 
9. Therefore by the ſixth and eighth? 


ſteps tis manifeſt that 


— — 


aaa = tee—3Zee)-T-3e)y—J)) 20 


10. From the premiſes tis evident, that if in the Equation propos'd to be reſolv'd to 


wit, aaa = —64 . 


20, or aaa = —paÞ+q, we ſuppoſe the Root a ſought to be 


equal to the Difference of two unknown Numbers e and y; alſo the abſolute Num- 
ber 20 (or g) to be equal to the Difference of the Cubes of the fame 
two Numbers, and the Co- efficient 6 (or p) to be equal to the triple Product of their 
Multiplication: then as well aaa as 20—64 (that is, q—pa) ſhall be equal to the 
Cube of the Difference of thoſe two Numbers, viz. to the Cube of egi; and therefore 


when two ſuch Numbers are found out, their Difference ſhall be the Root or Num- 


ber a ſought. But to find out the ſaid two Numbers (e and 5) there is given the 
Product of their Multiplication, to wit 2, (or 3p) that is, one thitd part of the Co- 


efficient, as allo 20 (or 


the Difference of the Cubes of the ſame two Numbers. 


And therefore the Numbers themſelves ſhall be given ſeverally by the Canon bf 
Queſt. 15. Chap. 16. Book 1. and conſequently the Root à ſought ſhall be given alſo, 


as will be made manifeſt by this following 
Operation. 

the given Abſolute Num- 100 
ber 20 (or ) viz. to 

12. Add the Cube of 2 
(or ) viz. the Cube of 44: 
+ of the Co: efficient 6 
(or ) which Cube is — 


11. To the Square of half 0 


--- = 50 is FRE FRY” 
14. quare OO of 
1 Sum i a v 108 
15- To that Square Root 
add half the Abſolute 107/108 


Number 20 (or ) and 


the Sum is bo. 


16. The Cube Root of that . 
Sum is the greater Num-({ (3): 10+yv108 : 
ber e ſought, v:z. 

17. Again, from the Square 5 as 
Root in the fourteenth 
ſtep ſubtract half the ab- .—10+y/108 
ſolute Number 20 (or q) 85 
and the Remainder is 

18. Then the Cubic Root 


Ae | wes 
of that Remainder ſhall VG): —toFv108: 


be the leſſer Number ) 
ſought, vx. 


"449 1994 


7p 


477 p 


17 ＋ %% C 


— OAT — 


 4(3) : 24--vi99 Popp 


= Cv F 7H 


VS L Ex ifep 


19. And then the Difference of the two Cubic Roots found out in the ſixteenth and 
eighteenth ſteps ſhall be the Value of thæ Root a in the Equation propoſed, viz. 


4 = (3): 1o+v108 : —V(3): —10+y 108: that is, 


a = 4 (3): % V% T 2788p: = V3): - C pep : 
20, It remains to make tryal whether the Binomial too has a perfect Cubic 
Root or not ; ſo by the Rule in Seck. 18. Chap. g. of this ſecond Book, it will appear 
that 1) is the Cubic Root of to 108, and /3—1 is the Cubic Root of 
v108—10 ; and conſequently the Value of the Root à before found out in the 


nineteenth ſtep is expreſſible by a Rational Number; for if y3—1 be ſubtracted 


Nn 


from 


— . — —— 22 roo — 
4 — — — — 


, 
1 
| 

4 o 
” . 
1 

' | 

, 

# © 

| 

' 

' 

. 

| 


& 
dal (+ 


O — — 
r — 


— nee 
- 7 — - - F< - - 
„ * Y s 
* * 3 , b 4 = — 
= * * * — — — — * * *+ 
= —_— \ l - 
= „ 


. . Fae , 
—_ — . — —— 


— — 


— . — 
_—_ « — 2 — 
- _— --— 


—— + * 


— — 
— 
J — CIT 
- = 
ay — -. 
+ GSC, = rc 


—— 6 
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—— 2 — % ˙ <= an » 
ti. All * 


1 


* IG — 


from 1 C], the Remainder 2 i | N mad bas — 
+v3s r 2 is the deſired Value of in the Equatioli propoſe 


5 


_ * 8 


— 


for if a Da, then aaa=29 = da, or 4a CG 20. A | 
"Equation un fee, ill o forms thi ay Pe Vibe ef f mii 
Butthis Value good.) 3 105 ne EE 1 No 11 5 A+; F theo: 
9 1 2 50 rei * 211 ws 1 by, laid Value muſt Scher 
W will be fog wy 9 5 thar is * 5 „ 4 "mY FR us Value, 
T.... ph, ne © Obie Xquition of oh6 Tecond of 


W 
- 
- 


| ute Ga EA; or, aaa = patgq ; 
What is the Value of a? pF oops * 
- pak, „ Preparation. 5 

23. Suppoſe rr — 4 =ely ty 
27. wppole GH . —. 5 tt . 
25. And N — 3 go e 


26. Then by multiplying each ray 70 2 57 1197 
the Equatition in the twenty third ſte aaa =- eee US 263 
into elf cubically, this is wales. L 1360 +3 i 

27. And the Equations in the N 
third and twenty fifth ſteps being 
mutually multiplied one by the o- 6a = 3eey+3eyy 
ther will produce Yer * 

28, And On of the Eqpation in a mul e 1 
the twenty fourth and twenty ſeventh 6a4-40= eee 46g 01 
ſieps makes —_ —_ 5 Hao eee zee HE en {yy | | 

29. Therefore by the twenty ſixth an | 410 e 

. 3 434 "tis —_— that m +309 +309 +yyy=6a-4-40 
o. By the eight laſt preceding ſteps tis manifeſt; That if in the ion tops“ 

f be reſolved, to wit, aaa=6a+40, or aaa=paÞq, we oppor the Raps _ © 
to be equal to the Sum of two unknown Numbers, e and 2, alſo the abſolute Namber 
40 (or q) to be equal to the Sum of the Cubes of the ſame two Numbers, and hs 
Co- efficient 6 (or ) to be equal to the triple Product of their Multiplication Ker 
as well aa as 64 C40 (that is, pag) ſhall be equal to the Cube of e 1 Wm”, E 
fore when two ſuch Numbers are found out, their Sum ſhall be the Rode N be 
a ſought. But to find out the ſaid two Numbers (e and y) there is given 4 Ts f 

their Multiplication, to wit 2 (or 3) that is, ; part of the Co efficient as allo 0 
(or 9) the Sum of the Cubes of the ſame two Numbers, and therefore che Kees 
ſhall be given ſeverally by the Canon of Qu. 14. Ch. 16 Bock 1. and conſequently the 
Root a ſought ſhall be given alſo. All which will be made manifeſt by th 10 following 


a — 


o 


7 


Operation. 
31. From the Square of half the given | 
abſolute Number 40 (or ) viz. from 400 497 
32. Subtract the Cube of 2 (or 7p) 
vix. the Cube of ; of the Dc 8 fa 
ent, which Cube is ———— PP 


33. The Remainderis — — 3 | 
34. The Square Root of that Remaind, is * J ih Kg ow . — 
1477 — ; 


35. Which Square Root added to half 


makes the Sum ——— 
36. The Cubic Root of the Sum in — — = —— 
the laſt ſtep is the Value of e v(3):20ÞFv 392: 3) 1 %% Pol : 


37. The SquareRoot in the thirty fourth 1 0 20 5355 

ſtep being ſubtracted from half thep 20-5992 17% 2 
Ablolute EH 40 (or 4) leaves 'Þ Eo rao. 
aa een Armas 607 
I 36. Then 


— 
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39. Then the Sum of the two Cubic Roots found out in the thirty ſixth and thirty 
eighth ſteps ſhall be the Value of the Root ain the Equation propos d to be reſolvea, 


a = vV(z3): 2 + v392: + v(3): 20+yv392 : that is, 


a = 4(3): 39 HP: +v (3): 29 E 319 C., -2ep 
Ic remains to make tryal whether the Binomial 20+y 392 has a perfect Cu- 
dic Root or not; ſo by the Rule in Sec. 18. Chap. 9 of this ſecond Book, you will 
find 24+y2 to be the Cubic Root of 20 C/ 92, and 2—\2 the Cubic Root of 
20—v392, and confequently the Value of the Root à before found out in the thitt 

ninth ſtep is inexpreſſible by a rational Number; for if 2—4y2 be added to 2 C, 
the Sum 4 is the defired Value of a in the Equation propoſed to be reſolved : for it 
a=4, then aaa = G o. . 

41. Another Example of reſolving a Cubic Equation of the ſecond Form may be this, 

viz. Let it be required to find the Value of a in this Equation aaa=124 1178. that 


is, aaa=paÞ+9q, then the Canon expreſt by the Literal Equation in the thirty ninth | 


ſtep will give 


a=i(3): 9+v17:+v(3): 9—v17: "Fe 

But this Value of a is inexpreſſible by any Rational Number, becauſe the Binomial 
9 ＋ 17 has not a perfect Cubic Root, and therefore the ſaid Value muſt either reſt in 
that Surd Form, or e'ſe be expreſs'd by ſome Rational Number near the true Value, 
which will be found 405, c. that is, 4 5, Cc. | 

The premiſſes do clearly ſhew the riſe of two Rules delivered by Cardanus in his 
Algebraical Treatiſe entituled Ars magna, which Rules are mentioned in divers Au- 
thors, and the Subſtance of them is contained in the two literal Equations in the fore- 
going nineteenth and thirty ninth ſteps ; the former of which Equations is a Canon to 
find out the Root of any Cubic Equation in Numbers, which falls under the firſt of the 
three Forms before mentioned, and to expreſs the ſame perfectly either by ſome Rati- 
onal or Irrational Number ; and the latter of thoſe literal Equations finds out the like 
exact Root of any Cubic Equation of the ſecond Form, except in one caſe only, viz. 
when the Square of half the abſolute Number (q) which is the laſt term of the Equation, 
is leſs than the Cube of one third part of the known Co efficient (p). But no Author 
that I have met with, gives a certain Rule, either to find out the Root in that Caſe it 


it be an Irrational Number ; or the two affirmative Roots of a Cubic Equation of the | 


third Form, if each of theſe alſo be Irrational, Huddenius indeed faith i 


n page 503 of 


Carteſius his Geometry before mention'd, he had a Rule (which he intended? to publiſh} - 


by which all Irrational Roots, as well of numeral as of literal Equations, may be found 
out, but that much deſired Rule is not yet come too light. But when a Cubic Equation 
of what kind ſoever has one Root expreſſible by a Rational Number, both that and the 


reſt of the Roots, when the Equation is capable of more than one, may be exactly found 


out by the help of the Diviſors of the laſt Term, according to $f. g. of this Chap. 


— 


* — 


HX. AI. 


of the Method of Reſolving Queſtions wherein many Quantities are ſought, 
by aſſuming different Letters to repreſent the ſaid Quantities ſeverally. 


IL [ Icherto in the Algebraical Reſolution of a Queſtion, wheroia two or more 
| Quantities have been ſought, -I have aſſumed only one Letter, as a or e, to 
repreſent ſome one of the unknown Quantities, and formed the Poſitions for the reſt by 


the help of that Letter and the Quanrities given in the Queſtion. But many Queſtions 


or 8 a reſolyed by aſſuming a peculiar Letter to repreſent every one of the 


8 as a for one unknown Quantity, e fot a ſecond, y for a third, Cc. 
By this Method alſo thoſe intricate and obſcure ways of reſolving Queſtions by ſecond 


Roots, or (as Simon Stevins calls them) poſtpoſed Quantities, will be avoided. 
Nn 2 | fn 
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In handling the following Method I ſhall give three principal Rules, and explain 
them by Examples; but to preſcribe Rules for all Caſes, is (as I conceive) an impoſſi- 
ble Work. | 


| Z 5220 0 Ob 


When many Quantities are ſought by a Queſtion, firſt let them be ſeverally repre- 
ſented by different Leiters; then after you have well conſidered the Condition in the 
Queſtion, abſtract it from Words, and expreſs the Tenor thereof by Equations; that 
dove by the help of Tranſpoſition find what the firſt, that is, any ſingle Letter repre- 
ſenting a Number or Quantity ſought in the firſt Equation is equal to; then whereſoever 
that firſt Letter is found in the other Equations, take inſtead of it thoſe Quantitics to 
which the ſaid firſt Letter was found equal: fo ſuch firſt Letter will quite vaniſh out 
thole other Equations. Again, by Tranſpoſition ſet a- ſecond Letter alone in one of 
thoſe Equations out of which the firſt Letter was expell'd, and proceed as before ; ſo 
at length one of the Numbers ſought will be made known, by the help whereof the reſt 
will eaſily be diſcovered. This work will be better underſtood by Examples than 
many Words, and therefore I ſhall 'proceed to Queitions, 


gSUESTION 1. 

A Factor exchanged 6 French Crowns and 2 Dollars for 45 Shillings of Exgliſb Mo- 
ney ; alſo at another time he exchanged 9 French Crowns and 5 Dollars (each of theſe 
being of the ſame Value with the former) for 76 Shillings: 1 demand the Value of a 
French Crown, and alſo of a Dollar, in Eugliſ Money ? _. 

Let a repreſent the deſired Value of a Crown, and e the Value of a Dollar, then 
the Queſtion being abſtracted from Words may be ſtated thus. 

1. If 6a+2e 
2. And —— —— 2 Fe 
What are the Numbers a ande? ] — 


RESOLUTION W 
3. By Tranſpoſition of 2e in the firſt Equation this ariſes— 64 = 45—2e 


— — — 


MIR! 


4. And by dividing each part of the third Equation by 6, 722 
it gives — — — 6. f 
5. The fourth Equation multiplied by 9 produces 9a = 3 


6. Then if inſtead of ga in the ſecond Equation you take? 405-18 | 
the latter Part of the fifth, this will ariſe ——<. — e +5e'= 76 
7. The ſixth Equation, after due ReduQion, diſcovers ? ſr na 
the Value of a Dollar, viz.— pl 
8. The ſeventh Equation multiplied by 2 gives = — ee = 81 
9. And by ſetting the latter part of the eighth Equation 1 
in the place of 2e in the firſt, this Equation ariſes —— * = 45 
10. From which laſt Equation atter due Reduction, the 3 
Value of a or one French Crown is diſcovered, > Piano ern 
Thus by the ſeventh and tenth Equations it is found that a Dollar was valued at 


45. 3d. and a French Crown at 6s. 1d. which Numbers will ſatisfic the Conditions in 
the Queſtion, as may eaſily be proved. NS) Yo 136M] 


—C —— — 


— 8 "OF i. * oa. 8 1 > * a 4 3 
„ * — 8 * 


| QUESTION... 2. | | 
Three Men had every one of them a certain Number of Pounds in his Purſe ; the 
Sum of the firſt and ſecond Mans Money was 5 (or 50 Pounds, the Sum of the ſecond 
and third Mans Money was 12 (or c) Pounds, and the Sum ot the third and firſt Mans 
Money was 11 (or d) Pounds: How many Pounds had every one in his Purſe?? 
Let the three Numbers of Pounds ſought be repreſented by a, e, and y; then reſpe& 
being had to the Numbers given, the Queſtion may be ſtared thus, -x. 


— ß 
. 


1 — —— — 1 1 2 50 
2. And tu —-— — — * SO — — 5 = e A7 = 0 == 12) | 
3 And — ——.- 4 


What arc the Numbers 7 and 2? i — 


CHAP. 12. by various Poſitions _285 


—— 


2 8 


— * 


WWW 
4. By Tranſpoſition of a in the firſt Equation there will ariſe e = b—a 
5. Then by taking the latter part of the fourth Equation — = 
inſtead of e in the ſecond, this Equation ariſe —— —— * ates Xt Sort. 
6. And by Tranſpoſit ion of Ha in the 5th Equation it gives y = c—b+a 
by taking the latter part of the ſixth Equation. in- 
1 {= 5; in eth . — 2 e Han d 


in the third, this ariſes — — 
8. From which ſeventh Equation, after due Reduction, } $84.44 
the Number ; will on made —_— VI, 4 T a = tb+id—jc 
. Again, it inſtead of a in the firſt Equation we take the } . gi 
g 9 part of the eighth, this ariſes 1 1 Tdi re = A 
10. Then from the ninth, after due Reduction, the Num- = 6 b 4 
ber e will 5 Ne WD vix. 7 t 
11. Again, if inſtead of à in the thir uation we take Ne YR 
the — part of the eighth, this ariſes 5 3 > 1+ib+3d—3c = d 
12. Laſtly, from the eleventh Equation, after due Reduct > = #d4-ic—'b 
ion, the Number y will be made known, viz. 1 
The eighth, tenth, and twelfth Equations give this 


| o ANON 

From the Sum of every two of the three Numbers given ſubtract the remaining Num- 
ber, then the halves of the three Remainders ſhall be the Numbers ſoughr. Whence 
the Numbers ſought, to wit, a, e, and y, will be found 2, 3, and 9; for 24+3=5, at 
ſo3+9=12, and 9+2=11, as was required. | 

The foregoing Reſolution of this Queſt. 2. is formed according to Rule 1. but the 
ſame Canon may be more expediouſlydiſcovered by this following Reſolution, wiz. 
The Sum of the firſt, ſecond,” ard third Equati- 1 SIT 
"ons which fark the Queſtion —⅛ð ß Led 
The half of that Sum is 9 —— a Le) — 25 Þ+:cÞ2d 
Ihen from that half Sum ſubtract the firſt E- 122 "Ga" $199! a 

quation, and the Remainder will be — f * c C 2d—16 
Again, from the ſaid half Sum ſubtract the ſe- | 7 TEEFEES 
Laſtly, + from the ſaid half Sum ſubttact the 1 
Echte Equation, and the Remainder gives — 8 K = 11 
Which three laſt Equations do manifeſtly give the ſame Values of a, e, and y, as 


cond Equation, and the Remainder is 


© were found out by the former Reſolution. 


* 4 * 


—_—_ — A 
* _ 


Three Men diſcoutſing of their Moneys jo this manner; the firſt ſays to the other 
two, if 100 J. were added to his Money, the Sum would be equal to both their Mo- 
neys ; the ſecond ſays to the other two, if 100 J. were added to his Money, the Sum 
would be equal o the double of both their Moneys; the third ſays to the other two 
if 100 J. were added to his Money, the Sum would be equal to the triple of both their 
Moneys : The Queſtion is, to find how many Pounds each Man ha. 

Let the three Numbers of Poùnds ſought be repreſented by a, e, and y; then the 
Queſtion may be ſtated thus, vx. 5 | 
1. H mp ———_—__— ee yp * 

2. And — — — 820 A | - 2 100 = 24 E25 by 8 

3. AN, ——————_ 5 110 34 Lz ) 
What are the Numbers a, en andy? 1 ennnrrrr nr mman | 
205110! 2156GmnM 59 ie Fork of cso & 249 OE EL 


IN Co; 


- O% 4 4 
* 1 


Lane 979099 züchte N e r id 
4- From the firſt Equation by Tranſpoſition of eee e 
„this ariſes — 0 4. hs 9 4 EIOO- ? || e 
5. 2 if od of e in the ſecond, Equation. | 1 
there be taken that which is equal to e to wit, S a--100 Wa N 
the firſt part of the fourth, this will ariſe.— | + ee | 
6. Thar is, after due Reduction. 200 = a E J. Again 
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there be taken the triple of the firſt part ioo = z3a+3a+3z00—3y 
the fourth Equation, this will ariſe, to wit, WES 
8. Which laſt Equation after due Reduction gives y = 4a+50 | 
9. Then if inſtead of 3y in the ſixth Equation, > © 
there be ſet the triple of the latrer part of the 8 200 = 41242 L150 
eighth, this will come forth, viz. — . 1 23 
10. From the niith Equation, after due Redu- , 
&ion the Number a will be diſcovered, viz. F Lr 
11. Again, if inſtead of a in the ſixth Equation, y , n 
there be taken 97, to wit, the Value of > 200 = 9rr +30 
ſound out in the tenth, it will give 2 9 5 | 
12. The eleventh Equation duly reduced diſco- 8 
ers the Number 5, viz. eee I Rui 
13. From the fourth, tenth, and twelfth Equa- 
tions by exchange of equal Quantities this 9;7:+100—63;z! = 
Equation ariſes, viz- — — * 
14. The thirteenth reduced gives — — e = 45 


* B 


From the 1oth, 14th, and 12th Equations the three Numbers ſought a, e and y ate 
diſcovered, viz. the firſt Man had g,. the ſecond 45-+ J. and the third 63. I. which 
Numbers will ſatisfie the Queſtion as may eaſily. be proved. 


If 121 be given inſtead of 100 in this third Queſtion, then the three Numbers ſought 
will be whole Numbers, to wit, 11, 55, 77- 8 | 


7. Again, if inſtead ot 3e in the ej par of 


„ 


RULE Il : 


When the ſame Quantity, ſuppoſe a, is found in two ſeveral Equations, and equal 
Numbers are prefix d to thoſe Quantities, then it their Signs be both 4 or both . ſub- 
tract the leſſer Equation from the greater; but if one of the Signs be C, and the. other 
—, add thoſe two Equations together; ſo the ſaid Quantity a will quite vaniſh, 28 
will appear by the Reſolution of the following Queſtion. _ er 5 


QUESTION 4: 
The Sum of two Numbers being given 12 (or þ) and their Difference 8 (or c) to 
find the Numbers. One, 3 T Te 
Let a be pur tor the greater Number, and e for the leſſer, and the Queſtion may be 
ſtated thus : <a ah NAVY 
1. If — — • òv— — — — 4e — [= I2 } 


2. And ——- — — — ra- e —c ( 8 ) 
What are the Numbers à and e? l 
Robin 3 i Li #4 » 
3. For as much as a or +14. is found in each of the} 
© Equations prapoſed, therefore according to Rule 2.) 
I ſubtract the leſſer Equation from the greater 
whence the I 2 — po qreaty? remains) 
4. Then by dividing each part of the third Equation ? 1 | 
7 by 2, the Number e is made N 3 — $.-.. Ae (= 2) 
5. And by taking the latter part of the fourt nay 3 e 
tion inſtead of » in che fit, there remaing f 1 = 12) 
6. Laſtly, the fifth Equation duly reduced diſcovers =£-2t2-10} -: 
the Number a, viz. — — — 4 NED . 
The 6th and 4th Equations diſcovers a Canon to find out the Numbers ſought, 


which in this Example are 10 and a, and the Canon js the ſame with that before found 
in Queſt. 1. Chap. 14. Book 1. 4 . 


W 


—— 


—  — ũ̃ ꝙ— 


Ly - - l oy _ 
- a 4 _ y WE” - 

—— —— — — — —— — — — — wv» - — - 

—— 2 — — —— — _ — _— — — — 

= 4 = — = — — — 
- 
- — * — 

— — — —— — — — . 

7 * — — 
— —— 2 — — 


2k = b—c ( =4 ) 


* wa. + 


| Otherwiſe ibu. 
5- For as much as ae is foung in the firſt Equation, - | 
and —e in the ſecond, therefore by adding thole(  _ HA wn F 
two Equations together, (according ts Rule 2:) 2a fe ＋ 20 f 
che Letter e vaniſhes, and the Sum ies 3 | 9. 
| N 8. There 


C H A b. 1 


by various Poſitions 


IT IIS 6 — — — 
— 


8. Therefore by dividing each part of the ſeventh ) 
Equation by 2, there ariſes the ſame Value of a, „ a= 3b Ec (= 10 ) 
which was before found, in the poke reg —— 

And by ſetting the latter part of the eighth Equa- 1 N 2 Th 

g tion in hy place of a in the firſt, this f iſes S bricte =b(=12) 

10. Which laſt Equation reduced diſcovers the ſame 
Value of e, which was before found in the = = GS T= 2) 
Equation, viz. 


— — ͥ 


8 


_— FY ——_— 
* 
— 


RULE III. 


When the ſame Quantity, | {ſuppoſe a, is found in two ſeveral Equations, but the 
Numbers prefix'd to thoſe equal Quantities are unequal, thoſe two Equations may be 
reduced into two others, which ſhallhave equal Numbers prefix'd to the ſaid Quantity 
a, by this Rule, viz, Multiply all the. Quantities in the firſt Equation by the Number 
which is prefix'd to the ſaid Quantity a in the ſecond ; multiply likewiſe all the Quan- 
tities in the ſecond Equation by the Number which is prefix d before the ſame Quantity 
a in the firſt ; ſo by ſuch alternate Multiplication two new Equations will be produced, 
wherein the Numbers prefix d to the ſaid Quantity a will be equal to one another: and 
then by adding or ſubtracting, according to the import of Rule 2. of this Chap. that 
Quantity à will quite vaniſh: That done, renew the like Work to expel the ſame 
Quantity out of the reſt ot the Equations; and proceed in like manner with a ſecond 
Quantity, uptil at length the Value of ſome one Quantity be made known, This I 
ſhall make plain by the Reſolution of five Queſtions next following. 


QUESTION 5. 


To find two Numbers that if the Quadruple of the greater be increaſed with the 


triple of the leſs it may make 36 ; bur if the triple of the greater be leſſened by the 
double of rhe leſs, the Remainder may be 10. 


Put @ for the greater Number, and e for the leſſer, then the Queſtion may be ated 


thus, viz. 
124 — — —— — 4aÞ3e = 36 
2. And — — —— — 34—2e = 10 


What are the Numbers a and e? [1 K's EPL WADE hu. 


RESOLUTION. 
3. The firſt Equation multiplied by 3, which is prefix'd to a in 
the ſecond, produces wor 8 
The ſecond Equation multiplied by 4, which is prefix'd to x 
7 in the firſt, makes ——— 4 . — we ee 124—8e = 40 
5. Now for as much as the Quantity 12a is found both in 5 


| 


fourth and thirdEquations, and is affirmative in each, therefore 

according to Rule 2. I ſubtract the leſſer Equation from the 

greater, ſo theQuantity 1 2a vaniſhes, and this Equation remains 
6. The fifth Equation after due Reduction diſcovers the Num- 

bt. os i EL INE: þ 
7. Then I ſet 12 (which by the ſixth Equation is the Value of | x 

ze) in the place of ze in the firſt, and this Equation ariſes 4 f = 36 
8. Laſtly, the ſeventh Equation duly reduced diſcovers the . | 


9er 8e = 68 


— 2 6 


ber a, via... — \ 
From the 8th and 6th Equations the two Numbers ſought are found 6 and 4, which 


will ſolve the Queſtion ; for four times 6 with thrice 4 makes 36 3 and thrice 6, to 
wit 18, leſſened by twice 4 gives 10, as was required SES 


— 


QUESTION 6. 


3. ( De 24 E ze— 2) =, 50 
. ̃ Ä— ̃ Ü— ͤ —,——, it 
i W wh og ——-J 


—— — Soo Y 


What are the Numbers a, e, and y? | | 
| | R E- 


TRE 5 124 Fe = 108 
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8 4. The firſt Eqaution multiplied by 5, which isprefixd'd 1 5 
a in the ſecond, produces roa gige 10) = 250 
5. Likewiſe the ſecond Equation multiplied by 2, which is > | 1 
- prefix'd to a in the firſt, makes = - — 3" 104—qeT 10% = 480 
6. Then (according to Rule 2.) by ſubtracting the fourth | 
Equation from the fifth, the Quantity toa vaniſhes, and —19e20y = 230 
this Equation ariſes - * ; | 
7. Again, the third Equation multiplied by 5,-which is“ ; 
prefix'd to a in the ſecond produces —— + 45 \ —$4Þ25e—159 —_— 
8. And the ſecond Equation multiplied by 1, which is ſup - eh 
pos'd to be prefix'd to @ in the _thicd, gives the ſame ſe- ＋ Fa- ze 5y = 240 
cond Equation without Alteration, viz, —— ———— 
9. Then becauſe +5a and — 3a by Addition will deſtroy » 
one another, therefore (according to Rule 2.) I add the 
ſeventh and eighth Equations together, ſo the Letter a ＋ 23e—10y 
vaniſhes, and this Equation ariſes, — 
10. Again, I ptocced with the ſixth and ninth Equations 
according to Rule 3. viz. I multiply the ſixth Equation 
by 23, (which is prefix'd to e in the ninth) and it makes 
11, Alſo the ninth Equation multiplied by 19 (which is 
pre fix d to e in the ſixth) produces ——— 8 Þ+437e—1g0y = 5510 
12. Then (according to Rule 2.) by adding the tenth and | 
eleventh Equations together, the Letter e vaniſhes, and + 2703 = 10800 
this Equation ariſes, viz. — | | 
13. And by dividing each part of the twelfth Equation by. 
270, the Number y is diſcovered, viz, | » : non-op 
14. Then inſtead of 1oy in the ninth Equation taking ten | 
times 40, that is 400, (which by the thirteenth Equati-p | 23e—400 = 290 
on is equal to 1oy) the ninth will be reduced to this. 
15. And from the fourteenth Equation, after due Reducti- * 
on, the Number e will be diſcovered, viz. | 
16. Then inſtead of 3e—2y in the firſt Equation, I ukee 
go—80, (which by the fifteenth and thirteenth Equari- 
ons will be found equal to 3e—2y) ſo the firſt Equation 
will be converted into this, viz. -— 
17. Laſtly, the ſixteenth Equation duly reduced diſcovers & JF 3 
the Number a, viz. —— Wer es? EF 29 
From the 17th, 15th, and 13th Equations the 3 defired Numbers a, e, y, are 20, 30, 
and 40, whieh will conſtitute the 3 Equations firſt propoſed, as may eaſily be proved. 


290 


—43 7e--460y = 5290 


— ——ñ—6ß — 


y = 40 


— — —— 


[/ 


4-2 30 


2a+go—80 = 50 


— — — 


—— 


— — 


QUESTION 7 


Three Men diſcourſe of their Moneys in this manner; the firſt ſaith to the other 
two, it you give me 100 Pounds, my. Money will be made equal to both your remaining 
Moncys: the ſecond faith to the other two, if ye give me 100 Pounds, my Money will 
be made equal to the double of both your remaining Moneys: laſtly the third ſaith 
to the other two, it ye give me 100 Pounds, my Money will be equal to the triple of 
both your remaining Moneys. I demand how many Pounds each Man had ? 

Let a Letter be aſſumed to repreſent each Man's Money, as a for the firſt, e for the 
ſecond, and y for the third; then the Queſtion may be ſtated thus, wiz. 


3. And — —— — — 0 = ;} zo 


What are the Numbers a, e, and)? n — . bs 


| RESOLUTION. 
4. The firſt Equation by tranſpoſition will be reduced to — 424A = nec 


. 4 Gee | | 5 5 WR 5. Like- 


7 "- ln 4s oa. alin Ate. AE ode dS ed r cc cbs » ot ttt tin diet a boes a... 
* * T7 FL D 

1 RS» 5 — — ey by * 1 bob 
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CHAP 62. 


5. Licewiſe the ſecond Equarion by Tranſpo- 
ſicion gives: .- 
6. And the 3d Equation by Tranſpoſition produces 


7. Then I proceed with the fourtn and fiſth E- 
quations according to Rule 3. viz. I multi- 
ply the fourth Equation by 2, (which is 
prefix'd to a in the fifth,) and it produces — 


$. The Sum of the fitth and ſeventh Equations gives 


9. Again, I proceed with the fifth and ſixth 
Equations according to Rule 3. viz. multi 
plying the fifth Equation by 3, (which is 

refix d to a in the ſixth,) it give 


10. Alſo the ſixth Equation multiplied by a, 
(which is prefix d to a in the fifth) produces 


11. Then by ſubtracting the tenth — 


from the ninth, the Remainder is 
12. Again, I proceed with the eighth and ele- 
venth Equations according to Rule 3. viz. 
multiplying the eighth Equation by 9, (which 


is prefix d to e in the eleventh,) it makes 
13. Then (according to Rule 2.) the eleventh and) 


tvrelfth Equations added together make 


14. And by dividing the thirteenth Equation by 
by 44, the Number y 1s made known, viz. 
15. From the eighth and fourteenth, by ex- 

change of equal Quantities, this ariſes, viz. 
16. And from the fifteenth, by ſubtraction off 
the Number e is diſco- 


5811 from each part, 


yered, vix.— 


17. And from the firſt, fourteenth and ſixteenth 


Commons © 


— 


Equations, by exchange of equal Quantities, 


this Equation ariſes, viz. + 


— — — — 


18. Laſtly, the ſeventeenth Equation, after due 
Reduction, diſcovers the Number a, viz.— 


Thus, by the $8th, 16th and 14th Equations it is found that the firſt Man had 
63,71, the ſecond 11811 J. and the third x 
the Queſtion, 2s may eaſily be proved, 


by various Poſitions. 
C Þ2a—e+2y = 300 ? 
＋ 34-3e—y = 400 
—2u Cze 2) = 400 
e = 700 
6a-—3e +6y = 900 
* 6a |-6e—2y = 800 
—ge 8 = 100 
) | 
Te 36 = 6300 
> 581 = 700 
—— . = 1188 
0 4 TOO = 1181 ＋145 1100 
— 6. 
4511 J. which three Numbers will ſatisfie 


QUESTION S. 


1—— _— 


— 4 


— — — —e 


A. 


T4 


4a 
3» And ——— ney — ——— TOR „a- 


4. And 


What are the Numbers a, e, y, and u? 


quation in Integers, to wit — 
6. Likewiſe the ſecond Equation multiplied by 


4, produces 


— — — ay — 44 


20 Le-) 


[ITE 


— 


RESOLUTION 


5. The firſt Equation multiplied by 3, (the De- 
nominator of a Fraction ) produces this E. 


— — — — 


——ůů—— 


— — 


7. And the third Equation multiplied by 5 gives 
8. Alſo the fourth Equation multiplied by 6: 
PIOdUCES— — oo. —— oo ronmnmnns nmnmnmnns 


9. Foraſmuch as 3a in found is the fifth, and 
alſo in the ſixth Equation, I ſubtra& the 
lefler from the greater, ſo za quite vaniſhes, 


Oo 


zaÞ2e+2y+24 = 336 


34 4e 3) EzA = 456 


Ja Eye EN + 6u 


— 2 D. 


——— 
— 


4a 4e 5 4u = 628 


800 


; leven times 60, to wit, 660 in the place of 11 in 
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10. Then I proceed with the fifth and ſeventh Equa- y 
tions according to Rule 3. viz, I multiply the fifth . 
Equation by 4, (which is prefix d to a in the — 124 Ede +85} 8 =1 344 
venth,) and there comes forth — — 
11. Alſo 1 multiply the ſeventh Equation by 3, 
(which is prefix'd to a in the fifth,) and it Ke . I2aT12e+ 155 12 = 1884 
12. Then by ſubtracting the tenth Equation from the 5 


eleventh, the Quantity 124 quite vaniſhes, and this 4e 742 = 5 40 

Equation ariſes, to wit. 
13. The ninth Equation multiplied by 2, produces—- — 4e 2) EzA = 240 
14. Then by ſubtracting the thirteenth Equation? 

from the twelfth, this ariſes, to wir, - 
I5. Again, I proceed with the fifth and eighth Equa- / 

tions according to Rule 3. viz. I multiply the fifth 2 

Equation by 5, (which is prefix d to a in the eighth,)C *? 4 EIO EI Io 1680 

and it 1 
16, Likewiſe the eighth Equation multiplied b | 

(which is prefix'd to a in the fifth, ) . ee 15a4+15eTI5yTI8% =2400 
17. Then by ſubtracting the fifteenth Equation from 

the ſixteenth, this ariſes, viz, ——- — 5e+5y+8u = 720 
18. Again, I proceed with the ninth and ſeventeenth | 

Equations according to Rule 3. viz. I multiply the | Be 

ninth Equation by 5, (which is prefix'd to 1 - 2 ö,, zA = 600 

ſeventeenth,) and it produces -— ->- 
19. And the ſeventeenth Fquation multiplied by 2, 

(when, Fs piſs + to e - the ninth, ) produces 
20. Then tracting the eighteenth Equation from 

the - his remains 55 — 5 8 —— 951112 84 
21. And by ſubtracting the 14th Equation from che 

20th, (for ſince 55 is found in each of thoſe Equa . : 5 

tions, they need no Redud ion according WG 

there remains 
22. Which twenty firſt Equation divided by 9 diſco- | 

vers the Number 2, ix. e So _— 
23. From the 20th and 22d Equations, by letting e- 


n 


* - 


— — 


1 —— 10e 10y--16u 2440 


_ 


ns 24 jp Ga $40 


the 22th, there ariſes —— 
24. T herefore from the twenty third Equation, aber 

due Reduction, the Number y is diſcovered, viz. S 
25. And from the 9th, 24th, and 22d Equations, this ariſes 2e+36+60= 120 
26. 5 25th duly reduced e y ae e, vi. —— e 12 
27. From the 575, 26th, 24th, and 22d Equations, by 

exchange of equal Quantities, this Equation ariſes, 3 2472 1202 336 
28. Laſtly, from the 27th, after due Reduction, the 

Number a is diſcovered, viz. 

Thus by the 28th, 26th, 24th, and 22d Equations the four Numbers ſought, (to wit, 


m——_— cy 


az e, y, u,) are found 40, 12,36 and 60, which will conſtitute the font Equations in Queſt. 8. 


QUESTION 9. 


A Maid being at the Market is offer'd 10 Apples for a Penny, and 25 Pears for 
two Pence; now it at thoſe Rates ſhe would lay out 93 Pence to buy 100 Apples and 
Pears together, how many Apples, and how many Pears ought ſhe to have? 

1. For the Number of Apples ſought put a 
2. And for the Number of Pears ſought put » — _ 
3» Then ſearch out the coſt of the Number of Apples in the firſt 


— —ũ3 


4 
ed,” and fav. 1*-:10-.x.:1.. © o the coſt of the Num- J7 


10 
ber of Apples ſought i.! —Xͤ _—_—— 
— — — 4. Search 


— 1 . 


8 — ke. 


CHAP: 32. by various Poſitions. 


4. Search out alſo the Colt of the Number ot Pears in the ſecond 


20/ 

ſep, and ſay, I 25 .2::e- 5 . ſo the Coſt of the Num- = 

ber of Peats ſought is found 
5. Then (according to the Queſtion) the Money laid out for 

all the Apples and Pears ſought muſt be equal to 9, Pence FO 7 2. = 91 

hence this Equation, ü —— — 10 25 
6. But the Number of Apples, together with the Number of A 

Peats bought muſt make 1 og N eee FT AO 
7. Then the Equation in the fifth Rep, after due Reduction, = 

will give this Equation in — to wit, —— * Jo CA = 4750 
8. And the Equation in the ſixth ſtep being multiplied by 50 . 

produces * * * - — ISS : * 5a e = Fñooo. 
9. Then by ſubtract ing the Equation in the ſeventh ſtep from * 

that in the eighth, there ariſes ——<- — ——. * 8 
10. And the Equation in the ninth ſtep divided by 10, diſco- * 

vers the Number e, viz, — . oy 


11. Laſtly, from the ſixth and tenth ſteps, the Number à is al- _— 
| ſo made known, Viz, w——_—_ dq—_ — 7 | 1 
By the firſt, ſecond, eleventh and tenth ſteps it appears that there might be bought 
75 Apples, and 25 Pears ; which Numbers will ſolve the Queſtion, as may eaſily be proved 


1 


QUESTION 10. 


To divide 90 into four ſuch Numbers, chat if the firſt be increaſed wit 2 ; the ſe- 
cond leſſened by 2 ; the third multiplied by 2 ; and the fourth divided by 2; the Sum, 
Remainder, Product and Quotient may be equal between themſelves. 

Let 5 and d be put for the two given Numbers, 90 and 2; alſo a, e, y and « for 
the four Numbers ſought, then the Queſtion may be ſtated thus; 


S x. 1f— eee a e H=. 
4.4 ——— dd 
3: And —— — — — — — 444 = dy 
4. And—— — — — 444 = = 


What are the Numbers a, e, yandu? I| * 


RESOLUTION. 
F. The firſt Number ſought is equal to it ſelf, via. a = a 

6: From the ſecond Equation, by Tranſpoſition of 

A this ariſes, —— — Rs wy 7 aÞ:d = e HY 
7. And by dividing each part of the third Equa-y 23-4 9 

tion by d, this ariſes — 

8. And the fourth Equation multiplied by d produces da t dd = #« 
9. The Sum of the four laſt Equations gives So 


: 5 4 + 27% da Edd = a+eÞy+u=b 


"BY b1—ddd—2dd—d 
10. Which laſt Equation, after due Reduction, 'gives ——a =" dd+ I; N 


11. Then from the tenth and ſixth Equations, by bd +ddd add Cd 
exchange of equal Quantities, ——— * 6 3 * - 24+ 


12. And from the tenth and ſeventh Equations y err I 
| " "20D 


. . 


13. And from the tenth and eighth Equations, = — Pad 
| \ "x 

The four laſt Equations give a Canon to find out the four Numbers ſought, which are 
18,22,10 and 49,wich will ſolve the Queſtion. For, firſt, their Sum is 90; then if the 
firſt Number 18 be increaſed with the given Number 2, it makes 20; and if the ſecond 


Oo 3 Number 


„„ * — 


r 


= 
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Number 22 leſſened by 2, the Remainder is alſo 20: Moreover, if the third Number 10 
be mulriplicd by 2, it likewiſe produces 20 : Laſtly, if the fourth Number 40 be divided 
by 2, the. Quotient is alſo 20. Therefore the Conditions in the Queſtion are ſatisfied. 

But the Numerator of the Fraction in the latter part of the tenth Equation ſheys, 
That the Numbers / and d mult not be given at random, but fo, that ddd {-24d-t-q 
may be ſubtracted from bd and leave a Remainder greater than Nothing; therefore 44 
muſt be greater than dad 24d gd, and conſequently 6 mult be greater than dd C 2d Ec. 
Therefore, to the end the Queſtion may be poſſible, the Numbers given muſt be ſub- 
ject to this, 

Determinations 


The Number given to be divided () muſt be greater than the Square of (4-1) the 
Sum of the other Number given and Unity. 


5 QUESTION II. | 

There are two Numbers whoſe Sum is equal to the Difference of their Squares; and if 
the Sum of the Squares of thoſe two Numbers be ſubtracted from the Square of their 
Sum, the Remainder will be 60 : what are the two Numbers ? | 

Put for the given Number 60, alſo. a for the greater Number ſought, and e for the 
lefler ; then the Queſtion may be ſtated thus, viz. | 
II ———— —— aa—ee = a e 

=b 


2. And —— —.—.— aa ee Lz e- 4a ee 
What are the Numbers a ande? 


— — — - — — 


R. E SOLUTION. 


3: The (ccond Equation aſter its firſt part is dul * 

4. And the third Equation divided by 2 gives -—— _ ae = Ib 

5. And if each part of the firſt Equation be divi- 12 87 aſe. 0 
ded by ae it will giyxe⁊ͤ q TY OS 

6. From the fifth Equation, by Tranſpoſition of e, . 
there ariſes - — — 3 

7. The ſixth Equation multiplied by e produces ae =D te re 


8, From the fourth and ſeventh Equations, by ----- 2 
exchanging equal Quiniries — — eee = 30 


— 


9. Then the eighth Equation being reſolved by the? 
Canon in Set. 6. Chap. 15. Book, 1. the ers 


Number ſought will be made known, via.) 
10. And from the ninth and ſixth Equations the 
greater Number ſought, will alſo be 5 | 


known, Viz —— - 


4 a S . 6 


The two laſt Equations give a Canon to find out the two Numbers ſought, which 
are 6 and 5; as may eaſily be proved. . 


b year 1, eue 
7 : Ms of 
— QUEST. IGN 12. | 
There are two Numbers, ſuch, that if their Sum be ſubtracted from the Sum of their 
Squares, the Remainder is 42; but if the Sum of the ſaid two Numbers be added to 
the Product of their Multiplication, it makes 34: what are the Numbers ? 


* a and e repreſent the two Numbers ſought, then the Queſtion may be ſtated 
thus, vi. | 


as 1 
So 


2. And — — rage nog äZĩ—᷑pJ— —ö—ũ _ p ad aa a 4 e = 34 | 
What age the Numbers a ande? ] 


— — i — — — — 


RESOLUTION. 


3. By adding the firſt and ſecond Equations toge-1 1 „ — 
4 ther, the Sum will be ? 22 2 ; > 7 aa Fee A ae 76 


4. HOG? "guns the ſecond Equation to the third, 2 4 Lee Lz Tae = 110 


6. Then 


* 3 — 


CH AP. 2 5 


"F Then by ſquat ing each part of the fifth Equati- 2 
tion, this ariſes — — HY aa Fee +2ae 


7. The Sum of the two laſt Equations makes — yyÞþy = aa Tee Lade Tage 
$. And from the ſeventh and fourth Equations, by | 
exchange of equal quantitics, this Equation »Ty = 110 
5. Which eighth Equation being reſolved by the | 
Canon in Sect, 6, Chap. 15. Book 1. the Number | 
y, to wit, are will be made known, viz, — (= ate) = 10 
10. Then by ſetting 10 (the Value of a fe) inthe 
place of a +e in the ſecond Equation, there al ae Clog 34 
11. And by ſubtracting 10 from cach part of the | 
tenth Equation, there remains — 
12. And from the ninth Equation, by Tranſpoſi- | ie 
tion of a, there ariſes — — — 2 21 


by various Poſitions. 


it. F 


—-— — — 


— 


ae = 24 


13. And if a in the eleventh be multiplied by to? _ 
—a initcad of e, the ſaid eleventh Equation will | Re - = 
be reduced to this — | I04—44=24 i : * 

14. Whercſore the laſt Equation being reſolved by 5 | OT 
by the Canon in Sect. 10. Chap 15. Book 1. the 8 15 = 6 ond fill |. 
two Numbers ſought will be diſcovered, viz. e hog 4 BILAL 6 


Thus 6 and 4 are found out, which will ſolve the Queſtion propoſed, as will be 


evident by the Proof. > 6 


— 


— — 


QUESTION 13. wo | 
There are two Numbers, ſuch, that the Sum of their Squares make 100, and if the 
Sum of the two Numbers be added to the Product of their Multiplication, it makes 62 ; 
what are the Numbers ? _ 


Let 4 and e be put for the two Numbers ſought, then the Queſtion may be ſlated 


1 


— — 


thus, vix. 
1 If mmm — - = 100. 
What are the Numbers a and e? 1 BH 


RESOLUTION. 
3. The ſecond Equation multiplied by 2 produces 2ae-|-2aJ-2e = 124 


. 
—— 2 . 


un — 5 


N 48. 


— 


4. 1 _ of the firlt and third Equations gives -— aa-jee{-2ae]-2042e = 224 
J. Juppole — 
6. Then by ſquaring each part of the fifth Equati- 5 

on this is produced, vi. — y = aa ee zae 
7, And by adding the double of the fifth Equation?! $7 arbor 

to ſixth, ir gives — — Bot 2y = aa Tee LEzae 2aÞ+26 
8. And from the ſeventh and fourth Equations, by} + 180 4 

exchange ot equal quantities, this Equation les „ = 224 e 
9. Which laſt Equation being reſolved by the Ca- _ —— 

non in Sect. 6. Chap. 15. Book 1. the Number y, Þ - - yp 2 K · 8 

to wit a Fe, will be made known, viz. —— N 
10. Then from the ninth and ſecond Equations, by 1 

taking 14 inſtead of a Ce, the ſecond Equation ae +14 =. 62 

will be reduced to this, viz. —— --—— | * 
11. Which laſt Equation, by equal ſubtraction of 

I4, glVES ——= ome nn ͤññßͥ er———_—_— 
12. The ninth Equation by Tranſpoſition of a gives e 
Ly, £2 by 3 a 1 the eleventh Equa- 1 : 

ion by 14—a inſtead of e, thi jon i —aa = 48 | 

produced, to wit. ES Ng. 140-46 = 49 
14. Wherefore the laſt Equation being reſolved by 

the Canon in Se, ro. Chap. 15. Book 1. the two J a 

Numbers ſought will be diſcovered, viz. ——Y ms Bo 


So the Numbers ſought 3 ene 
appear by the Proof. ue ea 8 and 6, which will ſolve the Queſtion, as will 


<—— — — 
— 2 à2 


[ 


{| 

8 

LY 

* 
wi 
ol das 
">, 


mY 
0 
9 


[| 
x 
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ee 
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Reſolution of Queſtions 


— 


QUESTION 1, 


Thete are two Numbers, ſuch, that their Sum is equal to the Product of thei a 
tiplication; and if the Product or Sum of the ſaid Numbers be added to = "ag 0 
their Squares, it makes 157: What are the Numbers ? 


Let a and e be put for the two Numbers ſought, then the Queſt. may be ſtated thus. viz 
1. If — 1 ce = ale 2 . 
2. And 5 er ee - aa} ee ae = 154 
What are the Numbers a and e? L — 3 


| RESOLUTION. 
z: The Sum of the firſt and ſecond Equations is —— 44 Lee _ 2 
4. And from the third Equation, by Tranſpoſition 1 Lee ade p +15! 
of ate, there ariles — aa Þeej-2ae—a—e=15} 


5. Suppoſe A * <——_—_— — — a+e 
6. Then by Squaring each part of the fifth Equation =-——yy Saat ee Lade. 
7. And by ſubtracting the fifth Equation from the 5% 
fixth, there remains ————— ? — 5 =aa+ee4-20e— a—e 
8. And from the fourth and ſeventh Equations, by 
exchange of equal Quantities, there will ariſe — J—y = 157 


in Sect. 8. Chap. 15. Book 1. the Number , to 
wit, ae will be made known, viz. - 

20. Therefore from the firſt and ninth Equations, =. 4 

11. From the ninth Equation by Tranſpofition of 4” ———— ec = 4—8 

22; The eleventh Equation multiplied by a, produ- | p 


— —  . — 


9. Which laſt Equation being reſolved by the I}; 


— — — 


Ces 

13. And from the tenth and twelfth Equations, by 
exchange of equal Quantities tt 

14. Wherefore the laſt Equation being reſolved by 0 


Canon in Sect. 10. Chap. 15. Book 1. the two 

Numbers ſought will be diſcovered, viz, — — 
So the Numbers ſought are found 3 and 15, which will ſolve the Queſtion ; for their 
Sum is equal to the Product of their Multiplication, and if their Sum 4; be added to 
115 the Sum of their Squares, it makes 151, as the Queſtion requires. 


. 


2 1 2 —— 2 ů — — — * I — 


QUESTION 15. 


There are two Numbers, ſuch, that the Square of their Difference is equal to the 


Product of their Multiplication, and the Sum ot their Squares makes 20: What are the 
Numbers? 


Let a and e be put for the two Numbers ſought, and let a be the greater; then the 
Queſtion may be ſtated thus, viz. N 
1. If — —— — aa — 2e Pee = ae 
2. And — — — aa ＋ te — 20 
What are the Numbers a and e? Il ——ů— 
RESOLUTION 
3. Fromthe firſt Equation by Tranſpoſition of —2ae,2 


this ariſes ——— 3 aa fee = 3ae 
4. And therefore from the ſecond and third Equations — 3ae = 20 
5. And the third Equation divided by 3, gives -—— — ae = 3 


6. And by adding the double of the fifth Equation to 8 
theſſecond, it * — e — 40 Cee 7-206 „ 
7. Therefore by extrad ing the Square Root of each 
part of the ſixth Equation, the Sum of the eo a be 
Numbers ſought will be made known, viz. 
8. From the ſeventh Equation, by Tranſpofition of? 1888 
a, this ariſes 3 ; 


9. The cighth Equation multiplied by a, produces me gg = V+ NSN 
| | 


— 122 
= * 


ꝶ6»v7 . _Þ_—_— —— — 


— 


CHAP. * 


by various Poſitions 295 


10. And from the fifth and ninth Equations this ariſes, — „/, X a, — aa 

11. Wherefore the lat Equacion being reſolved by , 3 = 
the Canon in Sect. 10. Chap. 15. Book 1. the two — 4 = * 2 _ v 17 
Numbers ſought will be diſcovered, viz. — e = 8 — = 


The Proof. 
The Difference of the two Numbers in the eleventh Rep isV1? C /1? = 95 
The Square of the ſaid Difference is . 5 
And (by the laſt of the three Rules in Secf. 8 


— — — — . ⏑⏑. 
$ 


Chap, 9. of this Book) the Product of the Multiplica- 

tion of the ſame two Numbers is alſo 
Laſtly, By the firſt and ſecond of the ſaid three | 

Rules) the Sum of the Squares of the ſaid two 0 — — 20 

bers is 


— — ů — 


— ——ä—ä4ö—ẽ — — ¶—ͤ—w WF AO nemo—no—me rn — 


is. 


There are two Numbers, ſuch, that if their Sum be multiplied by their Difference, 
the Product is 21 ; but if the Sum of the Squares of thoſe two Numbers be multiplied 
by the Difference of their Squares, the Product is 609: what are the Numbers ? 

Let a and e be put for the two Numbers ſought, and let a repreſent the greater; 
then the Queſtion may be ſtated thus, wiz. 


— — — —— 


1.11. —— —aK Fer a e, that is, aa—ee, = 21 
2. And — — — a ee x aa ee, that is, aaaa—eeee, = 609 
What are the Numbers a and e? "0 mmm —ê 


RESOLUTION. 
3. By Suppofition in the firſt Equation, — — 4 ee = 21 
4. Fear yoo (by T pr OP 35 a —— aa Dee + 21 
6 each part of the fourt uation . 
# Fool egen. SES - — 3 * aaaa S eeee ECA ic 441 
6. And by taking the latter part of the fifth Equation 
inſtead of aaaa in the ſecond, the ſaid ſecond E- 


—) 


eee Eꝗie EAA eee GO 


quation will be reduced to this, 


7. The ſixth Equation, after due Reduction, gives — = 4 
8. Therefore by extracting the Square Root out of, 
each part of the ſeventh Equation, the leſſer Num-% e = 2 


ber ſought is diſcovered, viz. 
9. Then from the fourth and ſeventh Equations, this 

ariſes, — * 
10. Therefore by extracting the Square Root out of 0 


— a 4 T2125 


„„ „* 


—— 


each part of the laſt Equation, the greatet Number 
ſoughr is alſo made known, viz. — 


So the Numbers ſought are found 5 and 2, which will ſolve th Oe 
evident by the Proof. - ill ſolve the Queſtion, as will be 


_——_— 4 


— — 


QUESTION 17. 


There are two Numbers, ſuch, that if their Sum be multiplied by the Sum of thei 
Squares, the Product is 272 ; bur if the Difference of the S4 two ee be 5 2 
plied by the Difference of their Squares the Product is 32: what are the Numbers ? 


Put a for the greater Number ſought, and e for the leſler : ö 
be ſtated thus, viz. Sut, e leſſer; then the Queſtion may 


2: And — — — — — 4—e X aa—ee —= 32 


— 


What are the Numbers a and e? [| 


. em... 4 


RESO LUTZ IO N 


3. By multiplying a He into aa Ces, the firſt 
Equation will be reduced to this, 


aaa + ace Pace Pece = 272 
4. Likwiſe 


e 


. 


Reſolution of Queſtions BOOK II. 
Like wiſe by multiply ing a e into aa—ee, the 3 

g ſecond Equation will 5 to this i aaa aa ace T- cce = 32 
5. The Sum of the third and fourth Equations gives 2aaa 2880 = 304 
6. The half of the fifth Equation is ———-—— aaa + «= 152 
7. The fourth Equation ſubtracted from the thicd 

1 — 3 A ꝛ⁊aae ＋ dee = 240 
8. The half of the ſeventh Equation is — age L ace = 136 
9. The Sum of the ſeventh and eighth Equations 3 ade Ez aee = 360 
10. The Sum of the ſixth and ninth Equations aaa Ez ane Ez aee E eee = 512 
11. The Cubic Root of the tenth being extracted 

there ariſes ---——- — — ) VOY, ape = 8 
12. By dividing each part of the firſt Equation by T2 i KP 

the reſpective part of the eleventh, there will a1 — aa Cce = 34 


By the two laſt Equations, the Sum of the two Numbers ſought is ſound 8, and 
the Sum of their Squares 34; and therefore by the Canon of Que. 7. Chap. 16. Boot 1. 


the Numbers themſelves will be found 5 and 3, which will ſolve the Queſtion, as may 
eaſily be proved. 


pn ET 


QUESTION IS. 


To divide a given Number 14 (or ) into three continual Proportionals, ſuch, that 


it the {aid given Number be divided ſeverally by every one of the ſaid three Proporti- 


onals, the Sum of the three Quotients may be equal to 124 (or 4) a Number given. 


RESOLUTION, 
I, For the firſt (or leaſt) of the threeProportionals 


{ought put —— > 
2. For the ſecond (or Mean) Proportional put — 4 
3. Then the ſquare of the Mean Proportional be- aa 
ing divided by the firſt gives the third, to wit 0 
4. Therefore the Sum of the three Proportionals is eÞa+ =: 
. 


5. Which Sum muſt be equal to the given |, 
14, (or b,) whence this Equation ariſes, viz. 


6. Then by reducing that Equation to Integers, 
this ariſes — —— — 

7. Again, (according to tne Queltion) let the gi- 
ven Number, 6 be divided by every one of hel 
three Proportionals in the fourth ſtep, ſo the 
three Quotients added together will give 

8. But the Sum of the three Quotients in the 0 


e Ta- —_ =b 
ee Pae aa = be 


b b be 
TEST: 


venth ſtep muſt be equal to the given Sum 124, 
(or d,) hence this Equation ariſes— - 
9. Which laſt Equation reduced to Integers will 
produce baaa+baae+baee daaae 
10. And by dividing every Term of the Equation 
in the ninth Rep by a, this ariſes > baa+bae-Þ-bee = daae 


11. The ſixth Equation multiplied by þ, produces 1 
12. And from the tenth and eleventh Equations, laa bae Ile be 


b b Sw 
b 


a 


(where each of two Quantities is found a Cr OB is ths 
to a common third) this ariſes, ix. 
13. The twelfth Equation divided by e gives — = _ 1 
14+ And the thirteenth Equation divided by d gives —— za MY. 
15. Theretore by extracting the Square Root out) . 
of each part of the fourteenth Equation, the Mean a= vs bb 4 
Proportional ſought will be made known, viz. „ 


b 14; therefore the Equation in the ſixth ee Ege E16 = 14e 
ſtep may be reduced into this, viz, —— ieh 
| " 17. Whic 


16. And becauſe a is now known, to wit, 4; and : 


6. And by dividing each part of the laſt Equa- 


— 
8 


7 IP. rs by various Poſitions. 1 


— 


Which laſt Equation, after due Reduction, will give — 10. ee 16 

18. Laſtly, the Equation in the ſeventeenth ſtep being? i | 
reſolved by the Canon in Sci. 10. Chap. 15. Book 1. the ——— e=d 5 k 2 96 
firſt and third Proportionals will be diſcovered, viz. ) | 4. 22 
Thus the three Proportionals ſought are found 2, 4, 8, which will ſatisſie the cofi- 

ditions in the Queſtion : For firſt, 2, 4 and 8 are manifeſtly in continual Proportion 


ſecondly, their Sum is 14 ; thirdly, if 14 be divided by 2, 4 and 8 ſeverally, the Sum . 


of the Quotients 7, 3+ and 14 is 124 ; as was preſcribed in the Queſtion, 
It may allo be obſerved, that thoſe three Quotients are continual Proportionals, as 
will be manifeſt from the ſeventh ſtep of the Reſolution, where they are repreſented 
b be | ts Ai 21 lo 
by ps and poke for the Product made by the Multiplication of the two Extremes; 
f 356 1 ' [ 


| „ 0 22 bp >, tl. - 90 1 | 
to wit, the Product 5 that is, 1 is equal to the Square ot the Mean Proportional 7 


ws A. 


| QUESTION 1g. : 

To find three Numbers in Arithmetical Progreſſion, ſuch that if the firſt be multiplied 

by t, the ſecond by 2, the third by 3, the Sum of the Produdty may be 62; and that 
the Sum of the Squares of the three Numbers may make 275: 

Let the three Numbers ſought be repreſented by a, e, y, and ſuppoſe a to be the 

ſmalleſt and firlt Term, then the Queſtion may be ſtated thus, viz, bd * 

1. If — . | 


* 
: 1 
* * 


_ _ —— — — — 2—4 =_ Y—C 


2. Ald ——— — —— a; = 62 
31 Aud — —— —— — aa fee n = 275 
What are the Numbers a, e, y? [ 2 — SES 
"RESOLUTION. l 
4. By Suppoſition in the firſt ſtep ——————_—— = jt 
5- Therefore by Tranſpoſition of —a and —e, . | 


*4 


- — 


—  —— 


there ariſes 


. — ij = + 


* * it gives 2 — 
And by {quaring the Equation in the ſixth . 
a ſtep hae — m — — aa -Z CA = ee 
8. Then if inſtead of 2e in the ſecond Equation, 
there be taken the firſt part of the fifth, the» — a+aþyÞ+33= 62 
ſecond will be converted into this, viz, —— 101 
9: That i ——— «„U — — — ＋% = 62 
10. The halt of the laſt Equation is ———— — . — 442 = 31 
11. And by Tran ſpoſition of Quantities in th | 


tenth Equation, this arifes, viz.— ey — —31—27 = 
12+ And by {quaring the eleventh Equation, | 
there comes tdb 961—124y+4zy = aa 


13. From the ſeventh, eleventh and twelfth 


Equations this ariſes: Be Nor att 261 —2y+3y = ee 

14. It is evident that — — 5 = y 

15. And by adding the twelfth, thirteenth and 1 2 * 
fourteenth Equations into one Sum, it makes N CN aa Cee D 


16. But by Suppoſition in the third ſte p, — — — _— 92 aa Tee 

17. Therefore from the fifteenth and ſixteenth? 1. 12. ii pa 
Equations, by Exchange'of equal Quantities, Wy— 20 EOS 275 

18. And alter due Reduction the Equation in & | 
the ſeventeenth ſtep gives — 

19. Therefore by reſolving che Equation in the | | 
18 ſtep, (according to the Canon in Sef.xo.S  .; arp 
Chap. 15. Book .) two Values of y will bee - IE 13, or 137 
* dix. 8 oe" We P 

20. And from the 19th and 11th Equations een oo. ... 

21. Laſtly, from 3 wake pee on, n HG ON 87 2 

N P ; VIGG 3 


i © * Bits 146.70 — 1 bY 
+a Mo ee” OS 


— — bag — — 


- 


OE TO RIES 
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— 1 
2 _ 115 8 
— ——— oj — a - * As * 2 1 
a 3 Gee > — — 
% _ * —— * — bu 
7 — » 2 . — » - - 
- by » SY * * % 4 * Py 
* 2 1K 2 
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BOOK II 


From the three laſt Equations, tis evident, that the three deſired Numbers a, e, y ma 
be either 5, 9, 13, or 37, 87, and 137: For firſt, 5, 9, 13 are ſin Atichmetical Pro. 
greſſion; and if 5 be multiplied by 1, 9 by 2, and 13 by 3, the Sum of the three Pro- 
ducts is 62; moreover, the Sum of the Squares ot 5, 9, 13 makes 275, as was re- 
quired. The like may be proved by 37, 85 and 135. | 


1 ER 


— — m 


— 


QUEST. 20. 


To find three ſuch Numbers, that the Square of the firſt being added to the Produ 
of the firſt multiplied into the ſecond may make the Sum 48; alſo, that the Square of 
the firſt being ſubtracted from the Produtt of the firſt multiplied into the third th 
Remainder may be 32 ; and that the Sum of the Squares of the firſt and third ma : 
have the ſame Proportion to the Square of the ſecond as 5 to 2. * 

Let the three Numbers ſought be repreſented by a, e, y, and then the Queſtion ma 
be ſtated thus, viz. 7 


1.3 — — aac 48 
2. And —ͤ — — ay—aa = 32 
And — — -——— aaf. e:: 5 , 2 


85 What are the Numpers a,e, y? || ——— - 


s RESOLUTIO N. 

4. Erom the firſt Equation by Tranſpoſition of 

aa, this ariſes, vin eee = {=s 
5. And by dividing each part of the laſt Equa- & 

tion by s, t . =- ß =- 
6, And by Tranſpoſition of —aa in the ſecond . 

Equation, it makes ——__—_\ — 9705 aa 32 
7. And by dividing the ſixth Equation by a, — 44 ＋-32 

there ariſes— ——— _—— * N 
8. From the Analogy in the third ſtep, by com- 

paring the Product of the Extremes to the — gee — 244 T 255 

Product of the Means, this Equation ariſes | 


9. The Square of the ſeventh Equation i——— — 5 = 2 : 


10. The double of the ninth Equation is — — 204 EI 284 Ca- 

| | | | aa 

11. If inſtead of 2yy in the latter part of the | 
eighth Equation there be taken the latter , — 2048+128 4 
part of the tenth, the eighth will be con- e = mY — aa 1-4a* 
verted into this, viz. — fone pee a 

12. The Square of the fifth Equation i. ...e: —'2394—96aa+a* _ 

P | aa 
13. The tweltth Equation multiplied by 5 gives —— gee = 11520—480aa-+5at 
14. From the cleventh and thirteenth Equations, 2 ; aa 


by comparing their latter parts one to the | 2 

other, and reducing the Equation thereby soge- = 9472 

reſulting, this Equation ariſes, viz. 
15. Which Equation in the 14th ſtep being re- 

ſolved by the Canon in Sect. 10 Chap 78 — a = 9 

Book 1. will diſcover two Values ef a, viz. T 592, Or 4 


16. But the leſſer of thoſe two Values of a, to 


Queſtion, for the Square of the greaterValue 
 w592 exceeds 48, but according to the 
Ipppoſition in the firſt ſtep it ought to be 
leſs than 48 ; ſnppoſing then a = 4, it fol- 
lows from the fifth ſtep, that | 
17. Laſtly, from the 15th and 7th Equations, —————y = 12 | 3 
So three Numbers are found out, to wit, 4, 8 and 12; which will ſatisfie the Queſtion, 
as may eaſily be proved - | . | QUEST. 18. 


wit, 4, 1s the firſt Number ſought by 0 


„„ 
— — 
6 28 


CHAP. 12. by various Poſitions. 


QUESTION 21. 


To find three ſuch Numbers, that the Square of the firſt, together with the Product 
of the firſt multiplied by the ſecond may make 10; alſo, that the Square of the ſe- 
cond with the Product of the ſecond into the third may make 21 ; and laſtly, that the 
Square of the third, with the Product of the third into the firſt may make 24. 

Let the three Numbers ſought be repreſented by a, e, y, and then the Queſtion may 


be ſtated thus; 

1. — — — — aa ae _ 10% a 

2. And — — — eeJ-ey = 21 What are the Numbers a, e, )? 
þ — oO — +14 = 24 


Ls RESOLUTION. 
4. By Tranſpofition of aa in the firſt — 

Equation this ariſes — 2+ eine 
5. And by dividing each part of the} , 10 — 44 


9 — aa 


fourth Equation a, it gives ———{$ 1 
E: 6. And by ſquaring the fifth Equation ,, — a*—2048--100 _ 
* It makes — — — ad 
S 7. And from the ſecond, fifth and a*—20a24 100 - — , 1 1 
* ſixth Equations this ariſes, D „ Au 7: of 
ee N A 1 — a 41aa—100—a" 
from each part of the ſeventh a 7.0 aa 
quation this remain 8 9 
9. And by dividing each part of the? 414 1oo-a. 
87% Equation by — this . 7” .Jo8—am . 


| 


10. And by ſquaring the axed a"—824*F1881a%—8200aaÞ-10000 
tion it makes —— * oo - 2 ff, ' 

11. And by multiylping the ninth E-t — 414agq—100a—a" 
quation by a, it produces 8 loa - aaa | 

12. And by adding the eleventh Equation to the tenth, the Sum makes 

| 24 — 1334 + 2391a*—9300aa + 10000 

» +36 Oy * 6 1 
looaa - 204 +4 
13. Therefore from the third and twelfth Equations this ariſes, 
24 1334. +23914"—9200aaÞ 10000 
looaa - 204 C 4 
14. Which laſt preceding Equation, atter due Reduction, gives this that follows, viz 

—a* +78:a*—14353a*Þ5800aa = 5060. 

15. That is, after Tranſpoſition of 5090, 

—a* C78 a- 14351 C5 800. 5000 = o. 

16. Then by ſuppoſing #=2a, and proceeding according to the Rule in Sec. 7. Chap. 11. 
of this ſecond Book, the Equation laſt above written will be reduced to this following 
Equation in Inregers, viz. 

— u +314u*—22968u* {-371200uu—1280000 So. 

17. And by ſuppoſing x = uu we may inſtead of —a* in the laſt preceding Equa- 
tion wrice —x*®, and inſtead of + 3 144 we may ſet 314x*, alſo —-22968xx in 
the place of — 22568, and +371200xvinſtead of + 37120088, and laſt of all the 
abſolute Number — 1280000 : whence this following Equation ariſes ; and then 
afrer'x is made known, its Square Root be che Number 4 (tor by ſuppoſition xu, 

—xt-1-314x* —22968xx +371200xX—1 280000 0. i 
18. Now becauſe the laſt Term — 1280000 in the Equation laſt above written has 
many Diviſors which will be uſeleſs in the finding of the Value of x, it will be con- 
venient before they be found out, to ſearch out limits, within which ſuch a Value of 


the Root x doth fall as will proJuce a Value of a capable of ſolving th ſti 
propoſed ; to which end I proceed thus, viz. e a 


Pp 2 19. By 


—— 


- 
— — 


1 - — N — 2 — 
—— P' kf — — „ LN z' = ꝗ ———— — 
* 


— — 
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a © Ann , ks * 
19. By the latter part of the fourth Equation it's manifeſt that a—y 10 
20- And by the ſecond Equation, after Tranſpoſition ot ee, 
it will likewiſe appear that $0 — df & 1 
21. Now ſuppoſe ——— e=y/ 21 
22. Then by multiplying 4/21 inſtead of e by a in the firſt "0 
Egquation, it will be reduced to this, viz. — * aa T y/21Xa=1g 
23. Which laſt Equation being reſolved by the Canon in Seft.t ar eeely ty 
6. Chap. 15 Book 1. gives ———— „ Cr. 
24. And becauſe when e is ſuppoſed to be equal to 21, the 
Equation in the twenty ſecond ſtep gives a=17$z, it may 
eeaſily be conceived that when e is leſs than „21, (as it ac- 1785, Oc. 
ought to be) then the firſt Equation, to wit aa+ea=10' 
will neceſſarily give — 
25. Therefore by doubling each part of the nineteenth and 2 40 
twenty fourth ſteps, it is manifeſt tha: 8 24 7322, oc. 
26. And by ſquaring each part in the twenty fifth ſtep, it 2 40 
follow s that — — — — — 4a = 10735, Ce. 
27. But by Suppoſition in the ſixteenth ſtep «=24a, and — * Pan | 
ſequently- —— H— —V— ! 23 


28. Therefore from the two laſt precedent ſteps it's evident that uu 4 4 


29- And becauſe by Suppoſition in the ſeventeenth ſtep, —<— =» = uu 

30. Therefore from the twenty eighth and twenty ninth ſteps}, . 40 
it follows that — —— yy wc y 10739, Oc: 

31. Having found that ſuch a Value of x in the Equation in the ſeventeenth ſtep as is 
capable of producing'a true Value of the defired firſt Number a, muſt be leſs than 40, 
but greater than 10735 it is manifeſt that among the Diviſors of 1280000, the 
laſt Term of that Equation, theſe three only, to wit, 16, 20, 32, are neceſlary to 
make Tryals in finding out the ſaid Value of x, and conſequently of a; and therefore 
(according to the Rule in Sect. 9. Chap. 11. of this Book) J firſt divide the ſaid Equati- 


on in the. ſeventeenth ſtep, to wit, —*x PN IAx 22968 371200 1280000 


—= O by a — 16, and the Quotient is exactly —x* E 298xx—18200x-+ 80000 

wherefore 16 ſhall be a true Value of x in that Equation : And becauſe by Sup⸗ 
poſition x = u# = 4aa, it follows that y16 (that is, /æ) S aa, and conſequently 
2 =a the firſt Number ſought. 


32. Now ſince 2 is found equal to a, the firſt Equation, to 5 
wit, aa Tae Ie will be reduced to this, viz. — "+ n 
33. Whence the ſecond Number e is diſcovered, viz. — SH 
34. And conſequently the ſecond Equation will be reduced to 30 
this _——— — = 5 9 ＋3 21 
5. Whence the third Number y is diſcovered, viz. - - = 


Thus the three Numbers ſought (to wit, a, e, y, are found 2, 3, 4, which will ſolve 


the Queſtion: For the Square of the firſt with the Product of the firſt and ſecond 


makes 10; alſo the Square of the ſecond with the Produa of the ſecond and third 
makes 215 and the Square of the third with the Product of the third and firſt makes 
24, as was required. _ | : | | 

Note, That the Quotient found out in the thirty firſt ſtep, to wit, the Equation 
—x*-|298xx — 18200x + 80000 = 0 has three Affirmative Roots, whole Values 
(by the Rule in Sect. 9. Chap. 11. of this ſecond Book) will be found very near equal to 
4757, 78735, and 215555 ; but theſe are without the limits of x diſcovered in the 
thirtieth ſtep, and therefore although the Equation in the fifteenth ſtep may be ex- 
pounded by four Affirmative Values of a, yet only one of them, to wit, 2, is capable 
of ſolving the Queſtion propoſed. 

Note alſo, That if none of thoſe Diviſors which were diſcovered to be within the li- 
mits for the finding of a due Value of x had produced an exact Quotient without a 
Remainder, and conſequently in ſuch Caſe the Number à had been Irrational, yet 3 
Rational Number, near the true Value of x, and conſequently of a might be found out 
by the help of the General Method in Chap. 10. of this ſecond Book. 
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CH AP. XII. 


of innumerable 4n{wers. 


Concerning the Reſolution. of ſuch Arithmetical Queſtions as are capable 


J. Frer a Queſtion is tated by Equations in ſuch manner as has been ſhewn in the 
T foregoing twelfth Chapter, it thoſe Equations be equal in multitude to the 
uantities fought, then the Queſtion has a certain determinable Number of Anſwers ; 

but whenſoever a Queſtion affords not as many given Equations, not mutually depen- 

ding upon one another, as there be Quantities required, it is capable of innumberable 


Anſwers. Queſtions of this latter kind ate very pleaſant and delightful, but oftentimes 


exceeding hard to be reſolved, eſpecially when all the Anſwers in whole Numbers that a 
Queſtion is capable of are deſired ; and therefore I ſuppoſe it will not be unacceptable 
to the Learner, if in this Chapter I give him a taſte of that vaſt Skill, by expounding 
three Propoſitions found out by Monficur Bachet ; the two firſt of which contain the 
ſubſtance of the eighteenth and twenty firſt in his ingenious little Book, entituled 
Problemes plaiſans & deleftables, qui ſe font par les Nombres, (Printed at Lyons in 1624 3) 
but his Method of ſolving and demonſtrating the ſame being very tedious and obſcure, 
I ſhall wave it, and deliver two ways of my own finding out, which are both inteligi- 


ble and demonſtrative. The third Propoſition (which is handled by the ſame Author 


in his Comment upon 41 Prop. the fourth Book of Diophautus,) I ſhall alſo explain 
at large by various Queſtions. - . | $ 2 
; S ANG 


. „ 
- 


Two whole Numbers prime between themſelves being given, to find out two others, 
ſuppoſe a and 5; that if a be multiplied by the greater of the two given Numbers, and 
to the Product there be added a given whole Number, the Sum ſhall be equal to the 
out all the whole Numbers a and 6 that are capable of producing the ſame effect. 

| | Explication. | ; OS 

1. Numbers prime between themſelves are ſuch as have only Unity for their common 
Diviſor ; (per Defin. 12. Elem, 7. Euclid.) ſo 12 and 5 are ſaid to be Prime between 
themſelves, becauſe they have no common Diviſor but 1, to divide them ſeverally, fo 
as to leave no Remainder ; the like may be ſaid of 20 and 21, 7 and 3. Cc. 

2. I call a Number the Multiple of another when it exactly contains that other twice, 
thrice, or more times, without any Remainder: As, 6 is a Multiple of 3, becauſe 
it contains 3 exactly twice; likewiſe 18 is a Multiple of 6, becauſe it contains 6 
juſt thrice without any Remainder. Moreover I take the Liberty to call a Num- 
ber the Multiple of it ſelf, becauſe it contains it ſelf juſt once. Theſe thing pre- 
miſed, I ſhall proceed to ſhew two ways of ſolving the proceeding Prop. 1. and ex- 
plain the ſame by Queſtions. 5 | 


Product of þ multiplied by the leſſer of the two Numbers firſt given. Moreover to find 


— 


Sect. IT. The firſt Method of ſolving the foregoing Prop. 1. 


QUESTION” 4 

To find out all the Values of a and & in whole Numbers that may make 9a-|-6=76, 

viz,, that nine times the whole Number à with 6 added may make ſeven times the 
whole Number 6. | a 


The Equation propoſed -98+6 = 7b, 
i | 15 14 | 2 
2 | 24 21 | 3 
: 3 | 33 28 | 4 
The Reſolution . — 4 42. 3515. 
| {: 51 3 6 
6 | 60 
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| Reſolution of Queſtions. 


BOGE IH. 


Explication. | 


1. To the Number 9 prefixt to a I add 6, (to wit, +6 which follows 9a) and it makes 
15, to this I add again 9 and the Sum is 24, to which 1 add again , and it gives 33: 
and in like manner I continue the Addition of 9 to every next preceding Sum until 

1 have found out theſe ſeven Numbers, 15, 24, 33, 42, 51, 60, 69, which ſtand 
(as you ſee in the Example) under ga, and on the left hand of thoſe Numbers I ſer 
I, 2, 3, 4» 5, 6, 7. Theſe two Columels of Numbers do ſhew that if x be taken 
tor the Value of a, then ga C makes 15; but it 2=a, then ga+6=24 ; if 3 Sa, 
then ga Þ6=33 ; and ſo of the reſt. The Addition aforeſaid is in this Example 
continued only to the ſeventh Sum incluſive, becauſe (as hereafter will appear) the 
ſmalleſt whole Number that can expreſs the Value ot a, never exceeds tht Number 
prefix d to b in the Equation propos'd. © > 4% 19\ | 

2. Then under 7b I ſet the Multiples of 7 orderly one under another, viz. 14. (to wit 
twice 7,) 21,28, Oc. until I have found out a Number equal to one of the ſeven Num- 
bers 15, 24, 33, Cc. ſo at length among the Multiples of 7, I find 42, that is, ſix 
times 7, to be equal to 42 that ſtands among the Numbers in the ſecond Columel, 
which latter 42 (by the Conſtruction atoreſaid) is compos'd of 6 and four times 9. 
Whence tis maniteſt that if 4 be taken fot the Value of a, and 6 for the Value of 6, 
then gar =/‘ ( =42) viz. nine times 4 together with 6 is equal to 7 times 6, 
and therefore one Anſwer to the Queſtion is diſcovered. DOT e e 
Note 1. When the given whole Number prefix d to h in the Equation propos'd is a 

ſingle Figure, or ſome ſmall Number of two Places, then this firſt Method will readily 
diſcover the ſmalleſt Values of a and & in whole Numbers; for the ſmalleſt whole Num- 
ber a never exceeds the given Number prefix d to b, as hereafter will be made maniteſt, 
But if the Number prefix'd to & be large, then the Work by this firſt Method will be. 
intoleraby tedious, eſpecially in the ſolving of Prop: 2. 

Note 2. If the two given whole Numbers which are prefix'd to a and b in theEquation 
propos'd be not prime between , themſelves, then it will fometimes be impoſſible to 
find out any whole Numbers fer the Values of a and 6, to ſolve the Propoſition : as, if 
two whole Numbers a and þ be deſired that may make 6a+3=28, it may eaſily be 
ſhewn that tis impoſſible to find out two ſuch whole Numbers; for the whole Number 
a muſt be either even or odd, but whither it be even or odd, if it be multiplied by 
the even Number 6 the Product ſhall be even; (by Prop 21, &c. 28 Elem. 9 Euclid) to 
which. adding 3 the Sum will be odd, (for odd, added to even makes odd,) which Sum 
muſt be equal to 26, and conſequently the half of that Sum is the Number þb ; but the 
half of an odd Number cannot be a whole Number, and therefore b in the Equa- 
tion propos d cannot be a whole Number: But if the given whole Numbers which are 
prefix d to a and & be Prime to one another, then whatever whole Number be given 
to be added to the deſired Multiple of a, innumerable whole Numbers may be found 
out for the Values of a and &, as hereafter will be ſhewn. . 

3. After the two ſmalleſt whole Numbers are found out for the Values of a and & to 
conſtitute the Equation propoſed, all other pairs of whole Numbers that are capable 
of producing the ſame effect, may be orderly enumerated into two Arithmetical 
Progreſſions thus formed; viz. Having found 4 for the ſmalleſt whole Number a, 

| and 6 for the ſmalleſt whole Number & to conſtitute the Equation be fore propoſed, 

| to wit, 9a+6=76, let the ſaid 4 be made the firſt Term, and 7, which is prefix'd 
ro h, the common Difference of the Terms of the firſt Progreſſion; then let 6, the 
| ' © ſmalleſt whole Number , be the firſt Term, and 9 which is prefix'd to a in the ſaid 
| Equation, the common Difference of the Terms of the latter Progreſſion, lo the 
} Terms of thoſe Progreſſions will be theſe, wiz. | 


Values of a; 4, 11, 18, 25, 32, 39, 46, 53, Cc. 
Values of 6; 6, 15, 24, 33, 42, 51, 60, 69, Cc. 


4 Now out of the firſt of thoſe Progreſſions you may take any Term for the Value of a, 
as 11, (the ſecond Term,) and then the correſpondent Term in the latter Progreſſion 
to wit, 15, ſhall be the Value of b; by which two Numbers 11 and i; theEquation 
ga -= 76 may be expounded, viz, nine times 11 which 6 added is equal to ſeven 
times 15 Likewiſe 18 and 24, alſo 25 and 23, and every pair of correſpondent 


Terms in thoſe two Progreſſions will cauſe the ſame efte, as I ſhall now . 
i | | repa- 


* 
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Preparation. 


5. Let c and # repreſent two whole Numbers Prime between BY, 
themſelves, and a, b, d, three other whole Numbers, ſuch>ca+d = ib 
that all five will make this Equation, viv. —? 

6, Let an Arithmetical Progreſſion be ſo formed that' a may | x | 
be the firſt and leaſt Term, and x the common Difference Ca a Tn, a2, Cc. 
of the Terms, as, — 5 BE 

7. Let another Arithmetical Progreſſion be formed from þb / | 
the firſt and leaſt Term, and c the common Difference of; b, b+c, b+2c, &c. 
the Terms, as, — LES Se Ig RES Benet | 

8. 1 ſay, if you wultiply c by aH (the ſecond Term of the firſt Progreſſion,) inſtead 
of a in the Equation in the fifth ſtep, and to the Product add d, the Sum ſhall be e- 
qual to a Multiple of z, to wit, the Product of # multiplied into b+c, the (ſecond 
Term of the latter Progreſſion ;) and the like may be affirmed of every following 
Term in each Progreſſion. * | | | | £ 


Demonſtration. - | 
9. By Suppoſition in the fifth ſtep, — — — — adn 
| — * to each part of that Equation, C“ cad d=nb+en 


11. Therefore from the laſt Equation, 
Which was to be ſhewn. Aan | 

12. Again, if to each part of the Equation firſt gran“ 223 
ted in the ninth ſtep you add 2c, 4 makes g 5 7:6 1＋ © hare | 

13. That is, — c 2, d= nb + 2c 

14. After the ſame manner it may be ſhewn that —— ——ca+3zn,+d=nxb+3c 
And ſo forwards. Which was to be proved. 

15, Now ſuppoſing a and 6 to expreſs the ſmalleſt whole Numbers that are capable of 
conſtituting the Equation in the fifth ſtep, to wit, ca +d=nb, I muſt demonſtrate 
that no other whole Numbers beſides the Terms which follow a and b in the twoPro- 
greſſions formed in the ſixth and ſeventh ſteps, can be taken inſtead ot a and b to 
produce the ſame effect : It it be poſſible, let a+ ſome whole Number 5, viz. af 
be taken inſtead of a; and let i ſome whole Number g, viz. þ-þg be taken inſtead 
of b; then c multiplied by af makes ca e, to which adding d, the Sum is 
ca Hef d, which muſt be equal to the Product of x multiplied by 6 + g, to wit, 
nb Eng, whence —- ca fd ul Eng 

16. And by Suppoſition in the fifth ſtep . . — —ca+d=-nb 

17. Therefore by ſubtracting the laſt Equation BY. 
from the laſt but one, this remain 7 rg 

18. And by retolving the laſt Equation into Pro- | Fw 
portionals, this Analogy ariſes, viz. ——-—- \ e BA 3 

19. Whence it is manifeſt that the whole Numbers F and g are in the ſame Reaſon (or 
Proportion) as the whole Numbers # and e, and conſequently, ſince and e are by 9 
Suppoſition whole Numbers Prime between themſelves, ¶ muſt neceſſarily be equal [3 
either to x, or 2x, or zu, Oc. and g muſt be equal to c, or 2c, or 3c, Cc. Where- 

W fore a Ka an, a+3n, Cc. viz. the Terms which follow a in the Progreſſion in 
< the ſixth ſtep, and 6 Pe, b+2c, b 3c, Cc. viz. the Terms which follow & in the 

= Progreſſion in the ſeventh ſtep, are the only whole Numbers that can be taken inſtead 
of a and 6, the leaſt whole Numbers to conſtitute the Equation propofed, to wit, 
ca + d=n), Which was to be ſhewn. « 

20. It tnete be two whole Numbers a, and h, given or found ont, which will conſtitute 

che Equation before propoſed, or ſuch like, and thoſe twoNumbers be not the ſmalleſt 

E | Values of a and b, you may by the help of thoſe given find out the ſmalleſt, by this 
Rule ; viz, Divide the given whole Number a, by the given Number which is prefixt 

to / in the Equation propoſed, then after the Diviſion is tiniſh'd there will remain either 

a Number or Nothing; if a Number remain, it ſhall be the ſmalleſt Value of a, but if o re- 

main, then the Number prefixt to h is the ſmalleſt Value of a, and conſequently the cor- 

reſpondent Value of bis eaſily diſcovered by the Equation. The Reaſon of this Rule is 
manifeſt by S. 5. C. 17. B. 1. For if any Term greater than the leaſt of an Arithmetical 
: | Pro- 
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Progreſſion be given, as alſs.the common Difference, the leaſt Term ſhall be given 
alſo, either by a continual Subtraction of the common Difference, or by the Rule 
above expreſt. 1 3 | 
| | As for Example, If in the former of the two Arithmetical Progreſſions in the third 
| ſtep, which expreſs Values of a and b to conſtitute the Equation 9aÞ6+76, there be 
| iven 32 for the Value of a, I divide 32 by 7 which is prefix d to b, and find 7 contain'd 
our times in 32, and there remains 4 ; now this Remainder 4 is the ſmalleſt Value of a, 
| whence the correſpondent whole Number 4, is eaſily diſcovered ; for if a=4, then ga 
| +6=42=7b ; Therefore 42 divided by 7 gives 6 for the whole Number 6. 

Again, if a=20, and 6=36, then this will be a true Equation, viz. 5a+4—4) ; 
now it you deſire the ſmalleſt whole Numbers à and ꝙ to conſtitute that Equation, divide 
20 the given Value of a by 4 which is prefix d to b, and there remains o; therefore 
(according to the Rule beforefgiven) the ſaid 4 ſhall be the ſmalleſt Value of a; whence 
5a+4=24=4b, and conſequently 6=6, = 
Laſtly, from what has been ſaid in the third ſtep, all the Values of a and & in whole 
Numbers that are capable of conſtituting the ſaid Equation 5a+4=46 are the Terms 
of theſe two Arithmetical Progreſſions, viz. 


Values of a; 4, 8, 12, 16, 20, 24, 28, 32, Oc. 
Values ofb; 6, 11, 16, 21, 26, 31, 36, 41, Ce. 


5 * 3 


a Sect. III. Another way of ſolving the foregoing Prop. 1. 


In this latter Method there are four principal Caſes, which I ſhall firſt explain by 
- Queſtions, and then ſhew how the Reſolution of the Propoſition will always run inte 
one of thoſe four Caſes. 


4 4 QUESTION 2. 
To find all the whole Numbers a and 6 that are capable of conſtituting thisEquation 


viz. 8a+97=56- N TH | 
The Equation propoſed, — — 11  8&+g7=5b 


— — —- Ü Ü.— 


2 8 ＋ 97 2103 


The Reſolution 3 1 
4 Ira 
Explication. 1 8 


Firſt I add 97 (to wit, {+97 in the Equation propoſed) to 8, which is prefix'd to 
a, and it makes 105, this I divide by 5 the Number prefix'd to þ ; and becauſe the 
Quotient 21 happens to be exactly a whole Number without any Remainder, it ſhall 
be the ſimalleſt whole Number þ ſought, and the whole Number a in this Caſe is always 
1. The Reaſon is evident, for if a=1, then 8a{-97z=8+97; and if this Sum hap- 
pens to be a Multiple of the given Number prefix d to h, then 6 is neceſſarily a whole 
Number. This is the firſt of the four Caſes above mentioned, 

Then after x and 21, the ſmalleſt whole Numbers a and b to conſtitute the Equation 
propos d, are found out, all the other Values of a and b in whole Numbers will be found 
in theſe two following Arithmetical Progreſſions formed according to the Rule in the 
third ſtep of the foregoing Sec. 2. vis. | | 


Values ofa; 1, 6, 11, 16, 21, 26, Ce. 
Values of b ; 21, 29, 37, 45, 53, 61, Cc. = 5 
I ſay every two correſpondent Numbers in thoſe Progreſſions may be taken for Va- 
lues of a and 6 in this Equation, 8a-97=5b ; as for Example, if 11 be taken for 4, 
and 37 for 6, rhen eight times 11, with 97 added ſhall be equal to five times 37, viz. 
185=185. And ſo of the reſt. | 


— 


— 


QUESTION 3. 2 
Jo find all the whole Numbers and a and 6 that are capable of conſtituting this Equa- 
tion, viz, 494 TG 136. ne i The 
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The Equation propoſed, —— - — 136 
( = 65—10 
| = 39-10 
. = 104 
The Reſolution, ———— _ 
| | = "6 27-0 
i =--2 =8 


a Explication, 

Firſt, I add 6 (to wit, +6 in the Equation propoſed) to 49 which is prefix d to a, 
and it makes 55 ; now if this 55 were exactly diviſible by 13 which is prefix'd to b, 
* theQuotient would be the whole Number & ſought, and x the Number a, (as in Queſt. 2.) 

But 55 not being a Multiple of 13, I proceed thus, v:z. I ſeek the Multiple of x3 which 
is next greater than 55, by dividing 55 by 13, ſo I find that four times 13 is leſs than 
55, bur five times 13, that is, 65, exceeds 55, by 10; therefore 55 is equal to 65 
wanting 10, viz. 5F=65—10. This is the ſecond Equation in the Example. 
2. Then I divide 49 which is prefix d to a, by 13 which is prefix d to b, fo I find 
that three times 13, that is, 39, is the greateſt Multiple of 13 contained in 49, and 
there remains 10 ; therefore 49=39+10: which is the third Equation. g 
3. Now becauſe + 10 is found in the third Equation, and — 10 in the ſecond, I 
add thoſe Equations together, ſo the ſaid 10 vaniſhes, and there ariſes 104 = 104 ; 
which is the fourth Equation, 1 HK 
4. Then divide 104, that is, either part ot the fourth Equation, by 13 which. is pre- 
fix d to b in the Equation propos d, and the Quotient 8 is the whole Number & ſought. 
5. Then from the ſaid 104 in the fourth Equation, I ſubtract 6, (to wit, ＋6 in 
the Equation propos d) and divide the Remainder 98 by 49 Which is prefix d to a, 
ſo the Quotient gives 2 for the whole Number à ſought. . 

1-ay 2=a and 8 = will make 49a+6=136, as was required in Queſt. 3. and all 
the Values of à and & in whole Numbers that are capable of producing the ſame effect, 
are the Terms of theſe two following A rithmetical Progreſſions whoſe Conſtruction has 


: 


been ſhewn before. Wo 


Values of a; 3; $5 30; 41, $45! 167.5 Oe. 
Values of 5; 8, $7, 106, 1555 204, 2353 Cc, 


Note, That the manner of forming the ſecond and third Equations in the forcgoing 
Reſolution of Queſt. 3. muſt be diligently obſerved, becauſe the like Work is conſtant- 
ly uſed in the following fourth, fifth, ſixth, ſeventh, eighth and ninth Queſtions : 
But it's by accident, that the ſame Number 10 follows the Signs — and -+ in the ſaid 
Tecond and third Equations, and therefore the adding them together to produce the 
fourth Equation, is an Operation peculiar only to this and the like acæident, which 1 
call the ſecond of the four Caſes before mentioned. | 
But that in this ſecond Caſe, the Reſolution infallib'y produces whole Numbers for 
the Values of a and 6, I prove thus: Firſt by Conſtruction, 65 10 (the latter part 
of the ſecond Equation) wants 10 of a Multiple of 13, and 39+ 10, (the latter: pa of 
the third Equation) exceeds a Multiple of 13 by 10; theretore the Sum of the ſaid 
65—10 and 39+10, to wit, 104 (the latter part of the fourth Equation) ſhall be 
a Multiple of 1.3 ; and conſequently 104 divided by 13 will exactly give a whole Num- 
ber, to wit, 8, for the Value of b, Secondly, becauſe 104 (the firſt part of the fourth 
Equarion) is by Conſtruction eompos d of a Multiple of 49 together with 6; by ſub- 
tractiag 6 from 104, the Remainder 98 ſhall be à Multiple of 49, and conſequently 
98 divided by 449 will give the Quotient an exact whole Number, to wit, 2, for the 
Value of a. Whence it is manifeſt, that if after the ſecond and third Equations are 
formed out of the firſt (to wit, the Equation propoſed) according to the preceding 
Directions for ſolving Queſt. 3. it happens that the Number following in the latter 
part of the third Equation, is the ſame with the Number following — in the latter 
part of the ſecond, there will certainly ariſe two whole Numbers tor the Values of a 


and 6. | 
NN 4 | Q q QUEST, 4. 
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; QUESTION 4 * 
To find the whole Numbers a and b that may make 8241-66 


= 136, 
The Equation propoled ———— ——— Ei 824L66 = 136 
ar 148 = 156—8 
1 3H = 78-4 __ 
. h 6 = 156+8 
The Reſolution, 1— — l 1 2 5 — 312 | 
| © > 4: 
Ll 82 Mz FOE 
Explication. 


x. The ſecond and third Equations are formed out of the firſt in ſuch manner as 
before has been explained in the Reſolution of Queſt. 3. 

2, Becauſe the Number 4 which follows the Sign + in the latter part of the third 
Equation, happens to be an Aliquot Part, to wit, 2 of 8 which follows the Sign — in 
the latter part of the ſecond Equation, I multiply each part of the third Equation by 
2 (the Denominator of che ſaid Aliquot Part,) to the end there may be +8 in the 
Equation made by that Multiplication ; ſo there is produced 164=156+8, which is 
the fourth Equation, | 

3. Now fince +8 is found in the fourth Equation, and —8 in the ſecond, I add 
thole Equations together, ſo the {aid 8 vaniſhes, and there ariſes 312=312 ; which 
is the fifth Equation. | 

4. Then 1 divide 3 12, (to wit, either part of the fifth Equation) by 13 which is pre- 

fix d to b in the Equation propoſed, and the Quotient 24 is the whole Number b ſought 

5. Laſtly, from the ſaid 312 (in the fifth Equation) I ſubtratt 66, to wit, 4-66 
in the Equation propoſed, and divide the Remainder 246 by the given Number 83, 
(which is prefix'd to a;) ſo the Quotient 3 is the whole Number à ſought. 

I ſay, 30 ga and 24 =b will make 822 P66 = 136, as was required in Queſt 4. 
and all the Values of a and & in whole Numbers that are capable of producing that 


Equation, are the Terms of theſe two Arithmetical Progreſſions, whoſe Conſtruction 
has been ſhewn before in the third ſtep of Sec. 2.) vis. | 


/ 08, 4%, £2, £80. 
Values of b; 24, 106, 188, 270, 352, 434, Oc; | 
Note, That it was by meer chance that the Number following the Sign in the 

third Equation happened to be an Aliquot Part of the Number following the Sign — 
ſecond, and therefore the multiplying of the third Equation by the Denominator of 
the Aliquot Part, is an Operation peculiar only to that and the like Accident, which 
is the third of the four Caſes before mentioned. The Reaſon of the Operation in this 
fourth Queſtion (or third Caſe,) may be eaſily diſcerned by the Demonſtration before- 
given in Queſt. 3. but for further Illuſtration I ſhall add another Example of Caſe 3. 


0 | QUESTION £. 


To find all the whole Numbers that may be Values of a and 4 in this Equation, viz 
601a4Þ+9 = 200 b. h 


The Equation propoled ———>—— _ 1 gora+Hg 2004 . 
2] 610 = 3800 —190 
200. 1 
44114190 = 114009+150 
. .. . 
5 1 124800 2 
222 574 
ne 
Me OTE 


E xplica- 


— 


— — — 
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Explication, 


The Reſolution of this Queſtion is like that in the foregoing Queſt 4. for ſince + t 
in the latter part of the third Equation happens to be an Aliquor part of 190 which 
follows — in the ſecond Equation, I multiply each part of the third by 190, to 
the end that 19 may be found in the Product, as you ſee in the fourth Equation ; 
then by adding the fourth Equation to the ſecond, the Sum makes the fifth, which is 
free from the Signs F and — ; laſtly, from the fifth Equation the whole Numbers 
574 and 191 expreſſing the Values of h and are diſcovered, in like manner as in the 
preceding third and fourth Queſtions ; which Numbers will conſtitute the Equation 
propoſed : Fot 601 times 191 together with 9 is equal to 200 times 574, that is, 
114800 ; and all the reſt of the Values of a and 6 in whole Numbers to make thar 
Equation will be found in theſe two following Arithmetical Progreſſions formed by 
the Rule before given in the third ſtep of Sef. 2. 


Values of a; 191, 391, 591 5 | 791, 991 „ Oc 
Values of b; 574, 1175, 1776, 2377, 28, Cc. 


— QUESTION 6. 


Whatare aand b in 


6 [ — 
x „ . 1 whole Numbers ? 
| 21126 = 186 — 60 
Out of 1. 11 0 5 5 
Suppoſe 493 co = 28d Ee =? =? 
_—_ err 
c 
* of 4. J 403 8 —= 84+ 92 | 
Suppoſe 228 et 15 LET. eo =? f=? 
8 43 = 45—2 
Out of 7. 1 928 3 
Eq. g x 2 10 56 = $4Þ2 
Eg. 8 ＋10 [11] 99 __ — 5 } 
| 99 3 Here the Reereſſiy: 
[2] -— — —— gore V2 
Our of 11 and 7. MY ] 11 =f Work been 
12, 6 and 5. liaji1x 93 + 153 = 1176 
b 7 + an Sz 
1 
14, 3 and 2. 1 ie \ 
520 2 
15 and 1. 9 87 2 "36 T 6 7755 
208 —-5 I | * 
15 and 1. 17 * = 43 = a 
Explication. - 


r. The ſecond and third Equations are formed out of the firſt in like manner as be- 
fore in the Explication of Queſt. 3. | 
2. But becauſe 28 which follows + in the third Equation, is not equal to, nor an 
Aliquot part ot 60 which foliows in the ſecond, the procefs cannot be made like that 
in the third, fourth and fifth Queſtions; ſo that now a fourth Caſe rakes riſe, and the ſcope 
of a new ſearch is to find out a Number d, ſuch that if it multiply the ſaid C28, the 
Product way exceed a Multiple of 93 (which is fix'd to þ) by 60; tor then it will be e- 
vident, that if the third Equation be multiplied by that Number d, an Equation will be pro- 
' duced whoſe firſt part ſhall be a Multiple of ta t, and the latter part ſhall exeed a Multiple 
of 93 by 60, and then the reſt of the Work will be like that in Caſe 2. in Queſt. 3. In the 
ſearch therefore the Number d, the fourth Equation is aſſumed, to wit, 93e CSO 28d. 
3- The fifth and ſixth Equations are formed out of the fourth, in like manner as the 


ſecond and third out of the firſt. 


4. Becauſe 9.,which follows in the ſixth Equation, is neither equal to, nor an Aliquot 
part of iʒ which follows the Sign — in the fitth, the next ſcope (tor the like reaſon before 


q 2 given 


+ 


— 
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given concerning the Number 4) is to find out a Number f, ſuch, that if ic multiply the 
ſaid +9, the Product may exceed a Multiple of 28 which is pre fix d to 4, by the ſaid 
15 to which end the ſeventh. Equation is aſſumed, to wit, 28e ＋15 Hun: 
FJ. The eighth and ninth Equations are formed out of the ſeventh, in like manner 
as the ſecond and third out of the firſt. n od WE WEE. 

6, Becauſe 1 which follows - in the ninth Equation, is an Aliquot Part of 2 which 
ſtands next after — in the eighth, the ninth is multiplied by a the Denominator of the 
ſaid part; (according to the Rule in Caſe 3. Quel. 3.) whence the tenth Equation is 
produced, to wit, 56= 54+2. 3 "wit 13 

7. The eleventh Equation, to wit, 997=99 is the Sum of the eighth and tenth ; and 
ſince the ſaid. eleventh is free from the Signs + and , a Regreſſive Work now begins, 
to find out the whole Numbers 7, d, / and a; in this manner, viz. 

87 By dividing either part ot the eleventh Equation, to wit, 99, by 9 which is pre- 
fix d to f in the ſeventh, there ariſes 1 1=f, as in the twelfth Equation. 

9. Then multiply ing the Number f, to wit, 11, by 93, that is, either part of the ſixth 
Equation, and to the Product adding 1 5 3, that is, either part of the fifth Equation, the 
Sum makes 1176, (as you ſee in the thirteenth Equation) which 1176 is a Multiple of 
28, to wit, that which is repreſented by 28 4 in the fourth Equation ; Therefore, 

10. By dividing the ſaid 1176 by 28, the Quotient 42 is the Number d, as in the 
fourteenth Equation. . 

11. Then multiplying the Number d, to wit, 42, by 121, that is, either part of the third 
Equation, and to the Product adding 126, that is, either part of the ſecond Equation, 
the Sum makes 5 208, as you ſee in the fifteenth Equation, which 5208 is a Multiple 
of 93, to wit, that which is repreſented by 936 in the firit Equation; Therefore, 

12. By dividing either part of the fifteenth Equation, to wit, 5 208 by 93, the 
Quotient 56 is the Number “ ſought. | 

13. Then from the ſaid 5208 ſubtratting 5, to wit, I; in the firſt Equation, and 
dividing the Remainder 5203 by 121 which is prefix d to à in the firſt Equation, the 
Quotient gives 43 for the Number a ſought, as in the ſeventeenth and laſt Equation, 
Therefore, if 43 be for a, and 56 forb, then 121a+5 = 936, which is the Equation 
propoſed in Ques?. 6. and all the Values of a and b in whole Numbers that ate capable 
of conſtituting that Equation are the Terms of theſe two following ArithmeticalProgteſ- 
ſions, whoſe Conſtruction has been ſhewn before in the third ſtep ot Sc. 2. 


3085 


Values ef a; 43» 136, 229, 322, 415, 508, G. 
Values of 33 36, 177, 298, 419, $540, 661, Oc. 


14. After the Numbers f and d in the foregoing Reſolution of Oueſt. 6. are known, 
the Numbers e and c in the ſeventh and: fourth Equations, may catily be diſcovered; 
but there is no need of their help in the finding out of the deſired Numbers a and 5. 

15. But methinks I hear the Reader make this Objection, viz. How does it appear, 
that from every three whole Numbers given in ſuch ſort as before is declared in Prop. 1. 
there may infallibly be found out two whole Numbers à and 6 to ſolve the ſaid Pro- 
poſition, by the Operation before explained in the four Caſes before mentioned : For 
Anſwer to this Objection, 1 ſhall here ſhew how rar the Proceſs need be continued at 
the fartheſt, to find out an Equation having +1 in its latter part; tor when ſuch Equa- 
tion ariſes, tis maniteſt by the Operation in the third Caſe explain'd in Queſt. 4, and 
5. that two whole Numbers à and & will infallibly be diſcovered to ſatisfie the Propo- 
ſicion, and conſequently innumerable other pairs of whole Numbers to produce the 
lame effect. Firſt, then in the foregoing Queſt. 6. the given Number 121 which 1s 
prefix d to a, being divided by the given Number 93 which is prefix'd to 6, after the 
Diviſion is finiſh'd there remains 28, to wit 28 in the latter part of the third Equa- 
tion: Secondly, the ſaid Diviſor 93 being divided by the ſaid Remainder 28, after 
the Diviſion is ended there remains 9, to wit, +9 in the latter part of the ſixth Equa- 
tion: Again, the laſt Diviſor 28 being divided by the laſt Remainder 9, after this 
Diviſion is ended there remains 1, that is, EE I in the latter part of the ninth Equation, 
which Remainder x ou will always infallibly come unto by a continued Diviſion in 
that manner, becauſe the two given Numbers prefix d to a and ò are (as the Propo- 
fition requires) Prime between themſelves; and that continued Diviſion is no- 
thing elſe but the Method of finding out the greateſt common Wie, unto Las 

umbets; 
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Numbers; ſo that you may at fitſt (if you pleaſe) diſcover unto, what Letter at the 
fartheſt; the procels need be continued before you return backward according to the 
Operation, e din Queſt. o. But oftentimes before you come to the ſaid Remain- 
der 1, the Reſolution wilt gun into one of the three Caſes explain d in Queſt, 2, 3, 4, 
and 5. as will appear by the following ſeventh, eighth, and ninth Queſtions. 


_ 
| f 1 
— 1 — 3 ” 8 1 1 


— * * — 
* ** 
— TIT . * 2 - ww 5 — aA” ws 


QUESTION 1: * 


| . —_ X 
What are a and b in . 


1 2 rt ee 26 4 whole Numbers? 
98 = 104 — 6 | | l 
* 2 RN 4,2, i=! 78645195 | 0 
Suppoſe 44 e 4 
5132 = 38—6: 
Out of 4. 4 6176 = 19 + 7 
| Suppole | 7119 es «WS. e =? f=? 7 
| . Suppoſe "ETET = $b g. * 7 a 
Out of 10, [11] 7+3 ='10 unos ; 
3 1 N £ 
Out of 10 and 11. 120 5 = 2—t Here the Regreſſive 


| *. 
Out of 12, 5, 8. 13] X 19, + 25 = 6z + ks begins 


— 
—— — —— 


13, and 7. 14% 


14, 6 and 5. fr 5% x 26, + 32 = 266 


| 266 
WS —_ — 
15 and 4 3 | 
16, 3 and 2. |17]14 K 97, +98 = 1456 
1456 | 
17 and 1. = s =b 
— — 
56—1 > if 
17 and 1. A,” 8 
5; . e e 
Explication. 


FE In this ſeventh Queſtion the proceſs is formed like that in the f 
| the laſt Letter in the Work is y, whoſe Value is diſcovered in the I 
: the help of the tenth and eleventh, according to the Operation in Queſt. 2. and they 
by the help of the Number h, the Work returns backward to find out the Numbers 7 
d, b and a, in like manner as in Queſt. 6, But in this ſeventh Queſtion the laſt Letter in 
the Proceſs, to wit, „ is made known before an Equation ariſes which has + in its 
latter Part ; and the like effect happens in the following eighth and ninth Queſtions 
Now in Anſwer to this ſeventh Queſtion, all the Values of a and h in wholeNu 
bers that are Capable of conſtituting the Equation propoſed, to wit, 97a+1=— = 
are the Terms of the two following Atithmetical Propreſſions, which are deduced 


from the two ſmalleſt Values of a and 8. (ro wi . 
cording to the Rule in the third ſtep of ws * 15 and 56 found out as above,) ac- 


Values of a; 15 . 
* 4 3 3 41 3 67 3 93 3 I I9 : 145 &c. 
4 Values of 63 56, 153 2595 347, 444, 146 Cc. 


SUEST. 8. 


Reſolution of Queſtions 


BOOK II. 
gs 46 flv 20 RS 7:4 o Ni vt auto} f , 
f 4 h | : +. al & wy : 
7 0: 8 1 Jil % „%% „% What are the whole 
r 19 Nb wat v7 
' 4 125 Ws hes 171 —A6 Li 4&4 +4 ASL 10 1 > 
e 
od _ Suppoſe |_ 4157. 4445 =_$54 „ 
51103 | = 105 — 2 
Our of 4:4] J — 35+2_ 
3 *. 6. | 7#60 = 160 
Lens [160 {IND 
5, + 322 Regreſs 
$ 3, 2.852 X 119, T 125 = 3933 
92 3933 | 
9, 1. 1 57 69 6 
933 =6 J 
, . [uſo = 33 =# 
Values of a; 33, 90, 147, 204, 261, 318, Ce. 
Values of b; 69, 188, 307, 426, 545, 664, Oc. 


In which Progreſſions, every two correſpondent Terms may be taken for Values of 
a and b to conſtitute the Equation in Queſt. 8. 


— 
——— — 


If 


i 


— —— 


QUESTION 9. 
[What are the whole 


| | ets Mn 25 b, Numbers a and 6? 
2174 = 213 ＋¹ |. 
Out of 1 4 3 17 . — 142 . 
Suppoſe | 47%. 428 = 31d. c=? d=? 
5,110 = 124—14 
Our of 4. 4 EET =—024--9 
Suppoſe | 7311-14 =" 07 e f=2? 
Out of 7. 1 * * 
8, and 7. = 3 Regreſs 
— — KH — — 
8 1 7 +110 = 465 
1. JE 1 
4 19 31 — 15 =-< p 
1 . . 1215 X 173, + 1974= 2769 : 
9 — 
12, 1. 13 = = 39=b 
_ {2769—1 2 — 
12, 1. a; th _ LOSS” 8 
Values of a ; 165 87, 153, 22 "13 „ Cc. 
5 9, 300, 371, 0. 
Values of b; 39, 212, 385, 558, 731, 904, Oc: 
| SB. 4. P RO p. II. 
Two whole Numbers Prime between themſel ves being given, to find out two others, 


ſuppoſe a and l, that if à be multiplied by the leſſer of thoſe two Numbers given, and 
to the Product there be added a whole Number given, the Sum ſhall be equal to the 
Product ot þ multiplied by the greater of the two Numbers firſt given; Moreover to 
diſcover all the whole Numbers a and 6 that are capable of producing the ſame effect. 
When each of the two given Numbers which are Prime between themſelves in a fin- 
gle Figure, or ſome ſmall Number conſiſting of two Characters, then the firſt of the 
two ways of ſolving the foregoing Prop. 1. will readily ſolve this ſecond; but waving 
that Method I ſhall ſhew two other ways by the help of the latter of thoſe rwoMerhods 
e 


— 
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* + 
The firſt Method of ſolving Prop. 2. 
QUESTION 10. 


| 1 What are @ and b in 
If | 1712+; = 1736, whole Numbers ? 
Out of 1. | 2 14 8 173—22 
By Prop. 1. 3 27659 = 2768 +1” 
Eq, 3 * 28, | 4 77532 = 77504 +28 
2-4 | 572677 — 
WTF 7576 | . 
Out of 5, 1. Er 449 =b | 
Values 5 
1 FO olich 
; 57 * * 71 fa 3 
By the Rule in 856 = a . 
Ki. 2. Num. 20.23 = þ the leaſt Values 


Ex plication, 


1. I multiply 71 which is prefix d tog in the Equation propoſed, by ſuch a Num- 
ber, that when 3, to wit, 4; in the fame Equation is added to the Product, the 
Sum may be either equal to, or leſs than ſome Multiple of 173; ſo multiplying 71 
by 2, the product 143 increaſed with 3 makes 145, which is equal to 173 wanting 
28, viz, 145=173—28, which is the ſecond Equation. +» | 

2. Then by Prop. 1. of this Chap. I ſeek two ſuch-Numbers a and b, that if a be 
multiphed by 173, and the Product increaſed with | 1, the Sum may be equal to the 
Product of þ multiplied by 71; viz. Suppoling 173a+1 =716, and proceeding 
according to the foregoing Queſt. 9. I find 16 for the Value pf a, and 39 for b ; there- 
fore 173x16, + « = 71x39; or JI x39 = 173 x 16 1 that is, 2769 = 
2700-45 which is the third Canals, - 95 2 N | 1 

3. Becauſe +1 in the latter part of the third Equation is an Aliquot Part of 28 in 
the ſecond, I multiply the third Equation by 28 the Denominator of the ſaid Part, 
and it makes the fourth Equation, to wit, 77532 = 77504 ＋ 28. 

4. Then by adding the fourth Equation to the ſecond the Sum gives the fifth, which 
is free from the Signs + and —; and from the fifth Equation the whole Numbers 
449 and 1094 are diſcovered for Values of b and a, in like manner as in Queſt. 4. and 
5, and by the help of thoſe the ſmalleſt Values of a and b, to wit, 56 and 23 are 
found our by the Rule in the twentieth ſtep of Set. 2. 

5. Laſtly, by the help of the two ſmalleſt Values of a and , and the Rule in the 
third ſtep of Sekt. 2, all that are capable of ſolving Oueſt. 10. will be found in the 
two following Arithmetical Progreſſions, which may be continued as far as you pleaſe. 


Valuesof a; 56, 229, 402, 575, 748, 921 ,. 1094, Oc. 
Values of b; 23, 94, 165, 236, 307, 378, 449, Oc. 


QUESTION 11. 


1 _ . What are aand b in 
| It L. 224 E50 » mo 5 4 4 whole Numbers? 
Out of x. | 022 = $070—48 

By Prop. 1. | ;| 66 hee e HA 
Eq. 3 Xx 48. | 43168 = 3120 ＋48 
14. [8190 __ = 8190 

3 


. 8190—5000d 


4 F 
By the Rule in |< 
Sekt. 2. Num. 20. 


8 true Values. 
a 


Out of 5, and rv | 3299 16 
22 
9 


| ; ( the leaſt Values 


Ca 


Expli- 


— 1 
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Explicatibn. * 

1. I add 22 to 5000 and it makes 5022, which is not exactly diviſible by 65, for 
77 times 65 is leſs than 5022, but 78 times 65, that 1s, 5070, exceeds 5022 by 48 ; 
therefore 5022=5070—48, which is the ſecond Equation. |. 

2. Then by Prop. t. of this Chap, I ſeek two ſuch whole Numbers à and &, that if 
a be multiplied by 65, and to the Product there be added 1, the Sum may be equal 
to the Product ot b multiplied by 22 ; viz. ſuppoſing 654 CI 22, and proceding 
according to the latter Method of reſolving the foregoing Prop. 1. I find 1 and 3 to be 
Values of a and b ; therefore, 65 x 1, +1=22x3; or 22x 3=65 x 1, +1; that 
is, 66265 EI, which is the the third Equation: | 

3. By proſecuting the Work as before in the Explication of Queſt. 10. all the de- 
fired Values of a and & in whole Numbers that are capable of conſtituting the Equa- 
tion firſt propoſed in this eleventh Queſtion will be found to be the Terms of theſe two 
following Arithmetical Progreſſions, viz. 5 
J 15, to, 145, 310, 379%, 1340, TOs. 
Values of b; 82, 104, 126, 148, 170, 192, Cc 


Another way of ſolving Prop. 2. 
QUESTION 1: 


V. 4th Far What are a and bin 
If | I] 71a+3 = 173 6, 1 Whole Numbers 


Out of 24 21145 = 173 — 28 
ut of K ass Dine 
Suppoſe | 4J173cÞ+28 = 40 xi 1 d=? 
. = IP 
Out of +2 Jp: se- E Iz 
6 * 3.71 = 480 30 
5+ 7. 81720 —_00; 
I WO. Reereſs. 
8, 4 9| 40 1 18 A 4 8 
9, 3, 2. fleſ 813, P14 = 3979 
11 222 2 3 
10, 1. 173 3 
2979. — 3. 
IO, I. 12 7¹ 2256 F 
Explication. 


1. In this Queſtion, which is the ſame with the foregoing tenth, the ſecond Equa- 
tion is formed as is there directed. #09 
2. The third Equation is thus formed: Foraſmuch as the given Number 71 is leſs 
than 173 which is prefix'd'to b, I multiply 71 by ſuch a Number that the Product 
may exceed 173, and be alſo Prime to it, fo multiplying 71 by 3, the Product 213 
exceeds 173, alſo 213 and 173 are Prime to one another, then I divide the ſame 213 
by 173, and find that 213 contains 173 once, and 4o oyer and above ; therefore 
213=173-40, which is the third Equation. 4 
3. The fourth, fifth, and ſixth Equations here, are formed like the fourth, fifth, 
and ſixth Equations in the foregoing Queſt. 6. OTC 
4. Then becauſe 13 which follows ¶ in the fixth Equation is an Aliquot part of 39 
which follows — in the fifth, I multiply the fixth Equation by 3 the Denominator of 
the 75 Fas (for 13 is 3 of 39,) and it produces the ſeventh Equation, to wit, 
19=480 +39, AN | 
? 5- The eighth Equation is the Sum of the fifth and ſeventh, (according to the Ope- 
ration in Caſe 2.) and then in the ninth Equation the Regreſſive Work begins, to find 
out the Values of d. b and à in ſuch manner as has been ſhewn in divers preccdingQueſti- 
ons of this Chap. So at length all the Values of a and 6 in whole Numbers to ſolve this 
twelfth Queſtign will by this latter Method be found the ſame as before in Queſt. 10. 


Sett. 5: 


£ 


; : 2 * e eee 2 F . eee 5 mig 
CHAP. 13. capable of innumerable Anſwers 313. 


Se. 5. PROP, III. 


To divide a given Number into three or more Numbers, ſuch, that if every one of them 
be multiplied by a different Number given, the Sum of the Produòs may,be equal to a 
given Number. But the Sum of thoſe Products muſt fall between the two Products made 
by multiplying the given Dividend into the greateſt and leaſt of the given Multiplicators. 

The Solution of this Problem is explain'd by the following Queſtions of this Chap- 
ter, and oftentimes requires the help of the two preceding Propoſitions, as will partly 
appear by the fifteenth Queſtion, 


* 


QUESTION 13. 
To divide 24 into three ſuch whole Numbers, that if the firſt be multiplied by 36, 
the ſecond by 24, and the third by 8. the Sum of the three Products may make 516: 
Let the Numbers ſought be repreſented by a e & y, then theQueſtion may be ſtared thus: 
Te - — — © cons — 6 e+ y=: 24 
2. And — 364 24e NY 516 
What are the whole Numbers a, e, y? || — — 


RESOLUTION 


3. The firſt Equation multiplied by 36, which is pre 5 8 

fix d to a in the ſecond, produces ann 364 3G E360 = 864 
4. The 2d Equation ſubtracted from the third, leaves — 1e 287 348 
5+ The fourth Equation by Tranſpoſition ot +28y, gives — 12e=348— 28) 


— — — 


—— 9L— 


6. The fifth Equation divided by 12 gives 3 29 — 7 
7. If inſtead of e in the firſt Equation there be taken }_ 77 
the latter part of the ſixth, this ariſes — — * 73 * ＋ 5 24 


3; That is, —— ——— — — 49 2g? = 24 


9. From the eighth Equation by Tranſpoſition of 97 4y 
10. That is, — —— — — — 25 | 
11. By the latter part of the tenth Equation *cis evi- 47 
dent that a : 5 Þ C'S | 
12, Therefore by multiplying each part in the ele- 
venth ſtep by 3, it follows that ü 4e 15 
13. And by dividing each part in the 12th ſtep by 4, — y= 34 


14. And from the latter part of the ſixth Equation, by 
arguing in like manner as in the eleventh, twelfth 1 
and thirteenth ſteps, it will be manifeſt that x 

15. Now if Fractions or mixt Numbers were admitted to be the Values of a, e, and 
y, then by the thirteenth, fourteenth, tenth and ſixth ſteps tis evident that 

3 = any Number between 3 and 125; 
4) 


<— TY 


3 


umbers to ſolve the Queſtion, the limits in the thirteenth & 
hat) muſt be ſome whole Number greater than 3, but not 
yet every whole Number within thoſe limits will ö 


16. But to find out whole N 
fourteenth ſteps do ſhew t 
greater than 12, 
not ſerve the turn, 


+ Þvz 
+4. - ——— 


for the Values of a and e before diſcovered will [ase 27 
not be whole Numbers unleſs ee and be whole Numbers . out 3 15 6 
2.4 2 de 1A 
; and - cannot be whole Numbers unleſs y be z, or ſome Multi- \Mz 


ple of 3, and becauſe 3 is without the . may be 6, or 9, or 12, and conſequently 
| r 


from 


_— Ty 
_ 4 
—— 
* 
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from the fifteenth ſtep a ſhall be 3, or 7, or 11; and e, 15, or 8, or 1. Now in an 

ſwer to the Queſtion, 3, 15 and 6, (to wit, a, e and y) are three ſuch whole Num. 

bers, that their Sum is 24, and if the firſt be multiplied by 36, the ſecond by 24, and 
the third by 8, the Sum of the three Products makes 5 16, as was required. The 
like may be ſaid of each of the two other Anſwers. But if Fractions or mixt Num. 

bers were admitted, innumerable Anſwers might be given to the Queſtion, as be. 
fore has been ſhewn in the fifteenth ſtep, 

Note, When one part of an Equation conſiſts of an Affirmative Letter and ſome Ne- 
gative Abſolute Number, a limit may thence be inferr'd, above which the Number 
- ſignified by that Letter ought to be taken. But if one part of an Equation conſiſts of a 
Negative Letter and of an Affirmative abſolute Number, it will give a limit beneath 
which the Number tepreſented by that Letter muſt be choſen. Sometime. alſo two 
limits will be diſcovered, (as in this thirteenth Queſtion for the choice of the Number 
;) and ſometimes but one, (as in divers of the following Queſtions.) 


W 
—— —— 


1 


QUESTION 14. 


To find three ſuch whole Numbers that their Sum may make 100 ; and that i the 
firſt be multiplied by 4, the ſecond by 3, and the third by 15, the Sum of the three 
Produtts may make 300. 


For the three Numbers ſought put a, e and y, then the Queſtion may be ſtated thus; 


1. lt ———— — — — — 14e 5 = 100 
2. And. - ———— —— in = 300 
What are the whole Numbers a, e andy? [ — —— 


RESOLUTION. 


3. The firſt Equation multiplied by 4, which is prefix'd 
to a in the ſecond Equation,) . 4 — qa+4e+4y=400 


4. The ſecond Equation ſubtracted from the third, leaves — 22100 
5 


55 The fourth Equation by Tranſpoſition of + gives f — 2 00 = 
6. If inſtead of e in the firſt Equation there be taken the 2 2 
latter part of the fifth Equation this will ariſe.— F 10. 5 + y=100 


7. That is, after due Reduction, — 1 ot Gy 


wn——{ 


8. From the latter part of the fifth Equation it's mafii- } 1 17 
feſt that ——— 
9. And conſequently by multiplying each part in the 3 
cighth ſtep by 5 — — — dae, 115 3 500 
10. And by dividing each part in the ninth ſtep by 11, 8 
it en hes — — — af 4 > 122 
Whence 'tis manifeſt, that if the three Numbers ſought were not reſtrained to whole 
Numbers, any Number leſs than 457+ might be taken for Number y, and then the 
Numbers a and e would be diſcovered from the ſeventh and fifth ſleps. But to have the 
Queſtion ſolved by whole Numbers, the Number y muſt be ſome whole 


- = h Number not greater than 45, and ſuch as may cauſe nd 2 to be 
12078 Ip whole Numbers, for otherwiſe the Values of e and à in the fifth and 
1 4 op ſeventh ſteps will not be expreſſible by whole Numbers; but © and 
30145125 


Gy | 
36034430 ß cannot be whole Numbers unleſs y be 5, or ſome Multiple of 5, and 


43123135] therefore y may be 5, or 10, or 15, or any of the reſt of the Num- 
4812140] bers in the third Columel of this Table; and conſequently, from the 
54) 1 fifth and ſeventh ſteps of the Reſolution, the whole Numbers e and 
2 © will be ſuch as ſtand under e and a. Thus you ſee that the Queſtion 
receives nine Anſwers in whole N umbers, which are all that it's capable of: So that 
if you take 6 fora; 89 for e; and 5 for 5, their Sum is 100; and if 6 be — 
| | Y 4; 


. * _ Tc - m 


i.  _ . 


© ks 


a» ww ys 


—ů —— —— et . m —_ —_—. * P he Sh A. dh. ** _ FI 


CiH®*AP!:ips. capable of mnumerable 7n/wers 
Ce eee eee Eh Lee nee eee ee — — 
pyig; 89 by 3 3 and 5 by 4%, the Sam of the three Products makes 300, as the Que- 
{{zon requires. © The like may be proved of every one of the othet eight Anſwers. 
Note. When three Numbers are ſought by a Queſtion of this Nature that is capable 
of many Anſwers in whole Numbers, all the Values of every one of the Letters in whole 
Numbers are in Arithmetical Progreffion, and therefore when two of thoſe Aniwers are 
found out, all the reſt within the limits diſcovered by the Reſolution are conſequently 
given by Addition or Subtraction of the common Difference in each Rank, as may ea- 
ſity be perceived: by the Values of a, e, y in the Table above written. But when four 
Numbers are ſonght, the Values of a Letter are oftentimes found in ſeveral Arithmeti- 
cal Progreſſions, as in the following Queſt. 20 2 805 1 


e EST ION #5." Ty: 

To divide 1533 into three whole Numbers, ſuch, that & of the firſt, together with 
2 of the ſecond and r of the third may make 167. 

For the three whole Numbers ſought put a, e, and y, then the Queſtion may be * 
ſtated thus? 0 f 9 
. + i 
2. And —— pry oo ons cn za Ce rr = 167 

What ate the whole Numbers a, e, 20 ff. 

5 e HM nl . | THE 
| RESOLUTION. - 


3. The firſt Equation multiplied by z, podutes 1a Lie Jy = 2212 
4. The fourth Equation ſubtracted from thee, 4 „ — 
third, leaves | E 8 


. The ſecond an 5-476"; 90NjO 
5 Equation by Trapſpokyog, of e . | , 
40801 7 CS YU 7 3 OL 4-0 


e gives 47 . 
. 2 — 225 W. * 82 C- * 0 * 
r weer e 

6. The fifth Equation divided by 324, gives. %, . , 
* tad nds. GS of «4 - * of ww WW a 5 T . 4 . 

| X IE | Sed lng! 2:9 6 FALGOI '226GF 
7. H inſtead of y inthe firſt Equation there es 5 1 — . 
taken the latter part of the ſixth this ariſes, I Fn 97 32 97 1533 


WF 


* 
——— 


mm Eons 


— <- 


"FL ETEF 
. 


8. The ſerenth Equation, after due Reduct- ] 3232. 
jon, gives ” 4 = — — ps por F ; | 1 7 97 | — 5" 
9. By the eighth Equation it's manifef thit=="" 3236 12644 | 
10. And coaſe an . 
of the laſt ſtep, by 323.ũ5 ĩ5„½: 39177. 
11. Now to find dut the Values of a, e and y N 


in whole Numbers, (i there be a poMbility | * It 
I nairiptyrhe-fixth Equation by the Dens-p - = 2326122060 | 
minator 97, and it makes —————— | 
12. That is,. ——— 69 | | 
13. Then by the foregoing Prop. 1. of this Chapter, I ſearch out all ſuch whole Numbers 
as may be Values of e and, q to conſtitute the laſt Equation, that is, 2266 22261 
—=97y ; but with chis Condition, viz. That the greateſt whole Number among thoſe 
that are*ound out for the Values of e may kot exceed 30 , —— 
as the preceding tenth ſtep requires; fo T -find four Values 22 4 
of e, to wit, 47 144, 241, 3a8 : and four Values of, to 1147 47 339 
wit, 339, 365, 791 and; 101 7 Then che dum of every 824/44 565 
two correſpandent Values of e and y being ſubtracted from 50112410 791 
1533 the Numbedfirit given to be divided, che Remamdets 178.8157 
* © 25 deſired Values of a, to wit, 1 147, 824, 501 and | 
1783 lo there are only four Anſwets to the Queſtion ia who! 1bers, to wit, 
thoſe inſerted in the Table in the Margin. 0 en MN 


l The Proof of the firſt Anſwer. | 

The Sum of 1147, and 47, 33.9 . —— CS rw 15337 ec 2009 
x Of L147 moos —— — — 1435 : i 

J of 47 iy — Y _ | n= 


J 


— 


* 
* 


rr of 33915 — — — — — 6, 
Laſtly, the dum of thoſe thtee Products is 167, 
o "Is | Rr | | Therctore 


_— 


8138 * 2 S 


8 * 6 — — * — "OY 
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Therefore all the Conditions in the Queſtion are ſatisfied, and the like may be pro- 
ved by every one of the othet three Anſwers in whole Numbers, but if Fractions 
were admitted, innumerable Anſwers might be given by the tenth, eighth, and ſixth 
| eps of the Reſolution, | | 


1 
4 - 
= . - 4 . 1 8 1— "0 1. CONE "Y ä 


| QUESTION 16. "TP 
To find the three Numbers, that their Sum may make 300; and that if the firſt 
be multiplied by 6, the ſecond by 5, and the third by 240, the Sum of the three 
Products may make 1496. 
Let a, e, y be put for the three Numbers ſought ; then by forming the Reſolution 


in like manner as in the preceding thirteenth, fourteenth and fifteenth Queſtions, it will 
appear that 


* 


y = any Number between 1537 and 7637; 


193 3 
3 11937. 
e= 304 — 300 ba 
1 
300 


Whence tis evident, that there cannot be three whole Numbers found out to ſolve 
this Queſtion, for zoo is the ſmalleſt whole Number that can be taken for y to cauſe 
= and 55 to be whole Numbers; but zoo exceeds the greater of the two li- 
mits above diſcovered for chuſing of the Number 5. 


1 


ti. * — — — 


QUESTION 17. | 
If one would lay out 98 Pence to buy 4o Birds, ſuppoſe Partridges, Larks and 
Quails ; how many of eachikind may be bought when Partridges are at 3 Pence a piece, 
Latks at an Half Penny a piece, and Quails at 4 Pence a piece ? 

Let @ repreſent the Number of Partridges, e the Nutaber of Larks, and y the Number 
of Quails ; then according to the Queſtion, a+e+y=40; and becauſe the Number of 
all the Partridges multiplied by the Price of one of them produces the full Coſt of all, 
it's manifeſt that 3a is the full Coſt of all the Partridges ; and for the like Reaſon Je ſig- 
nifies the full Coſt of all the Larks ; likewiſe 4y the full Colt of the Quails : But thoſe 
three particular Sums oft Money muſt be equal to 98 Pence, therefore '3a+tie+4y 
—98 ; ſo that the Queſtion may be ſtated thus; ed a5 
1. If- — — — — — ＋e , 40 
2. And — — — — — — 4 98 

What are the whole Numbers a, eandy? — ü] 
The firſt E | HE EDN | $3 
The firſt Equation multiplied by 3 (which is prefix d to 3 
f a in the ſecond, produces Kale . 1 3 T; 7120 
4. The ſecond Equation ſubtradted from the third, leaves — 98 22 
5- From the fourth Equation, after due Tranſpoſition, this? Je 

atiles ———— — —̃ n — — 2 23 
6. Then inſtead of y in the firſt Equation, if there be ſer the e 

latter part of the fifth, the firſt will be reduced to this, 1 2 Te 7 22740 
7. The ſixth Equation, after due Reduction, gires — 62 


BR 
\ 


_— 


6 — 


* SS > py 
#; 


8. By the latter part of the fifth Equation it's evident that : 22 Re 


9. And conſequently by multiplying each part in the eighth 8 
; C in the eight 
ſtep by 2, — — 1 . on fe © 40. 
10. Whence by dividing each part by 5, is: follows thas ec 55 LY 
11, Again, from the latter part of the ſeventh Equation, ) „ 
by arguing in like manner as in the eighth, ninth and d „ — 17 51 
tenth ſteps, it will appear that 7 


1 2. Now 


4«« .: 


* 
— 
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— —— — — - | 
12. Now firce the Nature of this Queſtion requires that the deſired Value of a, e and y 
be whole Numbers, it's evident from the fifth and ſeventh ſteps that e muſt be an even 


Number, otherwiſe Land = will not be whole Numbers; for ife be an odd Number 


the Dividends e and 7e will be odd, (tor odd multiplied by odd produces odd) and 
therefore their halves cannot be whole Numbers. Since then e muſt be an even Num- 
ber, it's manifeſt by the tenth and eleventh ſteps, that e 7 
may be 10, or 12, or 14, or 16, but no other even Num- [partr, Larks. |Quails. 
ber whatever; and conſequently from the fifth ſtep y ſhall a | e 0 
be z, or 8, or 14, or 18 ; and from the ſeventh ſtep a ſhall 27 10 [ 3 
be 27,'or 20, or 13, or 6. Thus it appears that the Que- | 20 P 8 
ſtion may be ſolved by four ſeveral Anſwers (and not more) > | 1 | 13 
in whole Numbers, viz. Firſt, 27 Partridges, 10 Larks, We DW 18 
and 3 Quails, which are in Multitude 40, may be bought 
for 98 Pence at their reſpective Prices given in the Queſtion; or 20 Partridges, 
12 Larks, and 8 Quails, which are likewiſe 40 in Multitude, and the like may be 
affirmed of the other two Anſwers inſerted in the Table in the Margin, $ 
But if a Queſtion of the ſame Nature be deſired that has but one Anſwer in whole 
Numbers, the following Epigram cited by Monſieur Bachet in his Comment upon the 
one and fortieth Queſtion ot the fourth Book of Diophantus,) will be ſatisfactory. 


— * * n —_ 4 FY . 
—_——_— 


QUESTION 1s: 


Ut tot emantur aves, bis denis utere nummis; 
Perdix, Anſer, Anas empta vocetur avist- 8 
Sit fimplex obolus pretium Perdicis, ematur | 
Sex obolis Anſer, biſque duobus Anas. 
D tua procedat in lucem guæſtio, mentei 
Conſule, fic loquiter pectoris arca mihi. 
Sint Anates tres atque duæ, fimplex erit Anſer, 
Accippe Perdices quatuor atque decem. 


The Senſe is this: If the Price of a Partridge be an Half. penny, a Gooſe 3 Pence. 
and a Duck 2 Pence; how many of each kind be bought at thoſe - wu if it be 
deſired that all the Birds bought may be 20 in Number, and coſt 20 Pence? 

Let a 3 the Number of Partridges, e the Number of Geeſe, and y the Num- 
ber of Ducks, then this Queſtion (like the preceding ſeventeenth) may be ſtared thus: 


1 
1. It >, OT — — — . 


2. And ———— 


mil 
* 


jt 


— — a+ eÞ y=20 


What are the whole Numbers a, e and ? if 247-3 Es = 
RESOLUTION. | 
3. The firſt Equation multiplied by 5, produces — ere 44 ts + 75 —1 4 | 
4. The third Equation ſubtracted from the ſecond, leaves = 4 2 =10 
5. By Tranſpoſition of 2 in the fourth Equation, this ariſes L 10 
py 87 82 | 2 92 
6. The fifth Equation divided by £, 97. WY, 3Y 
| gags ewes) = 4—7 


7. By ſetting the latter part of the ſixth E nation in tho? 

Place of e in the firſt, this ariſes —— 1 aÞqa — 1 ＋ = 20 
8. Which laſt Equation after due Reduction, e 
9. From the latter part of the ſixth Equation it x | 

fe Ty uy Ben q on it way be. in- ; 

Re that e . i Giver of the preceding Quie-> y — 6} 
10. But the ſixth and eighth ſteps do ſliew, that to the end the Values of e and à may be 
9 whole Numbers, as theNature of this Queſtion requi:es, 


ic is requiſite that?) and 11 
be 


——_— —_— 
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a be whole Numbers; by 4 and cannot be whole Numbers, unleſs be 5 or ſome 


Multiple of 5 ; and by the ninth ſtep y muſt be leſs than 63, thereſore 5 is che only 
whole Number that can be taken for y, or the Number of Ducks; and conſequent- 
ly the ſixth ſtep gives 1 for the Value of e, that is, 1 Gooſe ; and by the eighth ſtep, 
the Value of à is 14, that is 14 Partridges ; which three Numbers will ſolve the 
Queſtion, as may eaſily be proved. | | 


. 


— 


The Reſolution of the following nineteenth and twentieth Queſtions do ſhew how to find out 
innumerable Anſwers to any Queſtion belonging to the Rule of Alligation alternate in 


vulgar Arithmetic, when three or more Things are to mixed together, according to the 
import of that Rule. | 
. 


QUESTION 1g. ' ps; 


A Vintner having three ſorts of Wines, the prices whereof per Gallon are 24 Pence, 22 
Pence, and 18 Pence, defires to make a Mixture out of them that may contam 60Gal- 
lons, in ſuch manner that the total Mixture being ſold at ſome mean price per Gallon be- 
tween 24 Pence and 18 Pence, ſuppoſe at 20 Pence, may make the ſame Sum of Money, 
as all the particular Quantities of Wine in the Mixture at their own Prices. The Que- 
ſion is, to find what Quantity of each ſort ot Wine may be taken to make that Mixture. 

For the defired Number ot Gallons of the firſt fort of Wine to make the Mixture, put 
a; for the Number of the ſecond ſort e; and of the third 7: Then a Tee = co, 
(the total Number of the Gallons in the Mixture ;) and becauſe every Gallon of the 
mix'd Quantity muſt be (old for 20 Pence, the 60 Gallons mix d are worth 1200 pence, 
and ſo much allo muſt all the Products of the particular Quantities of each ſort of 
Wine multiplied by their peculiar Prices amount unto ; therefore 244 +2 26 185 
1200—=60Xx20.* So that the Queſtion may be ſtated thus: 

1. If — — — —— g . er 6 
2. And — ——— — -—- — — 242 f- e FI 0% (=60x20) 
What are the Numbers a, e770 —2u¼ . .ü(„- . — — 


RESOLUTION. 

3. The firſt Equation multiplied by 2423 city 
(which is prefix d to @ in the ſecond E-p 244Þ24e--241=1449 
quation) produces ——. te SS 

4. The ſscond Equation ſubtracted — 
the oy 7 * 1 

', The fourth Equation ranſpoſition 3 | 

of 6y, > — tag 7 | n 

6. The a —— ov by 2, gives e=120—3) 

By taking the latter part of the fixth E-? | as 

. 3 inſtead ofe A firſt, this ariſes, © 4120.6 

8. The ſeventh Equation, after due Re-: 6 
duction, diſcovers the Value of a, 3 r 

9. From the eighth Equation it's evident that y © 30 2 

10. And from the ſixth Equation, 7 3 40 Dios oc 

11. By the roth, th, 8th and 6th ſteps it's mainifeſt that innumerable Anſwers may be 
given to the Queſtion propoſed ; for ſince Fractions are not here excluded from bring 


— 2+ 69249 


- 


— — 
— - 


„* 


Anſwers, you may eſteem y = any Number between 30 and 40; . 
| a=a—be\-': '- 7-50 5 ing 1; 
a 0 e 120 — 29. F $103 15360 + 8 3» | 
12: Whence nine Anſwers in whole Numbers are diſcovered, to wit, thoſe expteſt in 
this Table. But the Rule of Alligation in Vulgar Arithmetic finds out 
— 315; only one Anſwer to this Queſtion, to wit, the ſinth. And becauſe in- 
4| 2432 numerable Numbers may be taken between 30 and 40 for Values of 3, 
$ 13 11 you may find out as many Anſwers as you pleaſe in Fractions,” (which 
12 15 [35] are not excluded in Queſtions of this Nature ] ſo if for y you take 
14 9, 37 302, then a = I, $--- 2y "oY 60, and e = 282, (= 12037) 2 


10 2.129 | | | 18 | The 


K 


CHAP. 13. 


The Proof of the firſt Aſter. 

Two Gallons of Wine at 24 Pence per Gallon, together with 27 Gallons at 22 Pence 

per Gallon, and 31 Gallons at 18 Pence per Gallon amou nts to 1200 Pence; which is 
alſo the Value of 60 Gallons at 25 Pence per Gallon 


— 


—— 


„ — 


: U ESTION 20. 


A Ve having four ſorts of Wines, whoſe prices per Quart are 16 Pence, ro Pence, 

8 Pence, and 6 Pence, de ſires to make a Mixture out of them that may contain 109Quarts, 

ſo as this mixt Quantity being ſold at ſome mean Price per Quart between 16 Pence and 

6 Pence, ſuppoſe at 12 pence, may produce the ſame Sum of Money, as all the particulat 

Quantities of Wine in the Mixture if they were ſold at their own Prices. The Queſtion 

is, to find what Quantity of Wine of each ſort may be taken to make that Mixture ? 

Let a e, y and # be put for the unknown Quantities ot Wine that are ſought to make 

the Mixture ; then a Le Ey oo, (the total Number of Quarts in the Mixture,) 

and dy multiplying thoſe Quantities ſeverally into their peculiar Prices, the Sum of the 
is 164 EIOe +8y +64; which Sum muſt be equal to the Product of 100 

—_ into 12, that is, x2co Pence; So that the Queſtion may be ſtated thus; 

1. — —— 

2. And — _ —— 


— — a+ e+ y+ « = 100 
— -—— - — I6+10e-; 8) 1-64 = 1200 
What are the Numbers a, e, y and u? ER —— 

The given Equations being fewer in multitude than the Numbers ſought, it's a fign 
that the Queltion is capable of innumerable Anſwers ; now that you may find out as 
many of them as you pleaſe, the firſt ſcope in the Refolution muſt be to diſcover limits 
to direct your Choice of ſome one of the Numbers ſought, and accordingly, the drift 
in the eighth Equations next following is to ſearch out limits for the firſt Number a, 


RESOLUTION 


3. From the firſt Equation by Tranſpoſition of a, 8 1 
this ariſes, — — eu 100-4 

4. And from the ſecond Equation by Tranſpoſition 
of 16a, this ariſes | 5 

5. The third Equation multiplied by 6, to wit, 
the leaſt of the known Numbers which are pre- 
fix'd to the Letters in the firſt part of the fourth se ECE CC 600—6a 
Equation, produces eee eee 

6. Again, the third Equation multiplied by ro, 
that is, the greateſt of the two Numbers which 
are prefix'd to the Letters in the firſt Part ot the 
fourch Equation produces ———— —— — 

7. Ir is manifeſt thar the firſt part of the fifth Equa- . 


Py 
— — 


— 


2 — — 


1oe 8 L= 1200 — 1 


10e Io LIOU Io - 10 : 


tion is leſs than the firſt part of che fourth, there- 
fore alſo the latter part of the fifth ſhall be leſs 
than rhe latter part of the fourth, viz. ——-— 
8. Therefore from the ſeventh ſtep, after due Re- 
duction, it follows, that — — — 
9. Again, for as much as the firſt part of the ſixth 
Equation is greater than the firſt part of the Fara 
therefore alſo the latter part of the ſixth ſhall be 
greater than the latter part of the fourth, viz. 
10. Therefore from the ninth ſtep, after due Re- ? 
duction, it follows, that ——— 1 


600—6a 2 200—1 6a 


a * 60 


1000 — 10 C 1200—164 


a 355 


——— at 


Now ſince it is found by the eighth and tenth ſteps, that à the Number of 15 
ſought of the firſt ſore of Wine to make the Miro muſt be made leſs than a 
greater than 334 ler ſome Number within thoſe limits be taken for the Value of a, viz. 


11. Suppofe 
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11. Suppoſe 


12. Then by ſetting 47 in the place of a in the 77 * 
firſt Equation, this ariſe ——— "> wy —47+Þe+ty+u=100 
13. Whence by equal Subtraction of 47 there 1 ; 2 
remains —— —ů— „— — eg 33 
14. And by multiplying the Equation in the e- 
ſeventh ſtep by 16, (the Number prefix'd to 752=16a 


a in the ag it gives 
15. Then by ſetting 752 in the place of 16a in 

"ihe ſecond Equation, this ariſes _ 752+1ee+85-F-6u=1200 
16. And by ſubtracting 752 from each part of | 

the Equation in the fifteenth ſtep, this re- ———— fee 83 64="448 

mains, vViz,— — . 
17. The Equation in the thirteenth ſtep multi- 2 

plied by 10, (which is prefix d to e in the 10e TOTO = 520 
. fixteenth,) produces F4 x" 

18. Then jby ſubtracting the Equation in the ) 
fixteenth ſtep from that in the ſeventeenth ____ _ Stn 
the Letter e vaniſhes, and this Equation re- CE 4A = ai 
mains, vixa.— | 1 


19. From the eighteenth ſtep by Tranſpoſition =o. 
of +4u, this Equation ariſes, — C 9 * 15 

20. And by dividing each part of the Equation J=4I—21 
in the nineteenth ſtep by 2, it gives 7 


tion in the twentieth ſtep in the place of y et41—2uþu=53 


in the thirteenth ſtep, it makes — 


21. Then by ſetting the latter part of the Equa- 5 


22. Whence, after due Reduction, — —— —— e=aÞ12 

23. By the latter part of the Equation in the ; 
twentieth ſtep, it's evident that 22 14, f 2 203 
therefore — — — 


And becauſe the known Number 12 which follows +7 in the twenty ſeco id ſtep, = 
(expreſſing the Value of e is Affirmative, there is not any limit to ſhew above which ; 
the Number « ought to be taken; and therefore, according to the three and tw entieth 
ſtep, a may be any Number leſs than 203 : Therefore, 


24. Suppoſe ——— _ . — 2 20 
25. Then from the twentieth and twenty fourth TE 988 
ſteps it follows, that | Y= 1, (=41—2%) 
26. And from the twenty ſecond and — OY 1 , 
fourth ſteps,- ae e=32, (=u+12) 


Thus by the eleventh, twenty ſixth, twenty fifth and twenty fourth ſteps; four whole 
Numbers are diſcovered, to wit, 47,32, x and 20 for the Values of a, e, y and u, which 
Numbers will ſolve the Queſtion. For if 42 noone of the firſt ſort of Wine, 37 Quarts 
of the ſecond, 1 Quart of the third, and 20 of the fourth be mixed together, the Sum 
makes 100 Quarts, Which at 12 Pence per Quart yields 1200 Pence; and the ſame 
Number of Pence will be produced by felling 47 Quarts at 16 Pence per Quart, 32 
(ws at 10 Pence, x Quart at 8 Pence, and 20 Quarts at 6 Pence; which was re- 

quired. a 
But becauſe (by the twenty third ſtep) # may be any whole Number leſs than 20; 
nineteen Anſwers more in whole Numbers may be found out in repeating the Proceſs in 
the twenty fourth, twenty fifth and twenty ſixth ſteps; ſo that 47 being taken for a, 
there will be twenty Anſwers in whole Numbers, which are inſerted in the following Table. 
And by putting a equal to every whole Number ſeverally between 333 and 60, which 
are the limits diſcovered in the eighth and tenth ſteps, for the chuſing of the Number a, al- 
ter a due repetition of the Proceſs with every one of thoſe wholeNumbers,in like manner 
as before with 47 from the eleventh ſtep to the end ot theReſolution, two hundred nine- 
ty four Anſwers more in whole Numbers will be diſcovered, which with thoſe twenty in 
the Table make three hundred and fourteenAnſwers in whole Numbers to this Se, 
| 3 ueſtion, 


* 
v - *. ts, 
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c he R on i ithmetic gi Anſwer; 

| hich the Rule of Allgation in Vulgar Arithmeric gives only one 5 
„ 5 har of Fractions too; but by the Method above deliver'd, innumera- 
ble Anſwers may be found out in Fractions: The Table follows. 1 


. £ 


ſal ej | s 
47 | 32 11 20 
7 1311 3] 19 
47130 5 1 18 
47 1.29 | "7 |. 37 
47 28} 9 16 
47 | 27 | 11 | 15 

147 26 1314 

. 147251513 
47 | 24 2h 12 
47 [23 \ 19 fun 

147 1-22 | 21 | 10 
47 | 21123] 9 
47 | 20 | 25 8 
47419 27 7 
1 
47 117 3115 
47] 16133] 4 
47 | 15 | 35 3 
lt Be l 
EEA þ Sw. 


QUESTION 21. Wh 
ty- one Petſons conſiſting of Men, Women and Children, ſpent in the whole at 
= a LE 75 Shilliogs ; whentcs every Man paid 4 Shillings, every Woman 3 Shillings, 
and every Child 4 Pence, or © of a Shilling: It's defired to find the Number of Men, 
likewiſe of the Women and Children. = 
The Nature of this Queſtion not admitting Fractions in the Anſwer, the Scope of the 
Reſolution muſt be to divide 41 into three ſuch whole Numbers, that if the firſt be 
multiplied by 4, the ſecond by three, and the third by ; the Sum of the three Products 
may make 40: To which purpoſe, let a, e and y be put for rhe deſired Numbers 0 
Men, Women and Children, and then the Queſtion may be ſtated thus, wiz. 
1. lt — — —— ü ꝛ—E—— 4 T 5 = 41 
CCC 
What are the whole Numbers a, e, 172511 = 


RESOLUTION. 


| 1 
By forming the Reſolution in like ma wy 7 2 37h, 

3. By forming the Reſolution in like manner as in the forego» 1 
ing thirteenth, fourteenth and fifteenth Queſtions it will? © =. 124——, 


appear, that - 


. 1141 ; 


Whence 'tis manifeſt that 32 and 33 are the only whole Numbers within the Li- 
mits for the CG the Number y, but this muſt neceſſarily be a Multiple of 
iy Rs 5 
3, Otherwiſe BE and will not be whole Numbers, and conſequently the Values of 
e and a above expreſs'd cannot-be whole Numbers ; therefore 
Number that can be taken for the Value of y, to wit, 
conſequently the Values of e and. a above expre 


{s'd: will give 3 for the Number of Wo- 
men, and 5 for the Number of Men: which t * 


N de Num N hree Numbers 5, 3 and 33 will ſolve the 
Queſtion, for their Sum is 41; and it the firſt be multiplied by 4, the ſecond by 3, and 
the third by,, the Sum of the three Products is 49, 


as was required. 
20 E . 


33 is the ſole whole 
the Number of Children, and 


_ / 


322 2 +» "Reſolution of Queſtions ANODE If 
| yo threw fon 4 gmt 2 


Twenty Perſons, conſiſting of Men, Women, Bays and Girls ſpent at a Feaſt in the 
whole 94 Shillings; whereot every Man paid 6 Shillings, every Woman 4 Shillings 
every Boy 3 Shillings, and every Girl x Shilling: It's deſired to find out the Num. 
ber of Men, likewiſe of Women, Boys and Girls. 

The ſcope of this. Queſtion is to find out four ſuch whole Numbers that their Sum 
may make 20; and that if the firſt be multiplied byf6, the ſecond by 4, the third by 3, and 
the fourth by x, the Sum of the four Products may make 94 ; therefore by putting , 
e, y, u, to repreſent thoſe tour whole Numbers, the Queſtions may be ſtated thus ; ; 


1. If — — 2 1e) 20 
2. And -— — — 6a+qe+3zj tu = 94 
What are the whole Numbers 4, e, , 179 — — Fo: vi 


RESOLUTION. 


The firſt Scope is to ſearch out the Limits for the Number a in like manner as before 
in the twentieth Queſtion, viz. | 
3. By Tranſpoſition of a in the firſt Equation, this ariſes, e y4- 2 = 20— 4 
4. Likewiſe by Tranſpoſition of 6a in the ſecond Equa- 885 
tion, there comes fort 4e T + u = 94—6a 
5. The third Equation multiplied by 1, (to wir, the 
{ſmalleſt of the Numbers prefix d to the Leiters in the 8 
firſt part of the fourth Equation, where 1 is 1uppoſed to . 
be prefix'd to ,) does produce the ſame third, viz. 
6. Again, the third Equation multiplied by 4, to wit, 
the greateſt of the Numbers prefix d to the Letters in > 4e A = 80—43 
the firſt part of the fourth Equation, does produce * 
7. It is manifeſt that the firſt part of the fifth Equation 
is leſs than the firſt part of the fourth, therefore alſo 
the latter part of the fifth ſhall be leſs than the latter 22 2 9464 
| of the fourth, via. kxvaꝑ p —ͤ — 
8. Therefore from the ſeventh ſtep, after due Reduction, 
it follows that —— | 
9. Again, foraſmuch as the firſt part of the ſixth Equa- 0 


—— — 


— — —— 


— —— & Loan » 


tion is greater than the firſt part of the fourth, there- 

fore alſo the latter part of the ſixth ſhall be greater than 
the latter part of the fourth, vx. | ; 
10, Therefore from the ninth ſtep, after due Redu&jon, F 20 

it follows, thataqp)ͤ ! 8 . L 7 


80-44 © 94—6a 


Now ſince 'tis found by the tenth and eighth ſteps, that a, (or the Number of Men) 


is greater than 7, but leſs than 145, let ſome whole Number within thoſe Limits be 
taken for the Value of a, viz, Iv 


—— — : —— 


Il, Sophos e = —.—— 52 7 — —— 12 2 4 
12. Then by ſetting 12 in the Place of à in the firſt Equa- 5 
tion, this ariſes © $i & 12+ e+ 7 8.5 20 


13. Whence by equal Subtraction of 12, there remains —— — 45 
14. And by multiplying the Equation in the eleventh ſtep 2 
by 6, 11 = — — 7 — — 72 
15. Then by ſetting 72 in the Place of 6a in the ſecond } _ - 

Equation, it gives — — af Pata c * 72-+-4e+35Þ u 
16. And by ſubtracting 72 from each part of the laſt asf } Wes ED ap 


3 the Remainder is : 
17. The Equation in the thirteenth ſtep being multiplied | | 
by'q, (which is prefix'd to e in the ſixteenth) gives m—4 +448 
18. Then by ſubtracting the Equation in the fixteenth ſtep 

from that in the ſeventeenth, the Letter e vaniſhes, and y+3# 
this Equation remains. | | 
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19. Whence 


. * 


C HAP. 2. capable of innumerable /nſwers. 323 


ä 


19. Whence by Tranſpoſition of 3u, this Equation 2 52 13 15 
riſes( . —— _ edt; 
20, Then by ſetting the latter part of the Equation in 
the ninereenth ſtep in the place of-y in the thirceenth, 6 e + 10—3ubu = 8 
this ariſes, — — - — - — > . 
21. Whence, after due Reduction, this Equation ariſes, 1 = 10 
22. From the latter part of the nineteenth Equation, it 1 
N . 7 , 2 2 33 
may be inferr d that . 
23. And from the latter part of the twenty firſt Equation, «© 1 | 
Now fince by the twenty ſecond and twenty third ſteps, # (or the Number of 
Girls) is found to fall between 1 and 3+ let 2 be taken for the Value of u, viz. 
24. SUPPOR —— — | e_—_—_ — u = 2 
25. Then from the nineteenth and twenty. fourth ſteps — yy = 4 ( = 10-38) 
26. And from the twenty firſt and twenty fourth ſteps, — e—=2(= 2—29 
Thus by the eleventh, twenty ſixth, twenty fifth and twenty fourth ſteps, four whole 
Numbers are diſcovered, to wit, 12, 2, 4 and 2, for the Values of a, e, y and « 
Again, by taking 3 wor the Value of u, (which is within the Limits before diſcovered) 
che nineteenth and cwenty firſt ſteps will diſcover x and 4 for the Values of y and e, (a 
being 12, as before Wherefore two Anſwers to the Queſtion are tound out ; for the 
Number of Men bc. ing put 12, the Number of Women will be 


A—C —ů —— . 


2, the Number of Boys 4, and the Number of Girls 2 ; or the 3 2 
Number of Men being 12 as before, there will be four Wo- —-—— 3 
men, 1 Boy and 3 Girls. Again, it x1 be put equal to a, oer 9| 811 

the Number of Men,) and the proceſs be repeated from the , 19 6 31 

eleventh ſtep to the end ot the Reſolution, there will be found 115 + os. 

5 two Anſwers more in whole Numbers, In like manner, if 9, 101 3] 5} 1 

: and 13 ſeverally be put equal to a, three Anſwers more will | 12 | 21 4 | 2 
be diſcovered ; But if 8 and 14 be ſeverally put equal to a, 12 4] 1| 3 
altho they be within the Limits in the eighth and tenth ſteps, 3 LLL 3. 


yet the Work being repeated as before will not {ucceed to find 
N e, y and u in whole Numbers ; ſo that there are only ſeven Anſwers, to wit, thoſe in- 
2 8 the Table; but that every one of them will ſolve the Queſtion my eaſily be 
| Yoved. 
If a Queſtion of this Nature be defired that has but one Anſwer in whole Numbers, 
let the Number of Perſons be 60, and 100 the Number of Shillings ſpent ; alſo let ever 
Man ſpend 2 Shillings, every Woman ? of a Shilling, every Boy + of a Shilling, and 
every Girl 7 of a Shilling; then by forming the Reſolution as before, the Number of 
Men will be found 46, rhe Number of Women z, the Number of Boys 5, and the 
Number of Girls 6. | 


[ 
1 


a 
21 


QUESTION 23. 

To divide 200 into five ſuch whole Numbers, thar if the firſt be multiplied by 12, 
the ſecond by 3, the third by x, the fourth by 2, and the fifth by “, the Sum of the 
Products may alſo make 200. | 

ThisQueſtion may be reſo ved like the foregoing twentieth and twenty ſecond, but I 

| ſhall leave it as an Exerciſe to the induſtrious Analyſt, (who if he thinks it to be worth 
his pains,) may find out 6639 Anſwers to it in whole Numbers, (as Monſieur Bacher, 
in 0s two laſt Pages ot his little Book before cited in Se. 1. of this Chapter, does 
affirm, | | 

Nicholas Tartaglia handling this Queſtion, (which is the laſt of the ſeventeenth Book 
of the Firſt Part of his Arichmetic,) thought ir a great Matter that he had found out 
one ſingle Anſwer to it in theſe five whole Numbers, to wit, 6, 12, 34, 52, 96, and 
aſſerted, That Queſtions of this ſert could not be perſectly ſolved, either by the A1 

ebraical Art, or any certain Rule; but the Contents of this Chapter do maniteſtly 
ew, that the Imperfection was in the Artiſt, and not in the Arr. 


The End of the Firſt Volume. 
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APPENDIX. 


Lectures read in the 


School ok Geometry 


ö FORD, 


CONCERNING 


The Geometrical Conſtruction ot Algebraical Equations; And the Nume- 
rical Reſolution of the ſame by the Compendium of Logarithms. 


—_— — 
* 


e e TY 


Have oftentimes experienc'd, on ſeveral Occaſions, how difficult a thing it is 

to Diſcourſe, eſpecially of Mathematical Matters, ſo as to pleaſe the Learned 
| therein, and at the ſame time to inſtru& ſuch as yet want to be Taught : The x 
former require nothing but what is New and Curious, nor are pleas'd but with 
Elegant Demonſtrations, made Conciſe by Art and Pains : The latter demand Ex- 
plications drawn out in Words at length, leaſt any part of the Reaſoning not being 
clearly apprehended, ſhould hinder the Evidence of the whole Argument; whilſt 
thoſe already vers d in Mathematicks cannot endure ſuch Prolixity. 

But ſeeing, according to the Intent of the Noble Sir Henry Savil, the Mathe- 
matick Studies of the Junior Academics are committed to the Care of his Pro- 
teſſor of Geomety ; I thought it fit to conſult, not ſo much my own Reputa- 
tion, as the Profit of the Auditory : Omitting therefore what might make a Shew 
of deeper Learning, the Geometrick Conſtruction of Analatick Equations ſhall be 
the Subject of theſe Lectures: *Tis, indeed, a common one, and treated of by Au- 
W thors of great Note; and on that Account, perhaps, I may ſeem to do no more than 
the ſame thing over again. But having ſome Grounds to think I have added ſome- 
ching of my own, whereby theſe Conſtructions may be perform'd with all poſſible 
Facility, and having likewiſe extended them to Equations of Six Dimenſions, 
without any Reduction; I don't doubt but that, as it will be an Advantage to Stu- 
dious Learners, ſo it may not be unacceptable to Mathematicians of a higher Claſs. 
| For our Method needs no Preparation of the. Equation, requiring only the 
Biſection of the given Coefficients : Whereas the Conſtruction of Equations of 
five or ſix Dimenſions, that Mr. Des Cartes gives at the end of his Geome- 
try, requires the Labour of an intollerable Calculus; and contrary ro the Tenor 

of his own Rules, he wakes Uſe of a Curve-Line, than whicti there is ſcarce 
another that is more Compounded, among all thoſe of the ſecond Kind, (lately 
enumerated by the great Sir ſaac Newton) which from its Tricuſpid Form is by him 
called Tridens. | 25 | 

What ſerves out Purpoſe is only one Invariable Curve, and that alſo the moſt 
ſimple of its Kind, viz. a Cubic Paraboloid, or that wherein the Cubes of the Or- 
dinates are one to another as their reſpective Alſciſſa s: which Curve being once 1 
deſcribed may ſerve inſtead of an Inſtrument for the Conſtruction of any ſuch Equa- 
tion; and the Roots will be had by means of the Interſections of this Curve and a 
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Conic- Section, whoſe Poſition is readily defin'd by the Co- efficients of the giver 
Equation, and thence eaſily be deſcribed. 1 | 

They are undoubtedly in the right, who require in Geometric Problems, a Geo. 
metrical Conſtruction by Lines, fach as we are about to ſhew ; and in Arithmericg! 
ones, an Arithmetical Effection, #. e. by Numbers or Calculation. But theſe Sci. 
ences being very near a-kin, give mutual Aſſiſtance to one another; ſo that whenever 
tis required, that any thing in Geometry ſhould be more accurately determin'd, no 
Mathematician will undertake to do it by a Rule and Compaſs ( becauſe ot the 
defect of Inſtruments, and of our Senſes, whereby the Interſe&ions of Lines im- 
perfectly drawn, are yet more imperfet) but he will give a Solution as near the 
Truth as you pleaſe, by an Arithmetic Calculu, according to an Equation deter- 
mining the Nature of the Problem. Es: 

To this End I have formerly, (in Philoſ. Tranſat. Number 210.) Publiſh'd a ge- 
neral Method of Calculation, which is ſufficiently Compendious : But that Cal- 
culus ſeems to be ſomething Defective in higher Equations, explicable by many 
Roots, aud thoſe not bounded within narrow Limits: For this way we come at 
the true Quantities of the Roots only by Trial, and Correcting of Errors, much 
after the manner of the Rule of Falſe Poſition. On the contrary, a Geometric Con- 
{ſtruction rightly manag'd lays open the whole Myſtery in a ſhort view, and at 
once ſhews directly as well the Number and Quantities of the Roots, as their 
Signs, viz. whether they be Affirmative or Negative : And then the Meaſure of 
any Root being taken out of the Scheme, as not much differing from the Truth, 
may preſently be verified by the help of the aforementioned Calculus, to what Num- 
ber of Places you pleaſe : And this is one notable Ule (if not the Chief) of theſe 
Conſtructions. 

That theſe Conſtructions, therefore, might be perform'd with the greateſt Faci- 
lity and Eaſe, we mult conſider, that all Problems determin'd by Simple Equations, 
and which may be reſolvd by the common Rules of Arithmetic, viz. Addition, 
Subduction, Multiplication, and Diviſion, or by any Operations any way Com- 
pounded of them, require only Right- Lines to Conſtruct them. 

But Plane Equations, viz. ſuch as involve the Square of the Quantity ſought, and 
are ſolv'd Arithmerically by extracting the Square Root, require, beſides Right- 
Lines, ſome Curve of the Ccnic-Sefions, to Conſtruct them: Among which Curres 
the Circle, for the Facility of its Deſcription, is look'd on as the moſt ſimple ; and 
next it the Parabola, which indeed, from the Nature of its Equation, is more 
ſimple than the Circle it ſelf : But ſeeing it cannot be deſcribed but by Points, and 
the uncertain Motion of the Hand, the Ancients hardly admitted it into their 
Geometry ;, and would ſcarce allow that to be Geometrically effected, which could 
not be deſcribed by che help of the Compaſſes : Whence that famous Diſquili- 
tion, concerning the Duplication of the Cube Geometrically came to nothing; See- 
ing they attempted to ſolve a Solid Problem by the Geometry of Planes. 

ut the Modern Mathematicians, in this Buſineſs, exclude no Curves, provided 
it be certain that the Thing propoſed cannot be done without them, or by more ſim- 
ple ones: And tis a Fault, if, without neceſſity require it, you make Uſe of 2 
Parabola inſtead of a Circle, or an Elliꝑſe or Hyperbola inſtead of a Parabolg ; conſe- 
quently, a Circle only can have Place in the Conſtruction of Plane Problems. 

But if there are three or four Dimenſions of the Quantity ſought in the Equation; 
beſides a Circle, a Parabolic Curve is moſt commodiouſly made Uſe of: which, 
together with the Circle, will conſtruc all Cubic and Biquadratic Equations, with 
the greateſt Eaſe imaginable. | 

And, admitting the Parabola deſcribed, nothing is more facil than, The Dupli 
cation of the Cube, Triſection of an Angle, and the finding of Tus or Three Mean 
Proportionals, &c. nor as yet is there any need of an Elipſe or Hyperbola, unleſs, 
in the Problem to be ſolved, that Conic - Section be given; But any Parabola once 
accurately deſcribed, and cut in Braſs, or the like, will ſerve inſtead of an Inſtru- 
ment for the Conſtruction of Solid Equations; which is a Compendium by no means 

to be (lighted: 


lt 
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If there be five or ſix Dimenſions of the Quantity ſought in the Equation, the 
Conic-Sections alone are not ſufficient, therefore the Aſſiſtance of ſome Curve of 
the Second Kind muſt be had, of which, as I ſaid before the Cubic Paraboloid 
is the moſt ſimple ; This Curve, combined with ſome one of the Conec Se&ions, 
will Conſtru& all Surſoloid (as they are called) and Quadrato-Cubic Equations, 
however affected. And this Paraboloid once rightly deicribed, and cut in Braſs, 
will be ready at hand for the Solving of all ſuch Equations of five or fix Dimen- 
ſions. 

But if the Equation propoſed be of a higher Degree, ſuppoſe 7, 8, or 9 Dimen- 
ſions, there will be need of ſome other of thofe Seventy-two Curves of the Second 
Kind, enumerated by the Illuſtrious Sir IJſaac Newton ; but which of them it muſt 
be, and in what Scituation or Poſition to be applied, will depend on the Co effi- 
cients of the given Equation : and the Interſections of that Curve with the Cubic 
Paraboloid (whereof there may be Nine) will deſign all the Roots of the Equation. 
But ſeeing we have not as yet thorowly attained to all the Properties and Deſcrip- 
tions of cheſe new invented Curves, we ſhall at preſent content our ſelves with con- 
ſtructing all Equations under thoſe of Seven Dimenſions in as clear a Method as 
may be- | | 

Theſe Things being premiſed in general, let us come to the Thing it ſelf: And 
firſt of all, as to Simple Equations, that are conſtructed by Right-Lines only; Theſe 
require no more than the firſt Rudiments of Geometry, namely, to exhibit the Sum 
or Diſſerence ot given Right-Lines : To find a fourth Proportional to three given 
Right-Lines: To cut a given Right-Line in a given Ratio, and the like : Which, 
as they contain no manner of difficulty to any tho never ſo little vers d in the Ele- 
ments of Euclid, I ſhall therefore leave, as more proper, to each Perſons private 
Study and Exerciſe, and ſhall take no farther Notice of them. | 

But Plane Equations, or (as they are now commonly called) Quadratics, viz. 
ſuch as contain the Square of the Line fought, require a Circle, as was ſaid before, 
to conſtruct them And after a due Reduction, will all be in ſome one of theſe 
Forms, viz. 


— 
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1. Ix = a# 

2. xx + bx = ad 
: 3. xx — bx = aa 

4. bx — xx = aa 


In the Firſt, where the Square of the unknown Quantity x is equal to the Re&- 
anle ab, the Quadratic Equation is ſaid to be Pure, and x the Quantity ſought, is 


a Mean Proportional between a and 6 ; and conſequently, is conſtructed by 13 : 
Elem. 6. of Euclid, thus, 


7 | 
4 . 
3 8 E E — | 


Make the Right-Lines AB, BC, equal to the Lines or Quantities a, 6; Biſec 
ACinE : from E, as a Center, with the Diſtance AE or CE, deſcribe a Semicircle 
ADC. Then on the Point B, erect BD perpendicular to AC, which will interſect 
the Semicircle in D: I ſay, BD is the Mean Proportional ſought or x. 

For the Triangles ADB, DBC, are ſimilar by 3 1 Elem 3. Euclid. Conſequently 
AB: BD.:: BD: BC, wherefore the Square of BD or xx is equal to the ReQangle 
AB x BC or ab, by 17 Elem. 6. Euclid. Which was to be done. _ 

| A 


E61 we - — _ <4 + woe, as * 
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The three other Quadratie Equations are called Afected Equations ; of which the 
ſecond and third Forms have the ſame way of Conſtruction; for whether xx bx 
or xx — bx be equal to the Square of a, the Quantity h is every where the Differ- 
| ence of _ ** . 8 . to | Mean Proportional; ſince x is to a, 
| as a to x+6 1n the ſecond Form, or x—6 in the third Form, by | 
{| Hence ariſes the Conſttuction. = * ee 

Make BE =I, and erect the Perpendicular DB, which make equal to a. 


ce. 


On E as a Center, with the Radius DE, deſcribe a Semicircle ADC, interſe&« 
ing the right Line BE produced both ways, in the Points A and C; I ſay that the 
right Line AB is the Affirmative Root of the Equation xx & = aa, and BC 
that of the Equation xx = aa; But BC is the Negative Root of the former, 
as AB is that of the latter. | | | 

For ſeeing BE is half the Difference of the right Lines AB and BC, if AB be 
put for the Quantity x, BC will be x+6, and therefore the Rectangle xxx, or 
ABxBC, will be equal to the Square of DB or a: In like manner, if BC be equal 
to x, AB will be x—b, and conſequently, their Rectangle xx — bx will be equal 
to the Square of a. Wherefore the Conſtruction is right. "AY 

In the fourth Form, viz. bx—xx = aa, a is a Mean Proportional between the 
Extremes x and Bx; whereſore & is the Sum of the Extremes: Hence the Con- 
ſtruction may be performed after this manner, | 

. Deſcribe a Semicircle, whoſe Diameter AC let be equal to b ; draw DF a Pa- 
rallel to AC, at the Diſtance DBS: Which Parallel, if the Equation be poſſible, 
will interſe& the Circle in the Points D and F; from the Point of Interſe&ion D, 
let fall the Perpendicular DB to the Diameter AC; I ſay, that both AB and BC. 
are Affirmative Roots of the Equation. 


an rd 8 YT their Sum, if AB be put equal to x, BC will be equal to - 
ABxBC will b will be 6—x ; whence in both Caſes, bu xx, or the Rectangle 
This laſt E e equal to aa, or the Square of DB. Which was to be done. 
the Parallel Db ation ſometimes becomes impoſſible, viz. when a is ſo great as that 
mchgay. ih, does neither cut nor touch the Circle ADC, that is, when a is 
Parts of 3 - : 4. For a ought to be a Geometrical Mean Proportional between the 
ü and conſequently leſs than an Arithmetical Mean, or 13 nor are they 
» Except in the Caſe of Contact, where likewiſe x and a become equal. 


Hence 
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Hence is diſcovered a New, and for its Facility, not unuſetul Method for Re- 
ſolving theſe ſort of Equations, by the help of the Tables of Logarithms. 


For the Second and third Form- iS For the Fourth — 


„„ „„ „ 


1 For, (by Fuclid Elem. III. Prop. 20.) the Angle DEA is double the Angle DCA 
or ADB; and if DB or a be made Radius, the Roots AB and B. C will be 
1 Tangents of the Arcs that anſwer the Angles ADB, C DB, which together are e- 
= qual to e becauſe in a Semicircle, by (Euclid Elem. III. Prop. 3 1; 
conſequently, if, in the ſecond and third Form, you make, as the half of 6 to a 
ſo the Radius to a Tangent; or in the fourth Form, ſo Radius to a Sine, the Arc 
anſwering thereto meaſures the Angle D F A, which having biſected, you have 
the Angle ADB, whoſe Complement to a Quadrant is the Angle CBB; ſo that 
the Logarithmic Tangent of half the Arc AD added to, and ſubducted from, the 
Logarithm of BD or a, will give the Logarithms of both Roots. 


1 


2 Foz 3A 2 Examples of the Praxis in Numbers. 


Let the Roots of the Equation xx-Ibx = aa, (expounding 6 by 15 and aa by 
175) be required. D 3 our ybb Ot 0 OT enibil * 


Then 75 /: : Radius: Tang. Go 22772 4 bag IIA. 27% vt; Hi 
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10.246458 = Tang. 69% 27 2 


22 
* Sy 


And. - 1.121519 = Log. 4. 
9.765366 = Tang. 30? 13's 


Sum 0.886885 = Log, 7.7070 Root of xx L 15% = 1753 


Dil. 1.356153 = Log. 22. 7070 Rot of xx = 15x = 175. 
. 1 0 — — 72 | 2 | 1 22. 
5 * let bx — xx — aa, be IIX— xx Gn I7. 4 
S I" mne Gy | 0 if er 
Then 54: v 17925 Radius: Sine of, 48833“ 40 
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Log. 17 = 1.230449 
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And 9.654281 — Log. Tang. 245 16˙ 50” 
0 615224 = Log v17. 


Sum o. 269505 = Log. 1.86 fere = x? 
— ſought; 

Diff. 0.560943 = Log. 9.14 fere = 10 
So that x may be either 1.86 or 9.14, whoſe Sum isþ 11. 


The Uſe of this Compendium in the Numerical Reſolution of theſe Equation: 
will be more Conſpicuous, when in my next I ſhall ſhew the like Solution of Bi. 
quadratick Equations, affected by a Square only. | FLIER 


Another Method of Conſtruting Quadratic Equations, when the given Quay. 


Hty is not 4 Square, but any given Reftangle, as cd. 


D | 
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Let AB be made equal to b. On A and g ered the Perpendiculars AC and BD, 
make AC=c, BD=4, which, in Caſe 1, place the contrary ways, but, in Caſe :. 
the ſame way with the Line AB: Joyn CD, and biſect it in E, With the Centre E, 
and Radias EC or ED, deſcribe an Arc cutting the Line AB (produc'd in Caſe 1.) 
in G and H; I ſay that AH and AG are the Roots of the propos'd Equation, vis. 

In Caſe 1, AG is the Affirmative, AH the Negative Root of the Equation 
xx+bx=cd ; but AH the Affirmative, and AG the Negative Root of the Equation 
xx—bx cd; and in Caſe 2, AH and AG are the two Affirmative Roots of the 
Equation bx—xx=cd ; where tis to be Noted, That if the Semicircle whote Diame- 
ter is DC, neither cut nor touch the Line AB, the Equation propoſed is impoſſible. 

For ſince CA or c, and DB or d axe at right Angles to the Right Line AB, and 


the Centre E is equally diſtant from them, (by Euclid III. 14.) the Right Line 4 
is equal to AC; therefore, the Rectangle c d, that is BDxCA, is equal to _ 
which (from the 35 and 36 III. Elem. Euclid,) is equal to the Rectangle BH x b 
or AG X AH: \ | | X * 
But by Conſtruction AB is equal (in Cafe x.) to the Difference of AG and : 
as (in Caſe 2.) to their Sum; Wherefore cd is equal to xx N bx, in Caſe 1, al 
cd is equal to bx—xx in Caſe 2. Q. E. D. This, 
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This, tis provable, is the Method the Antients uſed, when by the Analyfts 
they had a given Rectangle, the Sum or Difference of whole Sides was known, and 
it was required to find the Sides, which they called applying a Rectangle exceed- 
ing or deficient by a Square to a given right Line: Being but one particular Caſe of 
the more general Conſtruction deliver d by Eu. lid. Elem, VI. Prop. 28, 29. 


October 25, 1704. 
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LEG UNE KH. 


N my laſt Lecture I endeavoured to ſhew you the Conſtruction of all Equa- 
tions of the Quadratick Form, and that by a Method which I think to be con- 
ciſe enough, viz. by finding the Extremes, when the Mean, and the Sum or Differ- 
ence of the Extremes, of three continual Proportionals are given: And this is done 
agreeable to the Mind of the Antients, as you may ſee in the 84 and 85 Prop. of 
Euclid's Data. 

At the ſame time I ſhewed that thoſe Equations might be reſolved by a Loga- 
rithmic Calculus, viz. by the Biſection of an Angle. But before I paſs to Cubick 
Equations, there occurs that Species of Biquadraticks affected with a Square; which 
in its own Nature is realy Quadratick, but whoſe Roots are not Lines, but 
Squares; and the Square being given, the Root is alſo given. 

Now the Conſtruction of any of theſe is as eaſy as that of fimple Quadraticks, 
on Conſideration that in the Equation where K EX = d, ddis a Mean Propor- 
tional between xx and x*-|-b* : and conſequently i is the given Difference between 
the two Extremes. But in the Equation where b*x*—x* = d, 6 will be the 
Sum of the Extremes ; wherefore, the Buſineſs comes to the ſame, as if the Problem 
were thus propos'd, The Sum or Difference of two Squares, and the Refangle of the 
fides being given, to find the fides. Whence ariſes this Conſtruction. 

In the firſt Caſe, where 6b is the Difference of the Squares; deſcribe a Semi- 


circle, whoſe Diameter let be AC=y/y/ 4d* +6b*; in this Semicircle inſcribe 
the Chord AG, which let be equal to d: Let fall the Perpendicular GH upon the 
Diameter AC; then AG or d will be a Mean Proportional between AC and AH, 
becauſe of the ſimilar Triangles ACG and AGH : Ar the Diſtance BD, which ler 
be equal to AH, draw DF parallel AC, cutting the Circle in the Point D: 1 ſay 
the Conſtruction is finiſhed ; and that the Chords AD, CD, are the Roots x of the 


Equation propoſed, namely, AD the Affirmative and CD the Negative, if the 
Product bbxx, in the Equation be Affirmative, that is, if it be +bbxx ; and on 
the contrary, CD will be the Affirmative Root and AD the Negative, if the ſaid 
Product bbxx, in the Equation, be mark d with the Sign —, 4 
e 
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TheDemonſtration is evident, becauſe in any two Quantities, the Square of the Sum 
excceds the Square of the Difference, by tour times the Rectangle of the Parts. 
and conſequently if to the Biquadrate of h, you add four times the Biquadrate of // 
the Sam will be the Square of the Sum of thoſe Squares ot which l is the Diffe. 


rence ; therefore, the ſide of this Square, viz. 4/4d*+6*, will be the Sum of the 
Squares of the Roots ſought, equal to the Square of AC. | 

Hence (by 47. I. Elem. Euclid) the Roots AD, CD will be the ſides of a Right- 
angled Triangle, whoſe Hypothenuſe is AC, and conſequently are in the Semicirc!e 
ADC, (by 3 1. III. Elem. Euclid.) And ſecing d is a Mean Proportional between the 
Diameter AC, and the Perpendicular BD, the Rectangle ACxBD will be equal to 
the Square of d; but AC is to AD, as CD is to BD, becauſe the fimilar Triangles 
ACD, DCB, therefore the Rectangle ADxCD, equal to the Rectanęle ACBD, 
will be alſo equal to the Square of d; and the Difference of the Squares of AD ang 
CD being equal to 4b, the Chords AD, CD are the Roots of the propoſed Equa. 
tion: conſequently the Conſtruction holds. | 

And that the Ancients handled this Matter in a Method not much different from 
this, may be ſcen in the 87th Propoſition of Euclid's Data. oh 

But in the other Caſe, viz. where d = bbxx , the Conſtruction is ſome- 
what readier ; becauſe bb is now become the Sum of the Squares of the Sides of 
which dd is the Rectangle; conſequently, on AC, which let be equal to 3, as a 
Diameter, deſcribe the Semicircle ADC. Let the Chord AG be equal to d From 
G ler fall the Perpendicular GH. upon the Diameter AC: and at the Diſtance 
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BD, equal to AH, draw DF parallel to AC, cutting the Circle in the Point D: 
I ſay the Chords AD, CD, exhibit, even in this Caſe, the Roots of the Equation 
propoſed, and that they are both Affirmative. 

For, becauſe the Angle ADC is Right, the Square of AC or 5 is equal to the 
Sum of the Squares of AD and CD, (by 47 I. Elem. Euclid.) and the Rectangle 
ACxBD, equal to the Rectangle ADxCD, is alſo equal to the Square of AG or d, 
becauſe by Conſtruction AG is a mean Proportional between AC and BD. Where. 
fore the Conſtruction is true, ſeeing the Sum of the Squares of AD and CD is equal 
to the Square of b, and alſo the Rectangle ADxCD is equal to the Square of d. 

But this laſt Caſe is limited and becomes impoſſible, if the Square of d. ex- 
ceeds half the Square of b : For the Parallel DF in that Caſe cannot ſo much 25 


touch the Circle 4 D C, as we have noted in a like Caſe in the Conſtruction of 


Quadraticks. | i 

Hence ſeveral other Methods may eaſily be found for the reſolving of Equations 
of this Kind, beſides the common Forms of Solution, which ariſe from the Sum 
and Difterence of the Squares of the Sides given. | 

In the ſecond Caſe, there is one which will certainly appear new, and no leſs 
fir for Practice; for becanſe bb is the Sum of the Squares, and dd the Rectangle of 
their ſides, 0 ＋ 24d will be the Square of the dum of the Roots, and 6% — 2d 
will be the Square of their Difference, by the tb and th of the II. Elem. of Euclid, 
and conſequently half the Sum and half the Difference of the ſides of theſe Scan 
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4 PEN D IX. 9 
will be the Roots of the Equation ſought, both of which will be had by two Ex- 
tradtions of the Square Root; which is ſomewhat more compendious than the com- 
mon Method. | 

The Biſe&ion of an Angle gives us alſo two different Solurions, both of them 
commodious enough, and to be performed very eaſily by the Logarithms. 

For if you make it, as half the Co- efficient & to the Square of d, ſo the 
Radius, to the Tangent of the Angle DEA, in the firſt Cale ; or to its Sine, 
in the ſecond Caſe: Biſe& the Angle DEA, and you'll have the Angle DCA 
(by the 2cth of III Elem. of Euclid ) equal to the Angle A DB, and their 
Complements to a Quadrant will be equal to the Angles DAB, BDC. Con- 
ſequently, if the Logarithm of the Square of à be increaſed and diminiſhed by the 
Logarithm of the Tangent of the Angle ADB, the Sum and Difference will be 
Logarithms of the Squares of the Roots ſought : Whence the halves of the ſaid 
Logarithms will be the Logarithms ot the Roots. 

All theſe things clearly follow from what I have demonſtrated in my former Le- 
cture concerning Quadraticks. 

But the ſame may be obtained another way, by the Sines of the ſame Angle, and 
of its Complement to a Quadrant: For if you put the Diameter AC for the Radius 
of a Circle, the Roots AD, CD will be the Sines of the Angles DCA, DAC ; 


and conſequently are had by adding the Logarithms of thoſe Sines to the Logarithm 
of YVAdddd bbb, in the Firſt Caſe ; or to the Logarithm of 3, in the ſecond 


Caſe. And I cannot eaſily believe, that Equations of this Power may be Conſtru- 
&ed by fewer Lines, or rejolved by an eaſier Arithmetick Operation. 


. Example 1. Let x Llbxx = d* be x*+7xx = 145. 


Then 35: /145 : : Radius: Tang. 73* 47' 35” 
| | | its halt = 36 53 47+ 
For Log. 145 2.161368 
| — — 
Log. 4/145 1.080684 
Log. 32 0.544068 


10.5366 16 = Tang. 73* 47 350% 


Then, : 1.80684 = Log. 4/145 
9.875482 = Log. Tang, 36* 53' 47“ 


2) Sum. —= 0.956166 (0.478083 = Lo - 2.0066 ; 
Diff. = 1.205202 (0.602601 = Las Loo + The Roots ſought; 


2 
Whereof the Leſſer is the Affirmative Root, if it be 1-4 : but G TE 
be —46, in the Equation, b +; the Greater, it it 


Another way. 


2-7986506 = Log. 629 = 4d* + 6. 


0. 6996626 = Log. 629 
97784204 = vine 36? 53 47 1 


— —ä w 


o. 4780830 = Log. x = 3.00665 


8 
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0.699663 = Log / 629 
9.902938 =.Co-ſine, 36* 53' 474 


5 90.602601 = * = 4.00499 


— —— — 
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Example 2. 7Txx — & = 10. 


Then 31: /10: : Radius: Sine 64* 37' 23 
| its half =32 18 41+ 
For Log. /I = 0.500000 
Log, 3+ = 0.544068 
9.955932 = Sine 64* 37 23 
a — mn 
Then 9.727966 = Sine 325 18 41; 
0.422549 Log. v7 = b. 


Sum = 0-150515 = Log. x = 1.41421 . 


— — 


And 9.926936 = co ſine 32? 18' 4172 
0.422549 = Log. v7 =b. 


Diff. 0.349485 = Log. x = 2.23607 = V5. 


ꝛ— 
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Being about to ſhew the Conſtruction of Cubics and Biquadratics, in the next 
Lecture. twill be neceſſary that the young Studient ſhould acquaint himſelf with 
ſuch Properties of the Parabola, as are delivered in the firſt Book of Apolloniu:'s 
Conicks ; and likewiſe conſult what is to be found of this matter in Des Carter's 
third Book of Geometry: The Inveſtigation of all which, I ſhall endeavour to 
deliver in ſuch a Method as may render expedite the Conſtructing all Solid Problems, 


2 thoſe in which there is a ſecond Term; which is wanting in Des Carters 
ethod. | 


Novemb, 8, 1704. 
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Itherto we have been Treating of thoſe Equations whereby Plane Problems 

are reſolved; which the Ancients made the Limits of their Geometry, 28 

not caring in their Conſtructions to make Uſe of Curves to be deſcribed by Points, 
but rather contenting themſelves with Circles only. Wherefore they deny'd that 
Solid Equations could be Geometrically effe&ed, that is, by Rule and Com- 
= But the modern Geometry allowing it ſelf a greater Freedom, in its Con- 
ructions rejects no Curve that it knows how to deſcribe or find the Points of, pro- 
vided it be certain that the thing propos'd cannot be effected without it, or by ſome 
more ſimple Curve. | 
Now the moſt ſimple Curve, in reſpe& of its Equation, is the Parabola, viz. That, 
the Squares of whoſe Ordinates are to another, as the Abſciſſæ: which is evident 
from the 117% of the 1ſt Book of Apollouius's Conicks. And any Parabola once deſcrib'd, 
is ſufficient ro Conſtru& any Cubic or Biquadratic Equation, by letting fall Per- 
pendiculars on the Axis of the Parabola, from its Interſections with a Circle, to be 
deſcribed according to the Direction of the Signs and Quantities of the given 
Co-efficients of the ſeveral Terms of the Equation. And indeed, we are very much 
obliged to Des Cartes, for his ſhewing not only that the Parabola would do the 
Buſineſs, but that his Met hod comprehended all Equations of tliree or four Dimen- 


tions, whoſe ſecond Term was wanting, by a very elegant and eaſy C! 
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ſcen in the third Book of his Geometry: Bur ſince Des Cartes requires 
K. bo away the ſecond Term of the Equation, if there be any; and beſides, 
he having no where delivered the Inveſtigation of this Method: we ſhall therefore 
in the firlt place, ſhew you the Inveſtigation of the Method , and then the Con- 
ſtruction, even where there is a ſecond T erm preſent. | 
Since, from Arithmetical Principles, tis certain that ſome Cubic Equations may 
be expounded by three difterent Roots, as Biquadratics by tour ; which 1s the 
Number of Interſections of a Circle with a Conic- Section; tis evident, that theſe 
Roots may be Analagous to thoſe Interſections, and conſequently may be diſcove- 
red by a Circle given in Poſition (that is, to be deſcribed according to the known 
Quantities in the Equation) applied to a given Parabola. Now a Circle is ſaid to 


be given in Poſition, when the Radius and Poſition of the Center is given, which 


Poſition cannot generally be defined without two given Lines beſides the Radius. 
Wherefore the Parabola A B C, whoſe Latus Rectum is a, let there be applied 
a Circle, whoſe Radius EP or EL call r, and let the Center be E, whoſe Diſtance 
AD or EF, below or above the Vertex of the Parabola, let be b, and the Diſtance 
AF or DE, of the ſame Center from the Axis of the Parabola call c. Let this Cir- 
cle croſs or touch the Parabola in the Points G, M; and from G, M, let fall the 


Ordinate GK, MN on the Axis: and call AK, the Abſciſſe on the Axe of the Pa- 


rabola y, and the correſponding Ordinate Gx. Then (by the 11th of the iſt of 


Apollonius,) the Rectangle ay is equal to xx : and if D be above the Vertex of the 
Parabola, DK or EO is the Sum of AD and AK, or y +6 ; but if it be below, it 
will be the Difference of them, or y—b: Whoſe Square ſubtracted from the 
Square of the Radius of the Circle, leaves the Square of (GO ) the Ordinate 
in the Circle, becauſe of the Right Angled Triangle G E O (by 47th Euclid. 1ſt.) 
Wherefore, the Square of GO will be equal to rr — 4b — yy + 2by ; But ſeeing 7 


(becauſe of the Parabola) is equal to —, let this Value be put for y, and its ſquare 


4 abxx 


inſtead of yy, then you will have rr — 33 


Which Equation by Reduction becomes 
x* T 2abxx -|-2aacx — aarr ; 
＋ aaxx © 1 > = 
aacc 


Let x* * + adxx F aapx E aaaq = o, be the Equation to be Conſtructed : 
And mutually comparing the Co-c 


comes equal to 26; conſequently, if it be — à in the 
Sum, but if it be +4, then the half Difference of 


the Line AD, which is to be uſed in the Conſtructi 
(ED) the Diſtance of the Center from the Axe, 


a and d, becomes 6b, that is, 
ction : By the like Reaſon c or 
will be equal to 3p. And the Ra- 


— aa__——— equal to the Square of 
, or the Square of GK ED, that is, the Square of xe or xx EAC + c ; 


fficients of the correſponding Terms, a -| d be- 
Equation, then the half 


dius 
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dius of the Circle (7) is had by comparing the laſt Terms; for the Sum of the 
Squares of 6 and c, that is, the Square of AE ＋ or — the Rectangle ag, iz 
found equal to (rr) the Square of the Radius; Wherefore if the Square of the Line 
AE be encreas'd by the Rectangle ag, if it be —g, or diminiſh'd by the ſame, it ＋ 9 
the Square of the Radius of the Circle ſought will be had. : 
But if the Quantity q be wanting in the Equation, then (each of the Terms being 
to be divided by x) it becomes a Cubic; to be Conſtructed the ſame way, only here 
the Rectangle ag vaniſhing, the Radius of the Circle becomes then AE, and it 
paſſes through the Vertex of the Parabola. 
Whence ariſes the following general Conſtruction of all Equations of theſe 
Forms, where the ſecond Term is wanting, viz, 


1. „ *+ abx + aap = o 
2. x* *-Þ abæx + aapx E aaa? = © 


Any Parabola (BAC) being deſcribed, on the Axis AK, its Latas Rectum call 
a; make AH equal to half the Lats Rectum; and from the Point H, below 
towards K, if in the Equation it be —6, or above, if it be C; let HD be 
made equal to half þ : Ere& DE perpendicular to the Axe, to the right ſide of it, 
if it be —p, but to the left, if Ce, and make it equal to half p: The Circle 
deſcribed on the Center E, with the Radius EA, will interſc& the Parabola in ſo 
many different Points M, on the right fide of the Axe, as there are Affirmative 
Roots 3 and in ſo many Points G, on the left fide, as there are Falſe or Negative 


Roots in the Cubic Equation ; and Perpendiculars let fall on the Axis, as MN, 
GK, are the Roots themſelves. | 
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But if it be a Biquadratick Equation, you muſt take a Mean Proportional between 
a and q; whoſe Square, or the Rectangle ag, is to be added to the Square of AE, il 
it be —q, or ſubducted, if it be + 4, ro have the Radius of the Circle required 
to perform the Conſtruction. And this is Cartes's own Coſtruction; which we have 
not only demonſtrated, but have alſo ſhewn the Method of Inveſtigation 3 whole 
further Uſe will be evident by what follows, in finding the Poſition of Conic- 
Section to be applied to a Cubic Paraboloid, in the Conſtruction of Quadrato- Cubic 
Equations: Nor have we any thing to add to this of Cartes, only that in our Con- 
ſtructions the Affirmative Roots are always on the Right, and the Negative alwals 
on the Left ſide of the Axis; which he places ſometimes on the Right, and ſome- 
times on the Left, not without ſome hazard of miſtaking. Tg 
But Des Cartes, as we ſaid before, firſt of all Orders the ſecond Term, if pre- 
ſent, to be deſtroyed, in theſe Equations; and if it be preſent, his Conſtructions 
will not do; we ſhall therefore take Care ro ſupply this Defea ; and ſhew how 
the Parabola it ſelf performs the Office ot taking away the ſecond Term. 


Let 
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3. X A bxx Fapx T a =0 
4. x* + bx* Þ apx* T acqs Ero. 


Which comprehends all the Equations of theſe Forms that can be imagined. 
Now all Cubicks may be Conſtructed various ways by different Circles and a given 
Parabola ; three of which I ſhall here exhibit: But in Biquadraticks the Bulinels 

can be done but by one only Circle. | 
The Demonſtration of all which, requiring an Algebraick Calulus, I ſhall leave 
as an Exerciſe for the Studious Tyro. (Vide Philoſ. Tranſat. Ne 188, and 190. 

The firſt Conſtruction of Cubick Equations ariſes from the conſideration of the 
taking away of the ſecond Term, by putting, after the common way, y equal to 
x + or — the third part of the Co- efficient of the ſecond Term, whence the fol- 
lowing Rule may eaſily be demonſtrated, viz. 

The Parabola B. I M, the Axe AE, and the Latus Rectum (a,) being given, let the 
Equation be reduced to the foregoing Forms ; Then at the Diſtance BC equal to 
the third part of &, draw B K parallel to the Axe, to the Right Hand, if it be 
Ib; otherwiſe to the left, interſecting the Parabola in B: draw the indefinite 
right Line DP, perpendicular to, and biſecting the ſuppoſed Line AB, and cutting 
the Axis in the point G: From let fall BC perpendicular to the Axe, and make 
GE always equal to AC, and place it downwards; make EH equal to half p, to 
be placed upwards if it be +p, but downwards if —p. From the Point H, or from 
E if the Quantity p be wanting, erect H © Perpendicular to the Axe cutting the 
indefinite Line'DP in the Point O. Laſtly, in the indetermin'd Line HO, make 
OR equal to half ; to be placed from O, to the Right, if it be —9, bur to the 
Left, if F: Then a Circle deſcribed from the Center R, with RA as Radius, 
will cut the Parabola in ſo many Points, beſides the Yertex, as the Equation propo- 
ſed has true Roots; and they will be the Perpendiculars LM, demitted from ſe- 
veral Points of Interſection , on B K the Parallel to the Axe: which, in this 
Figure being all to the Right of the aforeſaid Parallel, are all to be look'd upon as 
Affirmative. 


1 


The Conſttuction of the Equatiar 
* —bxx + apx 4 . 


- * "4 
4 * * 
PF D * 
F } ” . Y ” * 
| | E | Q * 
* 


——— 


_ 


14 APPENDIX. 

The Uſefulneſs of this Conſtruction conſiſts in this, that tis performed b » 
Circle paſſing through the Vertex of the Parabola, as well as if the ſecond Ti: 
were wanting ; and therefore ſeems fitteſt for determining the Number of Roots in 
thoſe Cubick Equations where all the Terms are preſent. 

The Second Conſtruction of Cubicks is derived from the Cubick Equations bein 
reducible to a Biquadratick, in which the ſecond Term is wanting, by multiplyin 
the Equation propoſed into x — b =o, if it be +6 in the Equation, or into 
x+b=o, if it be —b: Whence ariſes a Biquadratick wanting the ſeoond Term 
which will have the ſame Roots as the Cubick, and one more equal to +4, if it be 
I in the Equation, or equal to —6, if it be —6, The Conſtruction is thus: 


The Conſtruction of the Equation 
& — bxx — apx + aaq = 0, 


Of the given Parabola AMD, let A be the Vertex, AL the Axis, and a the Lat 
| Reflum. At a diſtance equal tob draw DK parallel to the Axe, to the Right, it 
it be +6 inthe Equation, but to the Left, if it be -h; which will meet the Parabola 
in the Point D. On the Centers Dand A, with the ſame Diſtance, deſcribe oc- 
cult Arcks interſecting one another; and thro the points of Interſe&ion, draw 
the indetermin'd Line BC, which will biſe& the ſuppoſed Line AD perpendicularly, 
_ . ** and cut the Axe in the point E Let EF be taken equal to half p, and ſet up- 
| wards from E towards A, if it be p, but downwards from E, if —p. Thro F, 
or thro E, if p be wanting, draw FG perpendicular to FA; cutting the Line BC 
in the Point &; And in GF, produced if need be, make GH equal to half 4; ſet 
it off to the Right, if in the Equation, you have — 4, but to the Left, if +4. 
I ſay, H is the Center of the Circle required for the Conſtrudion, and HD its 
Radius, becauſe the given Co · efficient b is one of the Roots: And Perpendiculars 
demitted from the other Interſections to the Axe, on the Right, as LM, ſhew the 
Affirmative Roots : on the Left-Hand, as NO, the Negative. And this Method 

is the moſt eligible for the Conſtruction of Cubick Equations. ; 
The third Method of Conſtruction is properly that of Biquadraticks, but which 
agrees alſo with Cubicks, a Cubick being to be raiſed to a Biquadratick, by multi 
plying the Equation equal to Nothing: into x ; whence the Cubick may be conſider- 

| ed as a Biquadratick having the fifth Term (r) wanting. 

l This Conſtruction is derived from hence, that in Biquadraticks, the ſecond Term 
is taken away by putting y —46 equal to the Root x, if it be +6 in the Equation, 
and the contrary : whence y the Roots of the new Equation will always differ from 


the Roots x by a fourth part of b: Hence the following Conſtruction is ms. 


— — ; 


The Conſtruction of the Equations. . 
* + bxx —apx — aaq = 0 
Or «+ + bx * — apx* —aaqx — aaar = © 


h The Parabola NAM being given; whoſe Latus Rectum let be a; at the Diſtance 
BD, equal to the fourth part of ö, draw the Line DL parallel to the Axe AC, to 
the Left if it be -, but to the Ripbr it it be I, meeting the Parabola in the point D: 


From D let fall DB perpendicular to the Axe; make BK, in the Axe, equal to half 


the Latus Rectum; draw the indefinite right Line DK; make KC equal to the 
double of AB, in the Axe always continued beyond K; and ſet off CE equal to 

half p, towards the ſame part, if it be —p, but towards the contrary part, if 
-+p upon the point E ere& GE perpendicular to the Axe, cutting the right 
Line DK, produced it there be occaſion, in F, which is the Center of the Circle 
required, if q be wanting. But if q be preſent, let FG be equal to half g, and 
place it to the Right if it be —9, to the Left if +q ; and the Point G will be the 
Center of the Circle requiſite for the Conſtruction. And the Line GD will be the 


Radius, if the Quantity v be wanting, that is, if it be only a Cubick Equation; 


But the Square of GD in Biquadraticks is to be encreaſed, if it be r, or leſſen d 


if +r by the Addition of Subduction of the Rectangle ar contained undet + 73 
the Latus Rectum: after the lame manner as was ſhewn in the Carteſſan Conſttułti- 


ons. Thus the Circle being deſcribed, by letting fall Perpendiculars from the ſe- | 1 


veral Interſections with the Curve of the Parabola, on DL the Parallel to the Axe, 
you will have LM the Affirmative Roots, and NO the Negative ones, under the 
ſame Law as before. — 

I might exhibit here ſeveral other ways of Conſtructing ſuch Equations, different 
from theſe, namely to be effe&ed by an Hyper bola or Ellipſe combined with a Circle ; 
bur ſeeing they are much more difficult, nor to be performed without more Lines, 
I thought fit to ſuperſede this Labour, according to che received Maxim, Fruſtra 
fit per plura quod fieri poteſt per pancivra. 

Asto the Numerical Reſolution of Cubick Equations I had thoughts to refer wholly 
to Ca dans Rules, which are delivered in the laſt Section of the X Ith Chapter of 
Mr. Kerſey's Algebra, and elſewhere : But on Recolle&ion concluded the following 


den tos be unacceptable, wviz+ that whereas the Root of x + px= 9; 


ND) vight re + 7 v(3) f F — 34 = *, 
And the Root of the Equation x* — px = 4; to be VG) 
3 


* 
— ä oO IS — 


FY , * 4 


J4Jͤ ... 


aaa. LL 


* 4 * 


(3):9 + v 199 —: »pp4-v(3339—v 477 —2 bb = X; 


The ſame Roots may each of them be given by three . | 
viz. the Root of x* Fox 2 is alſo e e Expreſſions, 


| „f + 19 — 2 5 cs 
. * (3)V 394 Harp +49 
Or = EN A + 7 "0 _ 
V ne op : 
| x 1 
Or laſtly, 2 * — — — 2 1 = 2 


VN FE -r: 4G) F + 4g 


So likewiſe the Root of & — px = has theſe three other Expreſſions, beſides 
thoſe of Cardan, viz, 


75 It 
(3084 +v 344 —270) þ = ==x 
(3) 2 4+v399q—:3p* 


a E 
5 3πτ Ü +vigt — 3p 
2 if 27 


— 


Now the two firſt of theſe in both Caſes are evidently ſimpler than Cadar's 
Rules, in as much as Diviſion is an eaſier Operation than the Extraction of the 
Cube Root, and they ariſe from the following Conſiderations, 

If BE, be made equal to 32, and BD ip that is. Ip / 3p, the Angle 
DBE being Right, the Hypothenuſe DE will be /499+,3p* : And deſcribing 
the Circle ADC, * Fre as 1 Au, and BC 
V% + ,54 p* 2. Now AB, and BC being continual ionals 
7 Keaton of the Eircle,) their Cube Rœots will by ſo likewiſe - Thee is, 


NN _ TY | 137 . 8 
* %% . Vi and /(3)/499+,3 p* + 19 are continual Propor- 
rionals; and 7 is 2 Gegmetrical Mean between the cuo Cube Roots Whence 
r vix . Ip be divided by either of thoſe Roots, the Quote will be the 
mer of them. And the like may be demonſtrated in the other Caſe, where 
75 


* 


'tis -L putting DE = 4, and BD=V+ipg'; whence BE will be 
1 ba — 4 FSU . a 

44 —77Þ » and AB = #9 — v5q4q—x7f', Tc. Hence evidently follow all 

the foregoing Expreſſions. Now in the firſt Caſe, BE being = 1, and BD = 


1 Vp, it will be as ” to y/*p ſo Radius to the Tangent of the Angle DEA : 

' . r 1 Co. hn of 
or in the ſecond Caſe, DE being equal to 44, as 5 to „ {p ſo Radius to the Sine 
of the Angle DEA, whoſe half is = ADB= DCB : wherefote if you take the Lo- 
garithm Tangent of the Angle ADB, and add and ſubtract the third part thereof, 
that is the Logarithm of its Cube Root, to and from the Logarithm of /p; you 
will have the Logarithms of the two Cube Roots, of which the Difference in the 
firſt Caſe, and Sum in the ſecond, is the Root of the Equation ſought. 

But the entire Root is obtained; if we* conceive the Angle ADB to be that 
whoſe Tangent is the Oubè Root of the former found Tangent, and doubling that 
Angle, we ſhall have a new DEA, whoſe Tangent DB is to the Radius BE as 
Vp to half the Root, or as Ap to the Root ſought in the firſt Caſe : or whoſe 
Sine DB is to the Radius DE as yep to the Root, in the ſecond Caſe. 

From theſe Premiſes follow a very general, abt not leſs elegant Solution of all 
Cabir Equations, by the Logar ubm Sines and Tangents, analogous to whattas beth! 
ſhewn before in the Quadraticks- - — | CET ; 

en am I 818508: e = mne eAxad.o — 9.4 

Say then : ;As . f0 „,h Je Radias 0 a, Tangent, if ir he +7 3 or to a Sine, 
if —p - and look the Log. Tangent of half the Arc correſponditly i6 that Tangent ot 
Sine, aol Take its Third, tthir-is, the Logarithm of ity Ou pt Fro in the 
Table of Tangents ſeek the Arc anſwering to chat Cube Root, ang dpuple 1 
ſay that the Tangent, if Be ke er. f be, k i Be Arp, of t a 87 
is to the Radits as 4% t Y tt .Rg6r-of i 'Equiatioh ſought. Y he” Priexts? ity 
perhaps be better underſtood by att Fxämpfe 'or two: Now will/it benruch trdllöl 
to verify your Work by the exact Agreement of theſe two Proceſſes. 


1 — | OTE 1 = Ran 8 8 
11. 3 0 Example Ty "+ + Sc N — 99. 
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SV. 8 2 
Sone ein .D82: tte eien: ald 
Let xxx HN = 4 be x*x 27x = , às in the 21/ Step of the aforeſaid 
Section of Mr. Ker . C1 = 1 


dite do = G I 19 
8 g. I 
Say then as 1 p. that is. 7736 =6:: Rad. Tang. 40 21% 
orie unt Its Halt 20 4 41 fere; 


For Log. // or 6 is 0.778151 * 
Log. p 27 is 14313638 
> "OF o .& .g01 "TETITTTR 

; Sum 2. 2095 1512 5 
Log. 192 2,2833012 mg hips 72 T 
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1 * — * 


1 N — nr 14 
CG >» 1A 5 
3 9.9262139 T. 40 9 217 


Ne Irs. Double 71 7 44 Ano. cot 7 
IT” IJ} © Or « VP 04771213 4 "ve # 
Tang. 71. 7.44 = 10.466211] Log. T. 20% 47 9.854302 
Ne rt = Ca 8 


* . «lab Ee Stn ls — — AL]: * kh | ? > 1.00 — — ; | 
NS i. 5 A344 EK Sum 0.33 14225 L. 2.14497 
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The 2.0508 ö Diff. o. 62 28 T. 4. 19 8 — ꝓ.ʃ- 
* Nes = MC , —  — — — 
Sr So | Diff. 2.05088 = x 


F Ex- 


ih 


—̃ —— —— 
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18 


Log. S. 8035 24 399941163 
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Example 2. 


Let #xx—px = q be **— 12. = 18, as in the * Step Of the ſame Section. 


As WF * 7p, that is, at + (v16) 4:: Rad.: S. 62 44 2'+ 


its half is 2 31 22 1+ 
For L. v4 RY 4 = 0.6020600 
L. 44 8532125 


9 488475 = =S. 64" 44 2/5 


T. 31 22) 14 = 297850539 | 5 2110 
Its third = 9.9283513 = T. 40 17 42” 
Y — — —— — 


Its Double = = 80 35 — 


Or eee = y 15 
IP 9.92835 13 = Log. T. 31 22' 1"z 


— H—— 


—_ 
* 
4 . 


Then L. v5 72 is — o bo 


Log. * = 96979437 || Sum — 0.229331 L. r 69583 
& * Diff = 0 372678 =. » 2.35873 
Thereore FS 4: 25466. 1 | 
not FRE ll. = Sun = 40146 x 


— 


FEE th this may appear to be ac much Work as to extract the Cubic Roots 


in the aforeſaid Rules ;. yet when p and 9 are great bers, Decimal F wen 
I am aſlured our Mewos vll be much more — 3 p 


* 1 * - 
10 * Is I 


Example 3 . 


SC 


Let xxx —px = 4 be xxx — 17.3 N 782.41 


bel? ehe thats EATS vin e: Rad. bus. 5 r. 
2. 17.3577 | 
its half = 10 25 114 
For L. vp = 0.6822155 


7 3 L. = 12384624 
18 2 C ' Lak 1 \, & A 1 — : 


+. 00. 6442: Sum = 1.9217077. 
L. 27 2 . 70% 


Leg S. 20? 30 23 


Log. T. 10% 25 11“ = 429.2645644 
Lee nd = 9:7548548 = Log. T. 27-22" 


Ts double = =59 15 02 


oy FY 


Then Log, us % => n Or oat; hrs be = L. Vip. 
| S. 59* 15 02"'= tele 7 575485490 = 7 T. 105 958 110 
Lex Dt _— Se = L I. 36786 
. eig ift. = 0.626; 87.5 723991 
3 —— Sum = 559777 = * 
„ — 78070. 8 1 6 — 


. But 
1 


„ ͤ nod bi. Soc i£i@K@Q. +. -- J.awwo£Acd 
4% A 
* by = w 0 - * 


— ———— 
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But if in the Equation where tis — p, be either Negative or ſo ſmall, that „pex- 


ceed 44 ; ſuch an Equation has three Roots: And if q be Affirmative, the greater 


of the three is Affirmative, and the two leſſer Negative: But if it be — 4, or 
px — Xxx = T 4, the two leſſer Roots are Affirmative, and the greater Nega- 
tive; all which are very eaſily obtained by the Triſection of an Angle, thus: 

Let the Equation xxx—px = q be x — 12x = 10. 


"I 


Here 32 or 24 = 2 is Iſs than y fp or 4. Say then as / to , ſo Rad. to 


the Sine of an Arc. Take the third part of the Arc anſwering thereto, and add it 
to, and ſubtract it from the Arc of 60 Degrees. Then ſeek the Logarithm Sines 
of thoſe three Arcs, and to them add ſeverally the Log. of . Thoſe three Sums 
ſhall be the Logarithms of the Roots of the Equation ſought. N 
Wherefore in the aforeſaid Equation x* — 12x = 10 ſay, 


As Sf to 37 5 that is, as 4 co 21 ſo Rad. ro 0.625 _ Sine 38? 40 56“ * 


- 


Arc 38* 40 56“ a | + He; 25 Þ 25, 
Its third 12 53 383 Log. Sine 9.3485955 5 
— 60 47 6 213 98648747 | | 


+60 72 53 38* 9.9803500 r 


Log. v/ # p 0.6020600 


iſt Sum 99506553 Log. 0.89260 2 qc. 2 
2% Sum 0 4669347 Los 23% f es. Roots 


But if the Equation had been 12x — x* = 10, the two former had becn Affir- 


* 


mative, and the latter and greater Root Negative. 


And this may ſuffice for the exact Solution of Cubick Equations wanting the lg 
cond Term; but it it be preſent, you are ſhewn by Mr Kerſey, in his ſaid pter, 


how to take it away, and then you may reſolve them as above. 


8 


* 
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LECTURE IV. 


N my foregoing Lecture I endeavoured to ſhew how Solid and uadrato-Qua- 
1 dratick Equations might be conſtructed, and that after a very eaſy manner, viz. 
by 2 given Parabola and a Circle; and as to Solid or Cubic Equations I have 
eſſected their Conſtruction by three different Ways, being the readieſt and moſt 
ſimple of infinite others whereby the ſame may be done: I ſay of infinite others, 
becauſe in the Reduction of the propoſed Cubick Equation to a Biquadratick, any 
other Root x may be ſuppoſed. But Biquadraticks are conſtrued by only one 
Circle in a given Parabola, that-is to ſay, by a giren Circle alfo ; whereas Cubicks 
are to be eſſedted by infinite Circles, or which may paſs through any given Point 


IS. CEL TD 1 


in the Parabola; -. 


Let us now come re 8 rſolięs and .Quadrato Cubicks, or Equation of five or ſix 


Dimenſions, whoje Conſtruction by a general Method has not hitherto been ſhewn 
by any one except Des Cartes; who, tho he prefers the Circle, becauſe of the Readi- 
neſs of its Deſcription, yet for the ſake thereof, he lays aſide that Simplicity which 


he every where profeſies in his Writing, and combines with it one of the 


moſt - compounded of thoſe Seventy two Curves of the Second Kind, wherewith 
the moſt renowned Sir {frac Newton has lately enriched the Science of Geometry. 
And it any one inſped the Tediouſneſs of the Algebraick Calculus, and the Prepara- - 
tion his Method requires; it will be very evident that he was not artived at the 
Thing propounded, to wit, the neareſt and beſt Couſtruction; but rather bath fal- 
len into very intricate and laborious Ambages. 


We 
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zu Sum o 5824 Log. 3.82305 Affirm. Root. 
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raboloid, ot that whoſe Alſciſſes are as the Cubes of the Ordinates,, was the moſt ſim- 


— 
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APPENDIX. 


We have hinted before, that of all the Curves of the Second Kind the Cubir' Pe- 


ple; and that this Curve, combined with fome one of the Conic-Seftionr, would ex- 
hibit the Roots ot all Equations, af five or ſix Dimenſions :- How this may be done 
we ſhall endeavour to ſhew in the preſent Lecture, tn 4 3 

Since then this Paraboloid is to be combined with a Conic Section, it will be ne. 
ceſſary to add ſomething about the Nature and Properties of the Curve; eſpecially 
ſince they have not been treated of by the Ancients, and the Geometers of the pre- 
ſent Age have diſcovered ſeveral of them, viz, _ | 0 

1. That it hath a double Flexure, and is therefore of that Kind which Sir 1ſaa; 
Newton from the Form calls Anguinecis Curves. Ver a hos cn 
. 2, That the Point of contrary Flexure is in the Beginning of the Curve, ot where 
the Negative Part joins to the Affirmative. DENT 4? 5: "pipe 

3. That the Subtangents are triple of the Abſciſſes, as in the Quadraticł or Apolo- 
nian Parabola, they are double of them. „ ene 


4. That its Area is three Fourths of the circumſctibed Parallelogram, Which in 


w. -, « © W 


tained. : go his DE IE ans, WY 
Put A B equal to h, and BC equal toc; and erecting C D from C perpendicular 
to DB, tet AZ, CD be made equal to the Latus Rectum of the Paraboloid, which 
call a. Produce the Right Line B D both ways, on, which let be the Poſition 
of the Diameter of the Conic-Section, and let its Center be K. Let the Ratio 
of its Diameter to its Latus Rectum be as 27 to p; and let BK, the Diſtance of 
the Center K from the Point B, be equal to; and put r for KL the Semi-diame- 
ter of the Section, if it be the Ellipſes or Hyperbola : But if, it be the Parabgla, 
let BL be named f, L being the Vertex of the Section; and the Larry Rectum of 
the Parabola call p. Laſtly, let 40 in the Ai of the Paraboloid be equal to 
5, and MO, its correſponding Ordinate, be *. . 6161 (9719 8 e 
"Theſe things being ſuppoſed,” tis evident that any Ordinate in the Conic S291; 
as MR, may be expreſs'd two tifferent ways: For, Firſt, as C D'to CB, fois 
MO = TR to BI; fo that MR” wil be ABT + AB, that is, MR = 
61 x is 12.399 N oi CAD IH 4 | 1 1 g IH £10167 - e 
7 So b, and MR ſquar'd will he K. 263.4 e hes + 44,-/ 
which ſame Square is obtained 'another way 6n Account of the Conic- Section, 
For putting d for the Line BD, Will be as u to d 1g & to R and the 


Nonne 


Difference berween R N and & B, that is RR E fen =, wil alla be che bite 
rence between the Semi=diameter LX and LR: Conſequently the Rectangle con- 
tained under the Sum and Difference of LX and XR, or L&q=KRq, it it be an 
Ellipſe ; or the Rectangle of the Sum of RB and KB, that is, KR+LK into the 
Exceſs of KR above RL, if it be an Hyperbola, will be to the Square of the Or- 
dinate Mx, as the Diameter of the Conic- Section to the Lam Reflam, or as 27 to 
P Hence the Square of MR will be equal to 0997 10 

N e 0e „Seen 1e. TE 
ww | 
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+ pddxs pfdx . if an Hyperbola. 
— 21aa 5 uh aca ra n if an Ellipſe. P 
* 2 + * if a Parabola. 


and taking the one Equation out of the other, tis obvious that the Remainder will 
be equal to Nothing; and putting inſtead of y the Cube of x apply d to the Square 


: Xx 2 : 
of a the Latus Rectum, (that is putting r for ) and multiplying all the Terms 


by a, we ſhall have an Equation of ſix Dimenſions, to be compared with any 
given Equation of the ſame Form, Whence the Manner of the Conſtruction we 
Jeaice will be readily diſcovered. E 3 


"TY 


Let the Equations ſtand ſo, that each Member of the ſame Dimenſion of x be 
directly under its Correlative. Thus, n 5 
* * ＋ 2acx* + 2aalx' + a*c*xx + 24 HrX + qa 


Hyperbola — f. „ + 1. +2. 4. . . 


It a Parabola - =. . odds + e's g | 
Dr NA tale Ft nr, E „on + at = O 
Then the Members ot the two Equations are reſpectively to be compared toge- 
ther; and, firſt, zac being put equal to ak, c will be equal to half &; and there- 
fore c, or BC in the Conſtruction, will be half the Coefficient & : - And by a like 
Argument, the double of & will be equal to the Coefficient ; whence b, or AB 
in the Conſtruction, will be equal to & 1 ; whereby the Poſition of the Diameter 
of the Conic· Section is determined. The Species thereot will be determined from 


the fifth Term of the Equations compared together; for ſecing cc —£ dd in the 


Hyperbola, or cc 2 ad in the Ellipſe, are equal to the Rectangle Tam, kk 


+ am will be equal to + dd x £ So that the Ratio of the Diameter to the Latus 


Rectum, or of ar to p, will be as dd, tha is, as ik + aa to 1 + ma, But if 
; | | | it 
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— 
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it be +'# in the Equation, and it be equal to z, the Conic- Section will be ; 
Parabola ; if - ma be greater than 4 kk, twill be an Ellipſe-; if leſs or Negative 
then an Hyperbc.la: The Species therefore of the Conic-SeQion to be deſcribed i; 
given, whoſe Centet will be diſcoved by Help of the Sixth Term; ＋ ;; 
b: 3 an ar 257 5 Wl + ta, 


174 being equal to 14n ;-whence Fr Ds Ka” Fre 7 5 5 : 
SEK in the 3 Bur in the Caſe ot the Parabola 2c + an ud; 
.+kl Ta 


whence ” becomes equal to the Lats Rectum of the Parabola ſought. 


L .aſtly, the Semidiameter r of the Conic· Section is concluded from the and 
and laſt Terms; for ſince bþ aq is equal to the Difference of the Squares of 


r and f (that is of KB and KL) into 4 , therefore as the Latus Rectum to the Dia- 


meter of the Section, ſo is 1 1 ＋ aq to the Difference of the Squares of r and i 
But we have already found , wherefore r the Semidiameter is likewiſe given. 

Theſe Things being rightly conſidered, and due Cate had to the Signs ＋ and — 
in the propoſed Equation, tis not only evident, how all thoſe of theſe Dimenſions 
may be conſtructed, bur alſo an Analytical Method is laid down, whereby the like 
Conſtructions may be inveſtigated for another Curve of the Second Kind given, as 
the Ciſſoid, Semicubick Paraboloid, &c. Butfrom what foregoes we have deduced 
this following general Efſection of all Equations of five Dimenſions, or of ſix, when 
the ſecond Term is wanting, perhaps the moſt natural and eaſy poſſible. 

Having deſcribed on a convenient Plane any Cubick Paraboloid with all the Ac- 
curacy you can, (which will ſerve as an Inſtrument for all Conſtructions of this 
Sort) draw its Axis OAO through the Vertex A, and at the Diſtance AL equal 
to the Latus Rectum a, parallel to the Axis draw the Line Z D; as alſo AZ touching 
and cutting the Curve in A, and at Right Angles to the Axis. Make AB equal to 
half the Coefficient /, downwards if it be — , but upwards if + I, and the 
Diameter of the Conic Section ſhall paſs by B, or if the 4th Term be wanting, 
by Vertex A. From B downwards if it be — E, or upwards if + k, make BC 
equal to 3 &, and let ZD be equal to AC, and draw the Lines BD, CD, indefini e- 
ly both ways; then ſhall BD be the Diameter of the Section. By B at Right 
Angles, to BD draw the Line EBF, meeting with AZ in F, and DC in E; and 
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The Conſtruction of the Equation 


* * — ax! — 4 + a'msx* — a*nx 4 ro. 
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from E towards D, on the Line ED, makes ES equal to m, if it be + m, or the 
contrary way if — M; and it S fall between C and D, or beyond D, the Section 
will be an Ellipſis, but between C and E, or it be — m, an Hyperbola. And 
in either Caſe the Ratio of ED to CS will be that of the Diameter to the Latus 
Reftum of the Section. But it + m be equal to EC, it will be a Parabola. Draw 
BS, and continue ſt both ways; and on the Line AZ make FH equal to + u, 
to be laid to the Right of F, if it be —x, or to the Left, if Tu. By H, parallel 
to the Axe AQ, draw the Line HI meeting with BS in 1, and the Line IK parallel 
to AZ, ſhall interſe& BD the Diameter of rhe Section, in che Point K the Cen- 
ter thereof, if it have a Center. But if it a be Parabola, the Latus Rum thereof 
will be 2AH as CD to DB; or equal to 2FH = n, it the Term & be wanting; 
and the Diameter of the Parabola will extend it ſelf infinitely, on the ſame Side of 
the Axis of the Paraboloid, on which the- Point H is found. br. | 
Laſtly, lit the Term q be wanting, that is, if the Equation be but of five 
Dimenſions, the Section, be it what it will, paſſes by the Vertex of the Parabo- 
joid A, and conſequently BA is one of its Ordinates. But if it be — ag, BW 


IAB ag will be equal to the Ordinate paſſing by the ſame Point of the Dia. 
meter B: As likewiſe / AB*—ag will be equal to a like Ordinate of the Section, 


* 


| | | 2 
| » 
The Conſtruction of the Equation. 

8 * & — akx* — a —a"mxx + a*nx + 4% o. 

if it be + 4, and aq be leſs than the Square of AB or 4 J, But if ＋ aq be greater 
than ; J, the Vertex of the Section will be on the ſame Side of the Axis AO as 
the Center K is, if it be an Ellipſe, or on the contrary, if an Hyperbola : And if 
it be a Parabola, the whole Section will be on the ſanie Side as the Point H. | 


Hence the Vertex V is in all Caſes readily determined : For taking CX a mean 
Proportional between CS and E D, CS will be to CX as the Ordinate BW 


FF Forrf—rr. Wherefore in 


the Caſe of the Ellipſe, place BY on the Line FBE, and KY = KV ſhall be the 
* Semidiameter of the Section required, and V the Vertex thereof. Bur in the Hy- 

perbola, in the Semicircle whoſe Diameter is KB, inſcribe the Line BY, and 
make KRV KY, and V ſhall be the Vertex, and KV the Semidiameter ſought. 


But when | aq is greater than 4 U, then the ſaid Line BY = / — — aq — 4 U, 


if it be an Hyperbola, muſt be placed on the Line FBE as before, and KV KIT 
will be the Semidiameter of the Section, whole Vertex V will be on the other 
Side of the Axis AO. But in the Ellipſis, BY being inſcribed in the Semicircle 
whoſe Diameter is KB, KV = K ſhall be the Semidiater of the Section, 
which ſhall fall wholly on the ſame Side the Axis on which is its Center K. 1 
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likewiſe in the Parabola, the Rectangle of BV into the Latus Rectum p before found; 
will be equal to a +aq; or BVxp = aq — , when r U is leſs than a9: In 
which Caſe the Vertex V talls on the ſame Side of the Axis AO on which is the 
Point H. From theſe data the Conic-Seftiou will be readily deſcribed, and its 
Interſe&ions with the Paraboloid ſhew the Quantity and Number of the poſſible 
Roots of the Equation ſo conſtructed; the Affirmative on ti Right Side of the 
Axis, as OM, the Negative NO on the Left, as has been ſaid before. And I 
have been the more particular, not to leave any Difficultics in the Way of thoſe 
that are deſirous to reſolve theſe high Equations. 2 * 
If in an Equation of five Dimenſions, all Terms be preſent, the ſecond Term 
muſt be taken away after the ſame manner as we did in our ſecond Conſtruction of 
the Cubicks, Page 14. by aſſuming another Root equal to the Coefficient of the ſe- 
cond Term, under a contrary Sign ; whereby it may be reduced to a Quadrato- 


Cubic wanting the ſecond Term, and may be conſtructed as fuch, with very little 


more Trouble: And the Roots be all the ſame as in that of five Dimenſions, 

To prevent your Conic-Section from excurring beyond your Plane, it may be 
proper to divide your Equation, ſo as the Ordinates of the Section may be pretty 
near at Right Angles with its Diameter, the Convenience of which Caution will 
be obvious to thoſe that ſhall go about to put in Practice the Rules of theſe Con- 
ſtructions. | 3 
November 22, 1704. 


